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Introduction

This thesis presents some algebraic constructions (group rings, trivial extensions
and Dorroh extensions) treated by categorial and topological point of view, in the
first part, respectively, some algebraic constructions on the set of fuzzy numbers, in

the second part.

Chapter 1. Ring extensions. In this chapter we presented some algebraic and

categorial properties of some ring extensions and it is structured as follows:

1.1. Group rings. In this section we presented some basic notions and results
of the theory of group rings and some new results. Thus, here we introduced the
category Bng®rp (which has as objects triples of the form (R, G, o), where R is a
ring with identity, G is a group and o : G — Aut R is a group homomorphism), the
covariant functor F : Rng®tp — NRng, which associate to (R, G, o) the skew group
ring R %, G and we proved that this functor has a right adjoint (Theorem 1.1.4).
Here, we also proved that the bifunctor H. : Rng,xAb — Mng. (which associate
to a commutative ring with identity R and a commutative group G, the group ring
R [G]) has a right adjoint (Theorem 1.1.7).

1.2. Commutative ring extensions. In this section, we gave a categorial
presentation of the trivial extensions. Thus, here we presented the universal property
of the trivial extension R x M (Theorem 1.2.1) and some consequences of this
theorem (Corollary 1.2.2, Proposition 1.2.4), results which facilitate the categorial
constructions presented in this section. Here, we also characterized the group of
units of the semidirect product R * M (Proposition 1.2.9).

1.3. Generalized semidirect products. As a generalization of those pre-
sented in the previous section, we introduced the ring R x? M (called the (a, 3)—
semidirect product of a ring R and an R-module M) and we studied some algebraic
properties and categorial properties of this construction. Thus, in this section, we
characterized the group of the umits of the ring R x? M, we gave the universal

property and we made some categorial constructions. Here, we also studied some
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topological properties, namely, the extensions of the norms on R and on M to the
ring R x5 M.

Chapter 2. Dorroh extensions. In this chapter of the thesis, we presented some
basic properties of the Dorroh extensions and some original contributions related to
this construction. Thus, we introduced two notions (to simplify the presentation),
namely, the Dorroh pairs and the D-homomorphism, the universal property of this
ring (Theorem 2.1.6) and its consequence (Corollary 2.1.8), concepts and results that
are useful for the following categorial constructions. We also described those rings
that can be expressed as a certain Dorroh extension (Theorem 2.1.10 and Theorem
2.1.11), we characterized the group of units of the ring R x M (Theorem 2.3.2)
and we constructed the "Dorroh extension" functor (D : ® — PRng) and we showed
that it has a right adjoint (Theorem 2.2.1) and commutes with direct products and

inverse limits (Proposition 2.2.2 and Proposition 2.2.3).

Chapter 3. Fuzzy numbers. Generalities. In this chapter we presented the
definition, some basic properties, and some representations of fuzzy numbers. Thus,
besides the well-known LU representation, we introduced some new representations
of fuzzy numbers: the multivalued representation, the CE representation (core ecart)
and the MCE representation (middle-core ecart). The CE and the MCE representa-
tions facilitates the construction of new operations with fuzzy numbers, operations

presented in the following chapters.

Chapter 4. Dorroh-type products on the set of fuzzy numbers. As an
application of the Dorroh extensions, we introduced a new algebraic structure on
the set of fuzzy numbers and we studied some of its properties. By using the CE
representation of the fuzzy numbers, we introduced a new product (denoted by ” ®”)
on the set of fuzzy numbers, product which is based on the Dorroh extension of a
semiring by a semimodule. Thus, (§,+,®) is a semiring (Theorem 4.2.1), where
S is the set of all fuzzy numbers with positive core. As a particularization of this
general construction, there we obtained a new product, called "Dorroh-product ".
We also constructed an equivalence relation compatible with the addition and the
Dorroh product (Proposition 4.3.2 and Theorem 4.3.7).

Chapter 5. Completely distributive products on the set of fuzzy numbers.
In this chapter, by using the MCE representation of the fuzzy numbers, we intro-

duced two new products on the set of fuzzy numbers, products that are completely
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distributive over addition. Thus, Theorem 5.1.1, shown that (F., +, ) is a commu-
tative semiring with identity and (§., +,X) is a commutative semiring. Here we also
introduced a new scalar multiplication (which, for a positive scalar coincides with
the usual scalar multiplication) and which, in addition to the common properties,
has a new property (Proposition 5.1.8.5). To define the topological structure of the
set §¢, we introduced four types of norms and a new metric on the set §F.. Their
properties are given in Proposition 5.2.1, Theorem 5.2.2 and Proposition 5.2.3. In
the last paragraph of this chapter we presented some elementary functions, defined
on the set of fuzzy numbers, their construction it being possible (in this form) due

to using the MCE representation and the product [-.

Chapter 6. Topological group structures on quotient sets of fuzzy num-
bers. A.M. Bica has constructed in [11] two isomorphic Abelian groups, defined on
quotient set of the set of those unimodal fuzzy numbers which has strictly monotone
and continuous sides. In this chapter, we extended the results of [11] to a larger class
of fuzzy numbers and adding to it a topological structure. Here, we also character-
ized the constructed quotient groups, by using the set BVC |0, 1] of the continuous

functions with bounded variation, defined on [0,1].

Finally, I would like to thank my scientific advisor, Professor Ioan Purdea, for
his support, advice and supervision, while elaborating this thesis. I also want to
thank to the members of the Chair of Algebra of "Babeg—Bolyai" University of Cluj

Napoca.
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Algebraic constructions -

categorial aspects



Chapter 1

Ring extensions

1.1 Group rings

Throughout this section, by a ring we mean an associative ring with identity and

by a ring homomorphism we mean an unitary ring homomorphism.

1.1.1 Skew group rings

Let R be a ring, G a group and ¢ : G — Aut R be a group homomorphism. Denote
o(g) (r) by r9 for all g € G and r € R.

The skew group ring R *, G (see, e.g. [75],[67]) is defined to be the free left
R-module with G as a free generating set. The multiplication on R *, G is defined

distributively by using the following rule:

(7‘191) : (7“292) = 7“17“31 9192,

for all r1,79 € R and g1, 92 € G.

Theorem 1.1.1 ([75], [67]) Let R be a ring, G be a group and o : G — Aut R be
a group homomorphism. For any ring A, any ring homomorphism ¢ : R — A and

any group homomorphism f : G —U(A), for which

() =f(g) ¢ (r) - (flg) ",

forallr € R and g € G, there exists a unique ring homomorphism ® : Rx, G — A,
such that ® (r) = ¢ (r), for allr € R and ® (g) = f (g) for all g € G.
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Corollary 1.1.2 [38] Let f : G — G’ be a group homomorphism and ¢ : R — R’
be a ring homomorphism. If o : G — Aut R and o' : G’ — Aut R’ are two group

homomorphisms, such that the following diagram

R L R

a(g) (a'of)(9)
R L R
R 2 R
a(g) | Lorof)(g) (1.1)
R 2 R

is commutative (i.e., (0’ o f)(g)op=poa(g)), for all g € G, then the mapping
®=(p,f) : Rx,G —> R x5 G’
;rigi — ;%0(73) f(gi)

1s a ring homomorphism, which extends f and .

Corollary 1.1.3 (1) [38] If R is a ring, G and G’ are two groups and f : G — G,
0:G— Auwt R and o' : G' — Aut R are group homomorphisms, such that

G ! e
\ / oof=o.

Aut R

(or equivalently, 9 =9, for all g € G and r € R), then the mapping
f : R+,G — R, G
i_ilﬂgi — i_fln-f(gi)
is a ring homomorphism, which extends f.
(2) [38] If G is a group R and R are two rings, ¢ : R — R’ is a ring homomor-

phism and o : G — Aut R and o' : G — Aut R’ are two group homomorphisms
such that

R L R

a(9) ' (9) o' (g)op=poal(g), forallge G

R L R
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(or equivalently, o (r?) = ¢ (r)?, for all g € G and r € R), then the mapping
P : Rx;G — RxyG

_lrigi — ;%0(7%‘) gi

7

1 a ring homomorphism, which extends .
We can consider now, the following categories:.

1. If R is a fixed ring, consider the category &tp for which the objects are pairs

(G,0), where G is a group and 0 : G — Aut R is a group homomorphism and

Home.y, ((G,0),(G',0")) = {f € Homg., (G,G") : 0" 0 f =0} .

2. If G is a fixed group, consider the category Rng.,, whose objects are pairs
(R,0), where R is a ring and 0 : G — Aut R is a group homomorphism and
the set of morphisms from (R, o) to (R',0’), Homgyg,, ((R,0), (R, 0)) is

{p € Homppy (R, R) : 0" (g)op=poo(g), Vg€ G}.
3. We also consider the category Rng®tp constructed as follows:

e the class of objects are the triplets (R, G, o), where R is a ring, G is a

group and ¢ : G — Aut R is a group homomorphism;

e the set of morphisms Hommpngew (R, G, 0), (R, G', 0")), consist of all pairs
(¢, f), where ¢ : R — R’ is a ring homomorphism and f : G — G’ is a
group homomorphism, for which (¢’ o f) (g)op = oo (g), forall g € G.

o if
(907 f) S Hommngﬁtp ((R7 G7 U) ) (R/7 GI? J/))
(90/7 fl) € Hommﬂgﬁtp ((Rlv GI7 al) ’ (RH7 G”> U”))
then (90/7 f’)o(gp, f) = (90/ ° Y, f/ o f) € Homfﬁngétp ((R7 G7 U) ) (R”7 GH; OJ/)) .
Consider also, the following covariant functors:
1. If R is a fixed ring, we define the functor Iy : &tpp — RngBrp by
(G,0) ——— 1r(G,0) = (R, G, 0)
f Ir(f)=(dr.f)

(G, 0) ——— 1 (G',0) = (R, G, 0)
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2. If G is a fixed group, we define the functor I : Rng, — RngBrp by

(R,0) ———— I (R,0) = (R, G, 0)
@ \ =(p,ida)
(R,0) ——— 1¢(R',0) = (R',G,0)

3. By Corollary 1.1.2, we can consider the functor F : Rng®&rp — Rng defined

by
(R,G,0) —— F(R,G,0) = R*, G

(.f)

\F(w,f) =o

(R,G, 0"y ——F(R,G',0') = R %, G
4. If R is aring, then the mapping o : U (R) — Aut R, g — 0,,,where o, () =

roxry’, forallz € R, is a group homomorphism. So, we can define the functor
U: Rng — Rng®rp by

A~ U(A) = (A, U(A),04)

@ U(p)=(,U(¥))

B+ U(B) = (B,U(B),05)
where U (R) denotes the group of units of the ring R and U (y) : U(A) —

U (B) is the group homomorphism induced by the ring homomorphism ¢ :
A — B.

Theorem 1.1.4 [38] The functor F is left adjoint to U.

1.1.2 Group rings

If 0 (g) = idg, for all g € G, then the skew group ring R x, G coincides with the
group ring R [G].
If in Theorem 1.1.1, consider that o (¢g) = idg, for all g € G, we obtain:

Theorem 1.1.5 Let R be a ring and G be a group. For any ring A, any ring
homomorphism ¢ : R — A and any group homomorphism f : G —U(A), for which

o(r)-flg)=f(g) e(r),

forallr € R and g € G, there exists a unique ring homomorphism ® : R[G| — A,
such that ® (r) = ¢ (r), for allr € R and ® (g) = f(g), for all g € G.
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Corollary 1.1.6 For any ring A, any ring homomorphism ¢ : R — R’ and any
group homomorphism [ : G — G', there exists a unique ring homomorphism ® :
R[G] — R'[G"], such that ® (r) = ¢ (r), for all € R and ® (g9) = f(g), for all
geqG.

So, by Corollary 1.1.6, we can consider the covariant functor H : Rngx&tp —

Mng, defined by:
(R,G) 1 H(R,G) = R[G]

(@.f) \H(%f)‘b

(R,G)—— ~H(R,G") = RG]

Analogously, for the commutative case, consider the functor H. : BRng xAb —

Rng...
%CVe also consider the functor U Rng,. — Rng,x2Ab, defined by:
A U(A) = (A, U(A))
¢ U(p)=(,U(p))
B U(B) = (B,U(B))

Theorem 1.1.7 The functor H. s left adjoint to U.

1.2 Commutative ring extensions
Throughout this section, by a ring we mean an associative ring.

We consider the ring of endomorphisms (End M, +, o) of an Abelian group (M, +),
a commutative ring with identity (R, +,-) and J : (R,+,-) — (End M, +,0) a uni-
tary ring homomorphism. If for all « € R and = € G we denote 0 (a) (z) = ax, we
obtain that M is a left R-module. Conversely, if M is a left R-module, then the
mapping a +— d,, where

0o :G— G, x+—ax

is a unitary ring homomorphism of (R, +,-) in (End G, +,0).

We also consider a multiplicative isomorphic copy M of the group G, i.e., M =
{T:2e€ M}, and

T-y=x+y, forall z,y € M.
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1.2.1 Trivial extensions

Let (R,+,-) be a commutative ring with identity and M a left R-module. On the
direct product (R x M, +) of the Abelian groups (R,+) and (M, +), we consider
the multiplication

(a,x) e (b,y) = (ab,bx + ay) .

(R x M,+, ) becomes a commutative ring with identity, called the trivial extension
of R by M (or the idealization of M) and it is denoted by R x M ([44],[54]).
Moreover, R x M is an R—algebra with the operation

Rx(Rx M) — Rx M, («,(a,z))+— (aa,ax).
We consider the following mappings:

i+ M —RxM, Tw (1,7);
ir : R—=RxM, a— (a,0);
iy © M —RxM, z~ (0,2)
TR : RxM — R, (a,z)w a;

7 - URXM)— M, (a,7)— a'x.
These applications verifies the following properties:

1. i7 is an embedding of the group M in the group U (R x M);

2. ig is an embedding of the ring R in the ring R x M and so its restriction
iR |U(R) = iy(r) is an embedding of the group U (R) in the group U (R x M);

3. iy is an embedding of the group (M, +) in the additive group of R x M. If we
identify the element x € M with (0,2) € R x M, we can consider that M is a
subring of R x M with the multiplication x; @ x5 = 0.

4. g is a surjective homomorphism of the ring R x M onto the ring R and so
its restriction g ‘U( R) = Ty(r) is a group homomorphism of U (R x M) onto
U(R),

5. my7 is a surjective group homomorphism;
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6. the following sequences

1
U(R)
' LU(R)
1 M- U(Rx M) 2R U(R) 1
T
M
1

are exacts and my;0ig; = idy; and 7wy r)iy(r) = idy(r) - Therefore, U (R x M) =
U(R) x M = U (R) x M. The isomorphism is given by

UR)xM — U(RxM)

(a,) — (a,ax)

Theorem 1.2.1 [39] Let (R,+,-) a commutative ring with identity and M a R-
module. Then for every R-algebra A and every R-linear map f : M — A, with the
property

f@)-fy) =0, forallae,ye M,

there exists an unique R-algebras homomorphism f : R x M — A, such that

M—".RxM-~" R
) if i foiy=f and foigr=1i.
A
Corollary 1.2.2 [39] If M and M’ are two R-modules and f : M — M’ is a linear

map, then there exists a unique R—algebras homomorphism f : R x M — R x M’

extending f, i.e., the following diagram

M—™M,Rx M2 R
f :? idR
. ' .

M — ™M, Rx M <% R

18 commautative.
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Remark 1.2.3 By Corollary 1.2.2, we can construct a covariant functor F' : Modg —

Algp, as follows:
M+—FWM)=Rx M

f \F(f)f

M+ F(M') = Rx M
Proposition 1.2.4 [39] Let Ry and Ry two unitary commutative rings, (M,+)
an Abelian group, 61 : Ry — End M and 6 : Ry — End M two unitary ring

homomorphisms. If f : Ry — Ry is a unitary ring homomorphism, such that

Rl ! RZ
\:F\\ //4g// =020/,

End M

then the mapping
f : Rl x M — Rg x M

(r,z) > (f(r),z)

s a unitary ring homomorphism which extend f.

Remark 1.2.5 If (M, +) is an Abelian group, we can consider the category Rng,,,
whose objects are pairs of the form (R,0), where R is a unitary commutative ring

and § : (R,+,-) — (End M, +,0) is a unitary ring homomorphism and
HommngM ((Rl, 51) , (RQ, 52)) = {f c Hommng (Rl, Rg) : (51 = (52 o f} .

By Proposition 1.2.4, we can construct the covariant functor H : Rng,; — Rng ,

defined by
(Rl,(sl) [ — H(Rl,él) = Rl x M

(R2,52) [ — H(Rz,ég) = RQ x M

1.2.2 The semidirect product of a ring R with an R-module

Near-rings are generalized rings. They might generally be described as rings (A, +, -)

where the addition is not necessarily abelian and only one distributive law holds:

Definition 1.2.6 [76] A right (left) near-ring is a non-empty set A, together with

7

two binary operations” +7 and” -7, which satisfy the following conditions:
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1. (A,+) is a group (not necessarily abelian);
2. (A,-) is a semigroup;

3. the right (left) distributivity law is satisfied.

Further, by a near-ring we mean a right near-ring.
On the direct product (R x M, +) of the Abelian groups (R, +) and (M, +) we
also consider the multiplication

<a> $) ’ (bv y) = (aba T+ ay)
Proposition 1.2.7 (R x M, +,) is a right near-ring with identity.

Definition 1.2.8 The near-ring (R x M, +,-) is called the semidirect product of the
ring R with M and it is denoted by R x M.

We consider the mappings:

izt : M — RxM, Tw (1,7);
iR : R—=RxM, a— (a,0);
r : RXxM— R, (a,z)+— a.

Then:

1. i37 is an embedding of the group M in the group U (R * M);

2. ig is an embedding of the ring R in the near-ring R« M and so, its restriction

ir |U(r) = tu(r), is an embedding of the group U (R) in the group U (R * M) ;

3. mg is a surjective homomorphism of the near-ring R * M onto the ring R and
so, its restriction mwp ‘U(R) = Ty(r) is a group homomorphism of U (R+ M)
onto U (R) .

Proposition 1.2.9 [39] The group of units U (R * M) of the near-ring R x M is
isomorphic to the semidirect product M xy5) U (R) of the groups M and U (R),
where U (0) : U (R) — Aut M is the group homomorphism induced by the ring
homomorphism 6 : R — End M.
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1.3 Generalized semidirect products

1.3.1 The construction of the generalized semidirect prod-
uct
We consider an Abelian group (M, +), a commutative ring with identity (R, +,-),
an unitary ring homomorphism ¢ : (R,+,:) — (End M, +,0) and two functions
a,f:R— R.Ifa€ Rand z € G, we denote ¢ (a) (z) = a - z.
On the direct product (R x G, +) of the additive groups (R, +) and (G, +), we

consider the multiplication
(a,2) - (b,y) := (ab,a (b) -z + B (a) - y). (1.2)
Proposition 1.3.1 [37] As above, we have that:

1. If a(a)-B(b) = B(b) - a(a), for al a,b € R, « € End* (R,-) ! and 8 €
End (R,-), then (R x M,-) is a semigroup;

2. if R is a ring with identity and « (1) = 1, then (1,0) is a right unit of the
multiplication defined by (1.2);

3. if R is a ring with identity and 5 (1) = 1, then (1,0) is a left unit of the
multiplication defined by (1.2);

4. if « € End (R, +), then the multiplication (1.2) distributes over addition on
the left;

5. if B € End (R, +), then the multiplication (1.2) distributes over addition on
the right.

We consider an Abelian group (M, +) , a commutative ring with identity (R, +, ),
an unitary ring homomorphism ¢ : (R,+,:) — (End M, +,0) and two functions
a,f:R— R.Ifa€ Rand z € G, we denote ¢ (a) (z) = a - z.

Corollary 1.3.2 [37] Let R be a ring, (M,+) an Abelian group and 6 : (R, +,-) —
(End M, +,0) a ring homomorphism. If « € End* (R,+,-) and 8 € End (R, +,)
verifies the property that

a(a)-B((b)=p0(0)- a(a), foral a,be R, (1.3)

lie., o is an anti-endomorphism
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then (R x M,+,-) is a ring. If in addition, R is with identity and o, 3,8 are unitary
homomorphisms, then (R x M,+,-) is a ring with identity.

Definition 1.3.3 [37] The ring (R x M,+,-) (see, Corollary 1.3.2) is called the
(o, B)-the semidirect product of R with M and it is denoted by R x? M.
If R is commutative and o = 3, this ring is denoted by R x, M.

Denote by:

e () the class of all systems (R, M, 6, a, ), where (R,+,-) is a ring, (M, +) is
an Abelian group, ¢ : (R, +, ) — (End M, +,0) is a ring homomorphism and
a € End" (R, +,-), 8 € End (R, +, -) which satisfies the condition (1.3).

e (). the class of all systems (R, M, J, «, B) € Q, where (R, +, -) is a commutative

ring;

e () the class of all systems (R, M,J,«, 3) € €, where (R, +,-) is a ring with
identity, § is a unitary ring homomorphism and « € End* (R,+,-,1), 8 €
End (R, +,-,1);

o Qi =N
Remark 1.3.4 Thus:

1. (R,M,6,0,3) € ) = Rx? M is a ring;

2. (R,M,5,a,8) € Q. = R~ M is a ring with identity;

3. (R,M,d,a,a) € Q.1 = R Xy M is a commutative ring with identity.

1.3.2 The group of units of the ring R x” M

We consider that (R, M, §, «, ) € ;. We also consider a multiplicative isomorphic
copy M of the group G, i.e., M = {Z:2 € M}, and

T-y=x+y, forall xz,y € M.

Proposition 1.3.5 If (a,z) € R x2 M, then (a,z) € U (R x2 M, +,) if and only
ifa € U(R,+,-). In this case,

(a,z)"" = (et —a(a)-B(a") 2).



CHAPTER 1. RING EXTENSIONS 13

We consider the following functions:
is; © M — RxP M, T (1,2);
i : R—Rx?M, a— (a,0);
R Rx?M — R, (a,2)— a;
w5 @ URX2M)— M, (a,z)— a(al)-z.
It is easy to see that:

1. iy is an embedding of the group M in the group U (R x5 M ) ;

2. ip is an embedding of the ring R in the ring R x? M, and so its restriction
to U(R), ig |U(R) = iy(r), is an embedding of the group U (R) in the group
U (R X M) ;

3. Tg is a surjective ring homomorphism and its restriction to U (R), g }U( R =

TU(R), 18 a surjective group homomorphism of U (R x5 M ) onto U (R),
4. w37 is a surjective group homomorphism.

Since the following sequences

1
U(R)
LU(R)
1 M. U(R x? M) ™D U(R) 1

are exacts and my(gr) o iy(gr) = idy(r), we have that
U(Rx2M)=U(R) x4 M,
where ¢ : (U (R),-) — Aut ((M,-) ,0) is defined by

¢(a)@ =a(at)-B(a)-z, VacU(R), VT € M.
The multiplication of the (group) semidirect product U (R) x4 M is defined by
(a,7) - (0,7) = (ab,7 - 6 (a) (7)) = (ab,z+ ala ) Bla)y),

and the isomorphism between U (R) x4 M and U (R x2 M) is given by

U(R)xy M — U(Rx5M)

(@,7)  — (o, a(a)-2)
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Proposition 1.3.6 The groups U (R) x4 M and U (R X M) are isomorphic.

Remark 1.3.7 If (R, M,6,a,a) € Q.1, then U (R x, M) = U (R) x M.

1.3.3 Categorial aspects
If (R, M,J,, ) €€, then the function
O'MZM—>R[><§M, x+— (0,2)

is an embedding of the group (M, +) in the additive group (R x5 M, ~|—) I we
identify the elements z € M with (0,2) € R x? M, we can consider that M is a
subring of the ring R x? M, the product of M being the null multiplication, i.e.,

r1- 29 =0, Vi, 290 € M.
Moreover, M is an ideal of R x? M.

Theorem 1.3.8 (The universal property) Let (R, M,0,«,3) € Q. For every
ring \, for every ring homomorphism ¢ : R — A and for every group homomorphism
f:(M,+) — (A, +), which satisfies the properties:

1. f(a(r)-z)=f(x)-¢(r), Vr € R, Vax € M;
2. f(B(r)-z)=¢(r)-f(z), Vre R, Yo e M;
3. f(x)-fy) =0, Va,y M

there exists an unique ring homomorphism ® : R x? M — A, which extend f and

©, i.e.,

R— " Rl M2

\:q’/ Qoo,, =f and DPoir=o.
14 v f

A

If (R, M, 4§, c, B) € Q4, A is a ring with identity and ¢ is an unitary homomorphism,
then ® is an unitary homomorphism.

Corollary 1.3.9 If (R, M,6,a,83), (R,M',§',a,8) € Q and f: (M,+) — (M, +)

1 a group homomorphism such that:
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1. fla(r)-z)=a(r)- f(z), Vre R, Vo € M;
2. f(Br)-z)=8(r)-f(z), Vre R, Ve € M;

then there exists an unique ring homomorphism f : R x? M — R w2 M’ which

extend f, i.e., the diagram

M—t
I
Rl M -1 RS
s commutative and ﬂ r=1dr.

Corollary 1.3.10 If (R, M,d,a,8), (R',M,§,a',3) € Qandp: R — R’ is aring

homomorphism such that:
1.a(r)-z=d(p(r) x, VreR, VzeM;
2. 8(r)-x=p0(p(r) -z, VreR, YreM;

then there exists an unique Ting homomorphism @ : R x5 M — R’ Kgi M which

extend v, i.e., the diagram

R L4 R

iR iRt

!

RxPM -2+ R x" M
1§ commutative and ﬂ y = 1da-

Corollary 1.3.11 If (R, M,6,a, ), (R, M',0',a/,5") € Q, o : R — R’ is a ring

homomorphism and f : M — M’ is a group homomorphism such that:
1. f(a(r)-z)=d(p(r)) - f(x), VreR, Yze M,

2. f(B(r)-x)=B(p(r)-f(x), VreR, Vzel;
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then there exists an unique ring homomorphism ® : R x? M — R/ Kgi M', which

extend ¢ and f, i.e.,

R—" v Rl M

@ @ f

R — . R xéﬁ M Sy
Qoigp=ipopandPoo, =0, 0f
Now, we consider the category € defined by:

1. Ob€ =

2. If (R, M,6,c,B), (R, M', &', o, 3") € Q, then Home ((R, M, 8,0, B3), (R, M, &, d/, 5))
is the set of all pairs (¢, ), where ¢ : R — R’ is a ring homomorphism and
f: M — M'is a group homomorphism which verifies the conditions of Corol-
lary 1.3.11.

3. If

(907 f) € H0m€ ((R7 M7 57 a, ﬁ) ) (RI7 MIJ 5,7 05/7 ﬁ/))
(QOl,f/) 6 HOHl@ ((RI7M/’6/’a/’5/) ’ (R”,M”,5”,O//,6”>>,

then, we define (¢, f') o (¢, f) = (¢ 0o, f' o f).
We can consider now, the covariant functor F': € — Rng defined by:
(R,M,6,a,8) —— F(R, M, 6,0, 3) = R x? M
(e, f) F(p,f)=®
(R,G'.¢,d,3) —— F(R,M,¥,da,3) = R x M
1.3.4 Norm extensions

Definition 1.3.12 The function ||-|| : A — Ry is called a norm on the Abelian
group (A, +), if:

1. |la]] = 0 if and only if a = 0;

2. |la = bl < flal +[lbll, Va,be A
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If |la + b|| < max (||al|, ||bll), for all a,b € A, the norm is called non-Archimedean.

Definition 1.3.13 The function ||-|| : R — Ry is called a pseudo-norm (norm) on
the ring R, if:

1. |la]l = 0 if and only if a = 0;

2. |la = bl < flal + {16l , Va,b € R;

5. lla-bll < Nall - I8l (lla- bl = fall - I8l , Va,b € R
4. |1 =1 (if R is with identity).

Definition 1.3.14 Let R be a pseudo-normed (normed) ring with identity and M

be a left R-module. The function ||-|| : M — Ry is called a pseudo-norm (norm) on
M, if:

1. ||z|| = 0 if and only if x = 0;
2w =yl < ll=ll +llyll, Yo,y € M;
3 Na -zl <flall - [l (la- 2| = llall - [«]]), Va € R, V& e M.

We consider now (R, M, 0, «, 5) € €, such that M is a pseudo-normed R-module

and we assume that

lac (P[] < flrll and 5 ()] < {7l

for all r € R.
For each natural numbers k, we define the applications ||-||, : R X2 M — R, as
follows:
(@, 2)lly = max([a], |[z])
I, 2)lly = [lall + [l]
: k k .
la,2)lly = /llal®+ll=ll®, if k> 2.

Theorem 1.3.15 [37] ||-||, s a pseudo-norm on the ring Rx% M and if the pseudo-
norm of M is non-Archimedean, then |-||, and ||-||,, ( for k > 1) are pseudo-norms

on the ring R x? M. Moreover, the pseudo-norms ||-||, extends the pseudo-norms of

R and M, for all k.



Chapter 2

Dorroh extensions

Throughout this chapter, by a ring we mean an associative ring.

2.1 Dorroh extensions
To simplify the presentation, we give the following definition:

Definition 2.1.1 A pair (R, M) of (associative) rings, is called a Dorroh-pair if
M is also an (R, R)-bimodule and for all a € R and x,y € M, are satisfied the

following compatibility conditions:
(az) y=a (zy), (zy) a=2x (ya), (za) y==z (ay).

We denote further with D, the class of all Dorroh-pairs.

If (R, M) € D, on the (Abelian groups) direct sum R & M, we introduce the
multiplication

(a,x) - (b,y) = (ab, xb+ ay + zy) .
(R® M,+,-) is a ring, it is denoted by R x M and it is called the Dorroh ex-
tension. Moreover, R x M is an (R, R)-bimodule under the scalar multiplications
defined by
A(a,x) = (Aa, A\z), (a,x) XA = (a\, z)),

and (R, R x M) is also a Dorroh-pair.
If R has the unit 1, then (1,0) is an unit of the ring R x M.

Remark 2.1.2 Dorroh first used this construction (see [28]), with R = Z, as a

means of embedding a ring without identity into a ring with identity.

18
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Remark 2.1.3 If M is a zero ring, the Dorroh extension R x M coincides with

the trivial extension R x M.
Example 2.1.4 If R is a ring, then (R, R), (R, M, (R)) € D.
Since the applications

iR : R—-Rx M, a~(a0)

iy M—Rx M, x— (02

are injective and both ring homomorphisms and (R, R) linear maps, we can identify
further the element a € R with (a,0) € R X M and z € M with (0,z) € R x M.
The application

TrR:Rx M — R, (a,2)—a

is a surjective ring homomorphism, which is also (R, R) linear.
Consequently, R is a subring of R x M and M is an ideal of the ring R x M,
with (R x M) /M ~ R.

Definition 2.1.5 Let (R, M) and (R', M) two Dorroh-pairs. By a D-homomorphism
of (R, M) to (R', M'") we mean a pair (p, ), where ¢ : R — R and f: M — M’

are ring homomorphisms for which, for all « € R and x € M we have that
fla-z)=g¢(a)- f(z) and f(z-0)=f(x) ¢(a).

Theorem 2.1.6 [35] If (R, M) is a Dorroh-pair, then for any ring A and any D-
homomorphism (@, f) : (R, M) — (A, ), there exists an unique ring homomorphism
e f:Rx M— A such that

R—2 R MM _ M

NS

A\
A
Remark 2.1.7 1. ¢ x f is injective if and only if p and f are injective and Im ¢ N

Im f = {0}.
2. ¢ X f is surjective if and only if Imp + Im f = A.

(o™ f)oiy, =f and (p X f)oir=p.
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Corollary 2.1.8 [35] If (R,M) and (R',M') are two Dorroh-pairs, and(y, f) :
(R,M) — (R, M") is a D-homomorphism, there exists an unique ring homomor-
phism o X f: R x M — A such that

R LR MM M

¢ o oM f )

R WL R M M6

(o floip=1ipop and (p X f)oiy =iy o f.
Remark 2.1.9 If (R, M) is a Dorroh-pair, the sequences

0
R
idg
iR
0 M—", R M- TR 0

(as Abelian groups sequences) are exacts and wr o ig = idg . Moreover, all homo-
morphisms are ring homomorphisms, ir and wg are unitary (if R is with identity)

but iy is not unitary (if M is with identity).

Theorem 2.1.10 Let T a ring with identity, M an ideal of T and R a subring of
T.If RNM ={0} and T = R+ M, then the rings T and R x M are isomorphic.

Theorem 2.1.11 Let M a ring, R and T' two rings with identity, o : M — T a
ring homomorphism and 5 : T — R an unitary ring homomorphism. If the sequence

" LR 0

«

0 M T

(as Abelian groups sequence) is exact and s : R — T is an unitary ring homomor-

phism such that 5 o s = idg, then:
(1) M is a (R, R) —bimodule with the scalar multiplications defined by:
a-x : =ay" (s(a)- a(x))
v-a : =o' (ap(7)-s(a))

(a € R, x € M, and ag : M — Ima is the isomorphism induced by the

injective homomorphism «) and (R, M) is a Dorroh-pair;
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(17) the rings T and R ) M are isomorphic.

2.2 Categorial aspects

We consider now, the category ® whose objects are the class D of the Dorroh-pairs
and the homomorphisms between two objects are the Dorroh-pairs homomorphisms,
respectively, the category RBng of the associative rings.

By Corollary 2.1.8, we can consider the covariant functor D : ® — Rng, defined
as follows: if (R,M) € D, then D(R,M) = R x M, and if (¢, f) : (R,M) —
(R', M") is a D-homomorphism, then D (¢, f) = ¢ X f.

We also consider the functor B : SAng — ©, defined as follows: if A is a ring,
then B(A) = (A, A) and if h : A — B is a ring homomorphism, B (k) = (h, h).

Theorem 2.2.1 [35] The functor D is left adjoint of B.

Proposition 2.2.2 [35] We consider {(R;, M;) :i € I} a family of Dorroh-pairs

and the direct products [[ R; and [[ M; (with the canonical projections p; and T;,
i€l iel
respectively, the canonical embeddings q; and o;). Then (H R, 11 Mz) is also a
i€l el
Dorroh-pair, for alli € I, (p;,m;) and (¢;,0;) are D-homomorphisms and

(HRZ-) X (HM) =[] (R % ;).

Proposition 2.2.3 [35] Let I a directed set and {(R,-,Mi)iel ;(goij,fij)ijej} an
inverse system of Dorroh-pairs. Then {(RZ M M;).cr s (gpij X fij)ije[} s an inverse

system of rings and

lim (R; % M;) & <liinRZ~) . (hinM>

2.3 The group of units of the ring R x M

Let (R, M) a Dorroh-pair, where R is a ring with identity and we consider the
Dorroh extension R x M.

In this section we will describe the group of units of the ring R x M. Firstly, we
observe that, if (a,z) € U(R x M), then a € U (R).
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The set of all elements of M forms a monoid under the circle composition on M,
roy=x+y-+ xy, 0 being the neutral element. The group of units of this monoid
we will denoted by M°.

Remark 2.3.1 It is easy to see that the function § : U (R) — Aut M°, a — 0,

where,
0q : M° — M°, r — ava '

1S5 a group homomorphism.

Theorem 2.3.2 [35] The group of units U (R wx M) of the Dorroh extension R ®
M is isomorphic with the semidirect product U (R) x5 M° of the groups U (R) and
Me.

Remark 2.3.3 If M is a ring with identity, the correspondence x — x — 1 estab-
lishes an isomorphism between the groups U (M) and M°, and therefore the group
U (R x M) is isomorphic with a semidirect product of the groups U (R) and U (M) .



Part 11

Algebraic structures on the set of

fuzzy numbers

23
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Fuzzy numbers. Generalities

3.1 The definition of a fuzzy number

Definition 3.1.1 [5] A fuzzy number is a function A : R — [0,1] which satisfies

the following properties:

1. A is normal (i.e., there exists xy € R, such that A (o) = 1);

2. A is convex (i.e., AAx+ (1 —=N)y) > min{A(z),A(y)}, for all x,y € R
and A € [0, 1]);

3. A is upper semicontinuous on R (i.e., for all xy € R and for all € > 0 there
exists a neighborhood Vy of xo such that A (x) — A (xo) < e, for all x € Vy);

4. A has compact support (i.e., the closure of the set {r € R: A(x) >0} is a

compact interval of R).

Denote the set of fuzzy numbers by §.

As usual, if A: R — [0, 1] is a fuzzy number, then

suppA={zreR:A(z) >0}
is called the support of A, respectively,

coreA={reR:A(zx) =1}
is called the core of A.

Remark 3.1.2 By Definition 3.1.1, supp A and core A are compact intervals.

24
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Definition 3.1.3 [5] In the case that core A is an one point set, we say that A is
unimodal, respectively, if core A is a nontrivial compact interval, we say that the

fuzzy number A s flat.

Remark 3.1.4 [5] By Definition 3.1.1, we conclude that the function A : R — [0, 1]
15 a fuzzy number if and only if there exists ay, ay, as, as € R, with vy < a; < as < ap
such that:

1. the restriction Ay = Al lag,a1] — [0,1] (called the left side of A) is

upper semicontinuous and increasing function;

ar,ai]

2. the restriction Ay = A, ., ¢ [a2, a2] — [0,1] (called the right side of A) is

upper semicontinuous and decreasing function;
3. A(x) =1, for all x € |ay,as];
4. A(x) =0, if v & [ou, ag] .

With these notations, supp A = [aq, ag] and core A = [ay, as] .

3.2 Representations of fuzzy numbers

3.2.1 The LU representation of a fuzzy number

If A:R —[0,1] is a fuzzy number, the t—level sets [A], of A, defined by

{reR:A(x)>0}, if t=0

[A]t: .
{reR:A(x)>t}, if 0<t<1

are compact intervals for each ¢t € [0,1].

Remark 3.2.1 ([45],[5]) If [A], = [z (t),z} (t)], for each t € [0,1], then the
functions x, x% : [0,1] — R (defining the endpoints of the t—level sets) satisfies the

following properties:

1. z; and xy are bounded;
2. x5 and z are left-continuous in (0,1] and continuous at 0;

3. x, is increasing and xy is decreasing;
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4. a5 (t) <ai(t), forallt €[0,1].

Moreover, Goetschel and Woxmann proves that, a fuzzy number A is completely
determined by a pair x4 = (a:A,a:A) of functions x5,z : [0,1] — R satisfying the

above conditions.

This representation of a fuzzy number as a pair of functions that satisfy these con-

ditions, is called the LU representation.

3.2.2 The CE-representation of a fuzzy number

If the fuzzy number A : R — [0,1] has the ¢t—level sets [A], = [z} (t), 2} ()], the
functions 07,6% : [0,1] — R, (where R, = [0,+00)), called the left, respectively,
the right deviation of the fuzzy number A, defined by

04 () =a1r —a,(t)
{ 5t (1) = 2% () i o’ for each ¢ € [0, 1]

are bounded, decreasing, left-continuous in (0, 1], continuous at 0 and §, (1) =

64 (1) =0.
In consequence, a fuzzy number A € § can be also represented as a system

A= ((a1,0%) , (a2,0%))
where
1. ai,as € R, with a; < ao;

2. 64,04 :10,1] — [0, 4+00) are two bounded, decreasing, left-continuous in (0; 1]

and continuous at 0 functions, with the property that d; (1) = 6% (1) = 0.

Pointwise, we can represent the fuzzy number A, by A = ((al, 0 (t)) , (ag, ))te[o 1
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Remark 3.2.2 [36] If Q is the set of all functions f of [0,1] in Ry which are
bounded, decreasing, left-continuous in (0, 1] and continuous at 0, with the property
that f (1) = 0, then for every fuzzy number A = ((al, (5;1) , ((lg, 5;)) € §, the pairs
(al, 5;1) and (CLQ,(SZ) are elements of the Cartesian product R x 2, and so, we can
identify the set § of all fuzzy numbers with a subset of (R X 9)2 i.€.,

§={A=((a1.57) . (a2.6%)) : (2.67) , (a2, 0%) ER X Q, ay < a}.

Definition 3.2.3 This representation of a fuzzy number is called the CE-representation

(core-ecart representation).

Remark 3.2.4 If0 € Q is the null function, then every real number (crisp number)
a € R can be represented as ((a,0),(a,0)) € §, respectively, every compact interval
(erisp interval) [a1,as] C R can be represented as ((a1,0), (az,0)) € §.

Definition 3.2.5 The fuzzy number A = ((al, (52) , (ag, (51?)) € § s said to be with:
1. positive core (core A > 0), if a3 > 0;
2. negative core (core A < 0), if ay < 0;
3. strictly positive core (core A > 0), if a; > 0;

4. strictly negative core (core A < 0), if ag < 0.

Notations: §, ={A € F:coreA >0}
§-={Ae€F:cored <0}
§L={A€F:coreAd >0}
§-={AeF:core A <0}

3.2.3 The MCE-representation of a fuzzy number

For a fuzzy number A : R — [0, 1] having the ¢t—level sets [A], = [z} (t), 2% ()],
the following functions O, 0%, A, : [0,1] — R, (where R, = [0, +00)), defined by
() =a—a;(t
@i() a+ 7 (1) , for each t € [0,1]
O4(t) =z (t)—a
respectively,
Ay=ali—a2,=0,+067%
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where
1

a =3 (a3 (1) + 5 (1)
is the middle point of the core A, are bounded, decreasing, left-continuous on (0, 1]

and continuous in 0 and © (1) = 6} (1).

Definition 3.2.6 We call ©,07 by the left and the right deviation, relatively to
the middle point of the core of A, and A4 by the width of the fuzzy number A.

In consequence, a fuzzy number A € §F can be also represented as a system
A= (a;05,0%) where a € R, and ©,07 : [0,1] — [0, +00) are bounded, decreas-
ing, left-continuous on (0, 1] and continuous in 0, functions with the property that
0, (1) =05 (1).

Definition 3.2.7 [33] We call this representation the middle core ecart-representation

of a fuzzy number (MCE-representation).

Pointwise, we can represent a fuzzy number A, by A = (a; 05 (t),0% (1)) refo.1]

Figure 1.

We consider the sets
Fo={AeF:2,,2;€Cl01]}

and
E={(f1,f2) € Cpp[0,1] x Cpp [0,1]: f1 (1) = f2 (1)}

where Cpp [0, 1] is the set of all positive valued, continuous and decreasing functions.
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With these notations, we can identify the set §. with the Cartesian product
R x Z.
Obviously, (Cpp [0,1],+,-) and (E, +, ) are commutative semi-rings with iden-

tity.

Definition 3.2.8 [33] If A = (a; @Z,@j) and B = (a; @g,@g) are two fuzzy

numbers, we define the order” X7 on § by

a<b
A)<O5@), Vtel01]
O (t)<est), Vtelo1]

@

A< B<—=

b

It is obuvious that, it is a partial order on the set § of all fuzzy numbers.

3.2.4 The multivalued representation of a fuzzy number

Further, in order to simplify the presentation, we will introduce the following nota-

tions

P0,1] ={[, ] : 0 <a < B <1}
Pr0,1] ={[e, 5] : 0 < a< <1}

for the set of all compact subintervals of [0, 1], respectively, for the set of all compact

and nontrivial subintervals of [0, 1]. More generally, we can consider the sets

Pe(I) = {lo,plST:a<p}
Pi) = {la,f] CI:a<p}

of all compact subintervals of a real interval I. We will identify the "interval" [, o] €
P.(I) with a € I.

We also consider , the functions

which gives the lower and upper endpoints of a compact interval.
Also, if f: I — R is a function, where I C R is an interval, denote by D (f) the

set of all discontinuity points of the function f.
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Remark 3.2.9 It is known that, if f : I — R is a monotone function, then all the
points of discontinuity of f are either removable or jump discontinuities and hence,
of the first kind (see, [83]). Moreover, by Froda’s theorem (see, [41]), the set D (f) of
all discontinuities of the function f is at most countable. In the case that D (f) is a
finite set, obviously, the elements of the set D (f) are isolated points of R, but, when

the set D (f) is an infinite set, the elements of D (f) are not necessarily isolated.

Remark 3.2.10 Let f : [a,b] — [0,1] be an upper semicontinuous and monotone
function. If the set D (f), consists just of isolated points and the set {x € [a,b] :

f(z) = 1}, has only one element, we can consider the multivalued function f :
[a,b] — P.[0,1], defined as follows:

s @0 f@), i a<e<
F) { [0, f (a)], if t=a

if f is increasing, respectively,

TO=V" orw), i e=b

if f is decreasing (f (x — 0) and f (z + 0) denotes the left, respectively the right limit
of the function f in x).

n {[f(HO),f(x)], if a<ax<b

Proposition 3.2.11 The multivalued function J? introduced in Remark 3.2.10 has
the following properties:

1. f(x)= f(x), forallx € (a,b) ~D(f);

f
2. {a: € [a,b]: f(z) € P[0, 1]} is a discrete set;

r (f) = {(m, y) € [a,b] x [0,1] : y € f(w)} is a continuous plane curve;
4. if [ is increasing, then (a,0),(b,1) € T (f) , respectively, if [ is decreasing,
then (a,1),(b,0) €T (f) ;

5. if f is increasing (decreasing) , then f is increasing (decreasing) , that is for all
x1, %2 € [a,b] with a < x1 < x9 < b we have that

t1 <ty (to <ty), whenevert, € f(x1) and ty € f(x2);
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6. the image of]?is [0,1], i.e., Imf: U f(x) = [0,1].
z€[a,b]
Remark 3.2.12 We consider now, a fuzzy number A : R — [0,1], represented as
in Remark 3.1.4. If A has only isolated discontinuities, then D (A;) and D (As) are

discrete sets. Therefore, we can construct the multivalued functions

~

Ay g, aq] — P.[0,1]  and 121\2 : |ag, as] — P.[0,1]

by
A x) = [Al('r_o)?Al(m)]’ 'Lf o<z < a
Al ( ) { [07 Al (al)] ’ 1f r =
and |
121\2 (l‘) = { [A2 (:E + O) 7A2 (m)] s Zf a2_§ T < Q9 .
[0, A2 (a2)] if T=as

Proposition 3.2.13 If A : R — [0,1] is a fuzzy number, then the multivalued
functions A, : [aq,a1] — P.[0,1] and As : [as, as] — P, [0,1] constructed in Remark

3.2.12 have the following properties:

1. {m € ag,aq] : Ay (x) € Px0, 1]} and {x € [as, as : A, (x) € PXI0, 1]} are dis-

crete sets;
2 (01,0), (a1, 1) € T (A1) and (az,1), (02,0) € T ()
3. ImA; = Im A, = [0,1];
4. ﬁl 1§ increasing and Eg s decreasing;
5 T (%Ah) and I’ (1@) are continuous plane curve.
Conversely, if oy < ay < ag < ag and
Ao, ] — P.[0,1]  and A : [ag, an] — P[0, 1]

are two multivalued functions, which satisfy the above properties (1) — (5), then the

functions
Al . [al,al] — [O, 1] and A2 . [CLQ,O&Q] — [O, 1],

defined by
Ai(x)zu(ﬁi(x)), ie{1,2},

can be considered as a left and right parts of a fuzzy number A.
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Therefore, if A is a fuzzy number with discrete set of discontinuities, A is uniquely
determined by a pair (ﬁl, 1%) of multivalued functions (constructed as in Remark
3.2.12).

Definition 3.2.14 The above representation of a fuzzy number A, as a pair of mul-

tivalued functions, is called the multivalued representation of this fuzzy number.

Remark 3.2.15 Ifay # as orifa; = ay = a and A; (a —0) = Ay (a+0), then the

multivalued function

), if x € o, a1
—~ 1. 4
A:R—P.[0,1], Aw={ L irelaa)
Az (z), if x € |ag, as]
0, otherwise
has the following properties:
1. {x eR:A(z) e P 0, 1]} is a discrete set;

-~

2. there exists vo € R, such that 1 € A (xo);

3’.U(g(/\x+(1—)\) >>m1n{ ( ) ( ))},fora,llx,yER and
A€ 0,1];

4. forall xg € R and for all € > 0, there exists a neighborhood Vi of xg, such that
U (21@)) —-U <g(x0)) <e, for all x € Vp;

5. the closure of the set {x ER:0¢ A\(x)} , 18 a compact interval of R;

Conversely, if AR — P, [0,1] is a multivalued function, which satisfy the above
properties (1) — (5), then the function A : R — [0, 1], defined by



CHAPTER 3. FUZZY NUMBERS. GENERALITIES 33

Example 3.2.16 In Figure 2, in the left side is given a fuzzy number A and in the

right side s its multivalued representation.

1.0
0.9
08f - ——— -~
07 ——— ===~

0.6
05
04f - ———— -
03fF - ———-
02t --/~-----—-L—q——-
0.1

| | |
| | |
| | |
0 1 4 7 9

Figura 2.

We observe that D (A) = {4,7,16} and

~

Ay (4) =1[0.3,04], A, (7)=1[0.7,0.8], A,(16)=1[0,0.2]



Chapter 4

Dorroh-type products on the set

of fuzzy numbers

4.1 Algebraic preliminaries

Definition 4.1.1 A (commutative) semiring is an algebraic structure (S,+,-,0)
such that:

1. (S,+,0) is a commutative monoid;
2. (S,-) is a (commutative) semigroup;
3. the distributivity law is fulfilled;
4.0-a=0=a-0, forallae S.
If (S,-,1) is a monoid, the semiring is said to be with identity.

Definition 4.1.2 Let S be a commutative semiring with identity. A (left) S-semimodule
is a commutative monoid (M,+,0) with an external operation with coefficients in

S, (a,z) — a-x, called scalar multiplication, such that the following conditions hold
foralla,be S and z,y € M :

1. (ab)-x=a-(b-z);
2. a-(r+y)=(a z)+(a-y)

3. (a+b)-x=(a-z)+ (b-2);

34
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4. Og-x:OM:a-OM;
5. 1.2 =ux;

Remark 4.1.3 If in the definition of the trivial extension and the Dorroh - exten-
sion, we replace all rings with semirings and the module structure, with a semimodule

structure, then we obtain that R x M and R ) M are commutative semirings.

4.2 The Dorroh-product

Recall that 2, denote the set of all functions f : [0,1] — R, , which are bounded,
decreasing, left-continuous in (0, 1] and continuous at 0, with the property that
f(1) = 0 and we consider the subset €y of €2, which contain all the continuous
functions of €.

Obviously, the set R, of the positive real numbers together with the usual ad-
dition and multiplication is a commutative semiring with identity and €2 is a R -
semimodule together with the pointwise addition (f, g) — f + ¢g and the pointwise
scalar multiplication (a, f) — a-f. We consider now, a semiring structure (2, +, %) ,
such that

(a-fyxg=a-(fxg), forallaeR, and f,g €

and the Dorroh extension (R} x €, +,e).
If A= ((al,(SAT) , (ag,éj)) €§and B = ((61,51}) , (bg,ég)) € § are two fuzzy
numbers, we define their sum by

A+ B=((a1+b1,64+05), (a2 + by, 05 +65)) €F
respectively, if A, B € §,, we define their product by
A®B = ( (a1,05) ® (b1, 05) , (a2, 0%) @ (b2,05) ) = ( (a1b1,6455) » (a2b2, 0hss) ),

where,
52@3 = (11(55 + bléz + (52 * (SE
(5;@3 = CLQ(SE + bg(ﬁ{ + 5; * 5; .

It is obvious that, if A, B € §,,then A+ B A® B € §..

Theorem 4.2.1 [36] (§1,+,®) is a commutative semiring with identity.
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If we consider that the product of the semiring (€2, +, %) is the usual pointwise
product of €2, i.e.

(fxg) () =(f-9)(t) = f(t)-g(t), forallt €]0,1]

for all f, g € 2, we denote the above defined multiplication of §, by ” ®”. Therefore,
in this case, A® B = ((albl, 5;@3) , (agbg, 5263)) , where

~+~

, for all t € [0,1].

Oaop (t) = a1dp () +b1dy (1) + 04 (1) - 05 (1)
0hop () = axdp () + D20y (£) + 04 (1) - 05 (1)

Definition 4.2.2 [36] The multiplication” ©” of §+ (defined above), is called the
Dorroh-product.

Remark 4.2.3 In [3/, A.I. Ban and B. Bede have introduced and studied the main
properties of the cross product of fuzzy numbers. If A = [z (t), 2] (t)LE[O 1 and
B=[z5(t), a5 (t)] refo.y) @re two fuzzy numbers with positive core, the cross product

is defined by
Ao B = [:U;loB (t) 71‘XOB (t)}te[O,I]

where,

—_

{ Taop (t) = xy (1) - 2p (1) + 2y (1) - 25 (1) =2, (1) - 25 (1)
A ) ap () +ay (1) ap(t) —ai (1) 25 (1)

for each t € [0,1].
If we consider now, that A = ((al, 52) , (ag, 5})) and B = ((bl, 6;) , (bz, 6;)) ,
then
AoB= ((a1 . 5175203) , (a2 . b2,5203))

where,
Oa0p (t) = a1 b1 — 2yop () = 04 (1) - b1 + a1 - 05 (F)
{ Opop () = 2o (1) —az by = 04 (t) - ba + as - 65 ()
and so, the cross product defined on the set of fuzzy numbers is a particular case of

the product introduced above on §., which is obtained for the null product of €.

IfA= ((al, 52) , (ag, 5X)) € §, define its opposite —A, by —A = ((—ag, 52) , (—al, 5;1)) .
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Proposition 4.2.4 [36] The Dorroh-product defined on §, can be extended to § U
S, as follows:

—((vA)eB), if AcF. and BeF,
AOB=<¢ —(A®(-B)), if A€F; and BeF_
(-A)o(-B), if AcF_- and BeF-_

and this has the following properties:

1. AB=BG®A, forall A, BeF,UF_;

2. (AOB)0C=A0(BoQ0), foral A, B,CeF, UF_;

3. A (B+C)=A0B+A6C,if (B,CeF;) or(B,CeF_) or(AeR);
Example 4.2.5 [36] If A, B € § where

A = [t + 27 5 — t]te[(],l] = ((37 1- t) > (47 1-— t))te[o,l]
B = [2t + 37 7— t]te[O,l} = ((57 2 (1 - t)) ; (67 11— t))te[O,l]

then their products are:

1. the usual product:

AB=[t+2)(2t+3),(6-t)(7T—1t)] = ((15,—2¢> = 7t +9), (24,* — 12t + 11))

2. the cross product:

Ao B =[11t +4,34 — 10¢] = ((15,11 (1 —t)), (24,10 (1 — ¢)))

3. the Dorroh-product:

AGB = [=21% + 15t + 2,1* — 12t + 35] = ((15,2¢* — 15t + 13) , (24,1 — 12t + 11))

These are represented in Figure 4.

A B AGDB, AoBand A- B

A7\
L~

7
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36

Figure 4.
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4.3 A congruence relation on the set of fuzzy num-

bers

If A € § is a fuzzy number, then its left and right parts are strictly monotone (i.e.,
Aj is strictly increasing and A, is strictly decreasing) if and only if the functions ¢,
and 7 are continuous.

We consider now gy, the set of all fuzzy numbers with discrete set of discontinu-
ities and with strictly monotone left and right parts. If €y is the set of continuous

and decreasing functions f of [0,1] in R, with the property that f (1) = 0, then
go = {A = ((al,éz) y (CLQ,&X)) € 3 : (5;,5; € Qo} .

Obviously, (Fo,+) is a submonoid of the monoid (F,+) and (FoNF,+,©) is a
subsemiring of the semiring (F.,+,®).

Remark 4.3.1 If f € Q and f~1 (x) is the inverse image of an element v € R,
under the function f (i.e., f~'(x)={t €[0,1]: f (t) = z}), then f~' () is either a
set consisting of a single element, or is the empty set, or it is in P [0,1]. Moreover,
for each x,2’ € Ry with x # x', we have that f~* (z) N f~1(z") = 0.

If f € Qp, we define

V(H=U @ @ ePioa]),
x>0
respectively, if A = ((a1,5;1) , (ag,(ﬁ)) € Fo, we define V; (A) = V(5Z) and
Vo(A) =V (51’) . Equivalently, if (111,21\2) is the multivalued representation of
the fuzzy number A € §, where A; : (a1, a1] — P.[0,1] and A : [as, ] — P.[0,1]
then

n) = U {A@: A @ ero}

a1<zr<a;

B = J {&E@:hw@eroi}.
az<z<a2
and so, V1 (A) and V5 (A) are the left, respectively, the right vertical parts of the
multivalued representation of A. This vertical parts appears only in the discontinuity
points of A, and so, the fuzzy number A is continuous if and only if V; (4) = V5 (A) =

0.
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Proposition 4.3.2 [36] If A = ((a1,63) , (az,0%)) € Fo and B = ((by,05) , (b2,6%)) €
So are two fuzzy numbers, then the relation

A~ B Vi(A) =W (B) and Vs(A) =V (B),

18 an equivalence relation on §o.

7

Remark 4.3.3 An equivalence class [A],_ relatively to the relation” ~ " consists of

~

all fuzzy numbers with the same (left and right) "vertical” parts.

Lemma 4.3.4 [36] Let f1, fo € Qo and let x € Ry.. Then (fi + f2)~ " (z) € P*[0,1],
if and only if there exists x1, x5 € Ry, uniquely determined, such that x = x1 + 9
and fi* (z1) N fy" (22) € Pr[0,1].

Moreover, in this case, we have that

(fit+ f2) (@) = fi (@) O f ! (a2) -

Lemma 4.3.5 [36] Let fi, f» € Q and let y € Ry. Then (fi- f2) " (y) € P*[0,1],
if and only if there exists y1,yo € Ry, uniquely determined, such thaty = y; -y and

St ) N fy () € P10, 1]

Moreover, in this case, we have that

(Fi- o) ) = ) N ft (1e)

Let C = U{C;:ieltandC' =U{C}:je J} where{C;:ie I}and {C}:je J}
are two families of pairwise disjoint elements of P*[0,1] ( i.e., C;; N C;, = () and
C4, N Cj, = 0, whenever i; # iy and j; # jo ). We define C' 11 C" by

cnc' =u{C;nCi:iel, jel CNC eP:0,1]}.
Proposition 4.3.6 [36] If A, B € §o, then
Vi(A+ B) =V, (A)NV;(B), foreachie {1,2}
and if A and B are with strictly positive core, then
Vi(AoB)=V,(A)NnV,(B), foreachiec{l,2}.

Theorem 4.3.7 [36] The relation ” ~ 7 is a congruence of the monoid (Fo,+)

and the restriction of the relation” ~ 7 to §o N F7 is a congruence of the monoid
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Remark 4.3.8 The subset §. of the set §o which contain the continuous fuzzy num-
bers, respectively, the set I of crisp numbers together with crisp intervals, are two

important equivalence classes of the factor set Fo/~. Their importance lies in:

1. I is the neutral element of the factor monoids (§o/~,+) and ((Fo N F%) /~,O);

2. §. is an ideal of the monoid (Fo,+), respectively, F.N §7% s an ideal of the
monoid (SOOS*JF,@% that is, if A € §. and B € §o, then A+ B € §.,
respectively, if A and B are with strictly positive core, then A ® B € §..

Proposition 4.3.9 [36] If A € §. and B € §o, then A+ B € §., respectively, if A
and B are with strictly positive core, then A ® B € §..



Chapter 5

Completely distributive products

on the set of fuzzy numbers

In this chapter, consider the set
5. = {AES:J;E,xJAﬁ 60[0,1]}.

By using the MCE-representation, the set §. is identified with the Cartesian product

R x =, where

E =A{(f1, f2) € Cop [0,1] x Cpp [0,1] : f1 (1) = fo (1)}

5.1 Semiring structures on the set §.

We consider now, two fuzzy numbers A = (a; Oy, @Z) and B = (b; O3, @E) and we
define the following operations:

A+B = (a+b 05 +65 6} +06])

ABOB = (a-b; ©4 65 6} -6%)

ARB = (a-b; ©,-05+0% 04, 0, -05+061 05)

Since ©, 07,05 and ©F are positive valued decreasing functions, then so are

the functions O 5, 0% 15, Ouxp and Ohgy. Also, since O (1) = 67 (1) and
O35 (1) =05 (1), then © 5 (1) = 0/ 5 (1) and O 55 (1) = Ofgy (1). Therefore

the above introduced products are well defined.

Theorem 5.1.1 [33] (F., +, ) is a commutative semiring with identity and (§., +,X)

1§ a commutative semiring.

41
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Remark 5.1.2 [33] If A,B € §, then Aayp = As+ Ap and Aagp = Ay - Ap.

Remark 5.1.3 If a € R, the crisp number a has the ecart-representation (a;0,0).
Sincea+b=a+bandaDb=aRb=a+ b, for each a,b € R, we conclude that
the field of real numbers is embedded in both semirings (§.,+,H) and (., +,X) as
a subsemiring, but the unit of R differs from the unit of the semiring (., +, ).

Also, the group of units of the semiring (., +,) consist of the non-trivial in-
tervals of the form [a — z,a + z] = (a;x,z) , with a € R—{0} and x > 0. Obviously,

111 1 11 1
the inverse of (a;x,x) is (—;—,—> = {_ -4 _}
a v x a T a =x
Example 5.1.4 If
A = [t+2, 7T-2t]=(4 2—t, 3—2t)
B = [3t+3,9—t]=(7, 4—3t, 2—1)

are two fuzzy numbers, then

A-B = [(t+2)(3t+3),(T—2t)(9—1t)] = (29; — 3t> — 9t + 23,2t> — 25¢ + 34)
AOB = (28; (2— )(4 3t),(3—2t) (2 —t)) = [-3t> + 10t + 20, 2t* — 7t + 34]
ARB = (28 (2—-t)(4=3t)+(3-20)(2—1),(2—1)"+ (3 —2t) (4 - 31))

= [- 5t2—|—17t+14 Tt? — 21t + 44]

where A - B is the usual product (based on the Zadeh’s extension principle, defined
by A-B = |2} -xy, af-2}]) and AL B and AR B are the two above introduced

products. These are represented in Figure 7.

0.94
0.8
0.7
0.6
0.5+
0.4+
0.3+
0.2+
0.1+

Figure 7.
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Remark 5.1.5 If A = [, 2] and B = [z, 2}, then

1 Tppp =Ty T T |
: b
Tpyp =Ty T Tp

5 Tygg=0b—0Onp=a-v5+b-2, —2, 25 .
' + + + + 4 ot ot
Thmp =ab+ 0Oy =2ab—a-x5—b -2 +3 - x5

+

5 x;&B:ab—GZgB:a(@g—i-xE)—i—b(mZ—FxJAf)—x;-xg—xz-x};—ab
xng:aqu@z@B:a(a:]_g—l—:pg)—l—b(xZ%—mj)—x;-xjg—xA-x;—ab

Definition 5.1.6 [33] If A € R and A € 3., we define the scalar multiplication by
M= (A a; M- 05, 6F)

Remark 5.1.7 Since
Tya=Aa— A0, =A=|A)a+ ]|\ -z,
Tia = Aa+ A0 = (A= [A)a+ A2}
we infer that in the case that A > 0, the above scalar multiplication coincides with

the classic scalar multiplication, 1.e.

Ao, ad] = [Noag A ad]

Proposition 5.1.8 [33] The scalar multiplication has the following properties:
1.A(A+ B)= XA+ AB, forall A\ € R and A, B € §;
22.MAOB)=MA)EUB=AL(AB), forall A\ € R and A, B € §;
3.ANAXB)=(M)XB=AKX (AB), for all \ € R and A, B € §;
4.1-A=A;0-A=0;

5. (¢ +PB)A = aA+ BA, forall a,f € R and A € §e;
6. (a+P)A=aA+ A& a-5>0.

5.2 The topological structure of the set §.
For each fuzzy number A = (a;07,0}) € F. define (4) by

(A) = sup max (05 (t),01 (1))

te[0,1]

Since ©7 and O7 are positive valued and decreasing functions, it follows that (A) =
max (07 (0),0% (0)) > 0.
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We also define, for each n € {1,2,3,4}, the functions |||, : §. — [0, +00) by:
[All, = max(laf, (4))
[Ally = la] +(A)
[All; = max(la],2(A4))
1Ay = la] +2(4)

Proposition 5.2.1 [33] For each A,B € §. and X € R, the functions |||, satisfy
the following properties:
L JJA|l,=0& A=0 forn € {1,2,3,4};

A+ Bl <Al + IBIl, forne{1,2,3,4};
AT B, < [[All,, - Bl forn e {1,2};

AR B, < [|All,, - [[Bl,, forn e {3,4};
NAA[L, = A AL, fornoe {1,2,3,4};

A

Theorem 5.2.2 [33] The function d : §. X e — [0, +00), defined by

d(A,B) = |a —b| + sup ma,x(‘@ — 05 )], ek —e5 (t)!)

t€[0,1]

is a (complete) metric on Fe.

Proposition 5.2.3 [33] The metric d on §. satisfies the following properties:
1.d(A+C,B+C)=d(A,B);
2.d(A+C,B+D)<d(A,B)+d(C,D);
3. d(ABC,BEC) < €], -d (A, B) < [Cll, - d(4, B):
4. d(AKC,BXC) <||Cll;-d(A,B) <||IC|,-d (A, B);
5. d (A, AB) = |\ -d(A,B);

forall A,B,C,D € §. and \ € R.

Definition 5.2.4 We say that the sequence (An)n21 C . converges to A € §. if

lim d (A,, A) =0 and we will use, in this case, the notation lim A, = A.

n—oo n—oo

Remark 5.2.5 If A, = (a,;0, ,0% ) and A = (a;0,,0%), then lim A, = A, if

and only if
lim a, =a

lim ©, (t)=0©,(t), foraltecl0,1] .
lim ©} (t) =0} (t), foralltel0,1]

n—oo
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5.3 Some elementary functions defined on 3J.
Let us denote by §; the set
{A=(a;0,,0%) €Fc:a>0, and ©4 (¢),0% (t) > 1, Vte[0,1]}.

Since A, B € §; implies that A B € §, it follows that (F, ) is a submonoid of

(Se, ).
We define the exponential function exp : §. =355, by

A e = (e“; 6(92,6@2)
and the logarithmic function In : § — §., by
Ar—InA = (Ina; InoO,, InoO%)
where A = (a;07,07) and ” o” denotes the composition of functions.

Proposition 5.3.1 [33] The functions exp and In, defined above establish the iso-

*

morphism between the monoids (§e,+) and (F%,-), and In = exp™' .

Remark 5.3.2 [33] If A* denotes ALJ...[J A (k— times), then

. _ A A2 A" A
nll_)rgo(l—i-ﬁ—l-a—i-...—i-ﬁ):e .

Definition 5.3.3 [33] If A = (a;0,,0%) and B = (b;03,0%) are two fuzzy

numbers such that:
1. ab is defined (in R);
- +
2. (65 (t))eB(t) and (0% (t))eB(t) are defined for each t € [0, 1];
. -\95 9% )
3. the functions (@ A) and (@ A) are decreasing;
- +
then we define the B—power of A by AP = (ab; (@2)65 , (@X)@’E”) .
Remark 5.3.4 For instance, if A € §*, then AP can be constructed for any B € ..
Proposition 5.3.5 [33] If A € § and B € §. , then:

1. A =T and A' = A4;
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2. ABHC — AP AC and APPC = (4B)°
If A= (a; Oy, @j) € §. , we can define, for a positive integer n,
A=A0...04=(a"(03)", (01)"),

—_—

n—times

VA = <<75; \/@72 \/@72)

(where for even n it is supposed that a > 0).

and,

Remark 5.3.6 [33] If for A € §. we havesupp A C (0,1), that is [z (), x5 (¢)] C
(0,1), Vt € [0,1], then it is easy to see that supp (A A) C (0,1) and consequently,
supp (A™) C (0,1) for all n € N*. So, for A € §. with supp A C (0,1) we have

_an+1 1— (@;‘)nJrl 1— (@:)nJrl)

l-a ' 1-©; = 1-6}

n—oo n—oo

lim (I+A+..+4") = lim <1

1 1 1 Nt 1
- \1-d'1-06,"1-6}) 1-A4
Similarly, for A € §. with supp A C (0,1) we obtain

, 1, 1\ T
nll_)nC}O(A—l—§~A —I—...—i—E'A)—ln(T_A).

We mention that T2 is just a notation and it not represent the inverse of 1 — A,

respectively 1 — A is not a "subtraction”.



Chapter 6

Topological group structures on

quotient sets of fuzzy numbers

6.1 Preliminaries

In this chapter we consider only those fuzzy numbers for which the functions =, and
x are continuous and we denote by §, the set of all these fuzzy numbers.

Thus, the set § can be represented as the set of elements of the type A = [x;l, xﬂ
where x,, 2} € C[0,1], z; is increasing, =7 is decreasing and x, (t) < z} (¢), for
all t € [0,1].

We also consider the set § of all positive fuzzy numbers A € § (i.e., 2, (t) > 0,
for t € [0, 1]).

We consider the sets:
e Cla,b] — the set of real-valued and continuous functions on [a, b] ;
e C, [a,b] — the subset of C [a,b] of strictly positive-valued functions
e BV [a,b] — the set of real-valued functions with bounded variation on [a, b] .
e BVCa,b] = Cla,b) "BV [a,b];
e BVC, [a,b] = C, [a,b] "BV [a, }].
In the theory of the functions with bounded variation it is well known that:

Theorem 6.1.1 [69] If f,g € BV [a,b] and X\ € R, then f+g, \f, f-g € BV][a, 1],

1
and if — is bounded, then f € BV]a,b].
g g

47
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Theorem 6.1.2 [69] A function f € Cla,b] is with bounded variation on [a,b] if

and only if there exist two increasing functions f1 and fo, such that f = f1 — fo.

Theorem 6.1.3 [53] If[a,b] 5 [c,d] % R where f € BV [a,b], then gof € BV [a, 1]
if and only if g satisfies the Lipschitz condition on [c,d].

Proposition 6.1.4 A continuous function f € C, [a,b] is of bounded variation on

[a,b] if and only if there exist two increasing functions «, 3 € C, la,b], such that
o

f=5

Remark 6.1.5 If f € BVC|a,b], then we can choose an increasing function u €
Cla,b] and a decreasing function v € C|a,b] such that f = il and u (t) < v (t),
for allt € [a,b]. Also, if f € BVCy [a,b] then we can choose an increasing function
u € Cyla,b] and a decreasing function v € Cy [a,b] such that f = Ju-v and
u(t) <wv(t), forallt € [a,b].

It is known that (BVC|a,b],+) and (BVC; [a,b], ) are topological groups with
the topology induced by the distance defined by
D(f,9) = sup |f(t) =g (1)
t€la,b]

Moreover, the correspondence f + e/ establishes a topological isomorphism
between the topological groups BVC [a, b] and BVCy [a, b] .

6.2 Monoids with involution - algebraic and topo-

logical overviews

Let (M, -) be a semigroup. An involution in M is a unary operation x — x* on M,
such that (x - y)* = y*-2* and 2** = z, for all z,y € M. An element z € M is called
Hermitian if and only if * = x.

We consider now, the class 9 of all systems (M, -, e,*), where (M, e) is a
cancelative and commutative monoid and * is an involution in M. If (M, -, e1,*)
and (Ms, e, €5, ) are in 9, a function f : M; — M, is called a 9t -homomorphism,
if f is a monoid homomorphism and f (z*) = (f (x))", for all z € M;.

Remark 6.2.1 If (G, ") is an Abelian group, then (G,-,1,-71) € M and every group

homomorphism between two Abelian groups is a MM-homomorphism.
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Remark 6.2.2 If (M,-,e,*) € M, then the set
SM)={xeM:z"=ux}

of all Hermitian elements of M, is a submonoid of M and its elements have the

following properties:
1.zeS(M)ex*eS(M);
2. x-2*eS(M),Vxe M,
3. ifx,x-yeS(M) theny e S(M);
4. ifx,y e M, thenz-y* € S(M) < x-y*=x*-y.
Proposition 6.2.3 If (M,-,e,*) € M, the relation” ~,” on M, defined by
T~ y<s=ax-yteS(M)
is a congruence relation on (M, - e*).
We consider now the quotient set
M/, =M ={[z]: 2 € M},

where

[p]={yeM:z -y =2"y}
is the equivalence class of z € M and we consider the induced operation on M ,
[z] O [yl = [z - y]

and the canonical homomorphism p : M — M , defined by x — [z].

Proposition 6.2.4 If (M,-,e,*) € M, then (]\/4\, @) 15 an abelian group, where

[e] = S (M) is the neutral element and the inverse of [x] € M is [z*] € M.

Remark 6.2.5 We consider (M, -, e,*) € M. If there exist an Abelian group (G, e)
and a surjective 9M—homomorphism f : (M, -, e,*) — (G,e,1,-71) | such that

Ty o @)= f(y) (6.1)
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for all x,yy € M, then (by the first isomorphism theorem), the function f : M — G,

[z] — f(x) is a group isomorphism and

M

s
R
~

op=f.

Remark 6.2.6 As above, if

ker f ={(z,y) e M x M : f(x) = f(y)}

is the kernel of f as a function, the condition (6.1) is equivalent with ~,= ker f.
Also, if
Kerf={zeM: f(zx)=1}

is the kernel of f as a monoid homomorphism, the condition (6.1) is equivalent with
Ker f =S (M), too.

Theorem 6.2.7 [34] If (M,d;) and (G,dz) are metric spaces such that
1. (M, e* ,7q4,) is a topological monoid with continuous involution;
2. (G,e,7q,) is a topological Abelian group;
3. f: M — G is a continuous M - homomorphism,

then (]/\4\, H) 18 a metric space, where d: M xM—=Ris defined by

d([e], ) = o (f (), f (), forall [a],]y] € M.

Moreover, the canonical homomorphism p : M — M is continuous and (]/\4\ , @,Ta)
is a topological Abelian group (with the induced topology) which is topologically iso-
morphic with (G, e, Tq,).

6.3 Topological group structures on quotient sets

of §

Recall that, if A = [2,2}] € § and B = [z, 2}] € §, then their (usual) sum is
defined by
A+ B = [x;—i—xg,xz—l—xg}
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and —A is defined by —A = [—az}, _1'2] . Also, if A, B € §, then their (usual)
product is defined by

A-B= [xj'mg,mj-xg}
1 1 1 1 —~ _
and A~' = — is defined by — = |—, —| . Denote 0 = [0,0] and 1 = [1,1].
A A xy T,

The Hausdorff distance d : § x § — [0,4+00) on the set of fuzzy numbers is
defined by

A(4,B) = sup ([ () =5 ()] + a5 ()~ 25 0)])

Proposition 6.3.1 [34] (§,+,0,—) and (F4,-,1,7") are elements of M and they
are topological monoids with continuous tnvolutions, relatively to the distance d.

If So=S (3, +,0,—) and Sy =S (§4,-,1,7), then

So={AeF:A=-A}={AeF: 2, +z} =0}
5'1:{AG&F:A:A_l}:{AGS:xZ-mzzl}
and the induced congruence relations on (§,+,0,—) and (F,,1,7!) are defined

by
A~B& A+ (-B)e Sy o, +al =a5+ak

if A, B € §, respectively,
A~B& A-B el ea, ol =5 25
if A Beg,.
The corresponding equivalence classes are
[A]={BefF: A~ B}
if A € §, respectively
(A)={BeF,: A=~ B}

itAeF,.

We denote by § and by §+ the corresponding quotient sets §/. and §. /~ re-
spectively, and so § = {[A]:AcFtand 3, = {(A): A€ G, }.

By Proposition 6.2.4, we have that:

° <§ , EB) is an Abelian group with the operation defined by [A]&[B] = [A + B].

The neutral element is [0] = Sy and the additive inverse of [A] € Fis —[A] =
[=Al;
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o (§ +,®) is an Abelian group with the operation defined by (A) ® (B) =

(A-B). The neutral element is (1) = S; and the multiplicative inverse of

(A) € 5y is (A) 1= (A7),

Theorem 6.3.2 [34] <§, @) 18 a metrizable topological group which is topologically
isomorphic with (BVC [0, 1], +).

Theorem 6.3.3 [34] (§+,®> 1s a metrizable topological group which is topologi-
cally isomorphic with (BVC, [0,1],-).

Theorem 6.3.4 [34] (@, EB) Siop <§+,®> .

Remark 6.3.5 The equivalence class [A] € § of a fuzzy number A € § is defined
by the arithmetic mean of A, respectively the equivalence class (A) € F1 of a fuzzy
number A € §, is defined by the the geometric mean of A. These are illustrated (for

a positive fuzzy number) in Figure 8.

10
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Figure 8.
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