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Introduction

At the beginning of the last century (in 1925), Marston Morse [51], [52], [53] has
initiated the study of critical points, a starting point for the Morse theory, a fundamental
technique for investigating the topology of a smooth manifold, ([35], [44]). The development
of the Morse theory over the years has led to circle-valued Morse functions, that is, C'*°
functions with values in S! having only non-degenerate critical points ([45], [56]).

The study of such functions was initiated by S.P. Novikov in 1980 ([54], [55]). Many
other have developed the circle-valued Morse theory, a new branch of the Morse theory;
we refer to M. Farber [32], [33], A. Ranicki [61], A. Pajitnov [56].

This paper is naturally divided into five chapters which will be described in the lines
to come.

First chapter contains four sections and has a monographic character. The main pur-
pose of this chapter is to introduce the basic notions and results that will be used in the
paper. We follow here the excellent books of Y. Matsumoto [48], G. Cicortas [27], J. Milnor
[49], D. Andrica [3], R. Bott [23], [24], M. Agoston [1], J. Lee [44].

Chapter 2 is divided into four sections and is devoted to a brief presentation of circle-
valued Morse theory. This chapter is based on the following papers of A. Pajitnov [56],
M. Farber [32], M. Hutchings [40], S. Maksymenko [45], D. Andrica [3], R. Miron [50], M.
Hirsch [39].

Chapter 3 aims to present our results regarding the circular ¢-category of a manifold,
[15]. Also, we present some results concerning the Morse-Smale characteristic for real Morse
functions, following the papers of D. Andrica [3], [4], G. Rassias [62], B. Doubrovine [30],
D. Andrica, D. Mangra, C. Pintea [15].

In Chapter 4 we present our results in the study of the Morse-Smale characteristic for
circle-valued Morse functions, following the papers of D. Andrica, D. Mangra [12], [13]
and D. Andrica, D. Mangra, C. Pintea [14].

Chapter 5 has a monographic character and it is devoted to the presentation of the
Morse-Novikov inequalities for circle-valued functions, following papers [32], [56], [61].

I am grateful to my scientific advisor, Prof. Dr. Dorin Andrica for his valuable advice,
for significant support during the preparation of this paper, for guidance, for patience.

I am indebted to Associate Professor Dr. Cornel Pintea for constant support and for
discussions which were helpful in writing this paper.

I would also like to thank to all members of Babeg-Bolyai University Department of
Geometry for their useful remarks and helpful suggestions.



Chapter 1

Basic Aspects of Morse Theory

This first chapter aims to present the basic notions that are useful throughout the
paper and it is naturally divided into four sections. First section presents Morse theory
elements on finite-dimensional manifolds; we refer only at smooth manifolds ([49]). In this
context, we define the notion of critical point, critical value, degenerate critical point, non-
degenerate critical point, Morse function, ([23], [24]). Moreover, we present some examples
of Morse functions and their properties, ([2], [27]). Section 1.2 is an introduction to Morse
theory on surfaces and handle decomposition of a manifold. The last two sections are
devoted to a brief presentation of a few results concerning the existence of Morse functions
and Morse inequalities.

1.1 Morse theory for finite-dimensional manifolds

Let M and N be two smooth manifolds of dimension m respectively n and let f : M —
N be a smooth function. Recall that for a point x € M the rank of f at x is

rank f = rank d(i o f o 9™")(p(x)) = rankJ (o f o 9~")(¢p(x)) < min{m,n},

where (U, ¢) is a local chart at z on M and (V,)) is a local chart at f(z) on N.
If (U, )= (U,x',....,2™) and f = (f',..., f*) we can write
oft .
ranky f = rank Dl (p(2)) = dim Im(df),.

i=1n,j=1,m

Definition 1.1.1 A point x € M with the property that rank,f = min{m,n} is called a
regular point of f. Otherwise, the point x is a critical point of f.

If M is an m-dimensional manifold without boundary and f : M — R is a smooth
function, a point pg € M is called a critical point of f if

af af af
Ars (po) =0, oy (po) =0,..., . (o)
where (z1,x9,...,2,,) is a local coordinate system about po.

A real number ¢, such that f(pg) = ¢, is called a critical value of f for a critical point
po of f.



We denote by C(f) = {p € M : p is a critical point} the set of all critical points of f
and by B(f) = f(C(f)), the bifurcation set of the smooth function f.

If p ¢ C(f) then p is a regular point of f. A number ¢ € B(f) is called critical value
of f.If ¢ ¢ B(f), then c is called regular value of f.

Remark 1.1.1 1. The critical set C(f) is closed in M.
2. The bifurcation set B(f) is closed in R.

Theorem 1.1.1 (Sard’s theorem) The set of critical values B(f) of a smooth function
f: M — R™ has measure zero in R™.

Proof. See [27] or [48].

Proposition 1.1.1 ([48]) The definition of a critical point does not depend on the choice
of the local coordinate system.

The degenerate and non-degenerate critical points of a function defined on an m-
dimensional manifold are defined using the Hessian matrix.

If detH¢(po) # 0, then pg is called a non-degenerate critical point.

If detH(po) = 0, then pg is a degenerate critical point.

Definition 1.1.2 A smooth function f: M — R is a Morse function if all its critical
points are non-degenerate.

Proposition 1.1.2 Let M and N be two closed manifolds and let f : M — R and g :
N — R be Morse functions. Define a function F': M x N — R by FF = (A+ f)(B+g),
where A and B are positive real numbers. The function F' is a Morse function on M x N.

Proof. See [48].

Theorem 1.1.2 (The Morse lemma for finite-dimensional manifolds) Let py be a
non-degenerate critical point of a function f : M — R. Then there exists a local coordinate
system (X1,...,Xp) about py such that the local representation of f has the following form:

f=-X{ - X3 — - X3+Xiq+...+ X5+ f(po)
Proof. See [48].

Definition 1.1.3 The number A which appears in the above theorem is called the Morse
index of the non-degenerate critical point pg.

The Morse index verifies the inequality 0 < A < m.

The non-degenerate critical points with index 0 are local minimum points and the
non-degenerate critical points with index m are local maximum points.

Some important results are obtained from Morse lemma.

Proposition 1.1.3 There exists a Morse function on any compact manifold.

Proposition 1.1.4 A non-degenerate critical point of a function f : M — R is isolated
in the critical set C(f).



Proposition 1.1.5 Let M be a compact manifold and let f : M — R be a Morse function.
Then the critical set C(f) is finite.

Example 1.1.1 Let T? C R3 be the 2-dimensional torus and let f : T? — R, f(z,y,2) = 2
be a smooth function (the height function on T?).
Then f is a Morse function with 4 critical points, all non-degenerate.

1.2 Morse functions on surfaces and handle decomposition

Theorem 1.2.1 If M is a closed surface and f : M — R is a Morse function with exactly
two non-degenerate critical points then M and the sphere S* are diffeomorphic.

For the proof of this result we refer to the excellent book of J. Milnor [49].

The Morse function f : M — R takes a maximum value at the non-degenerate critical
point pg in M and a minimum value at the non-degenerate critical point gg in M. The
index of pg is 2 and the index of ¢q is 0.

Taking into account the Morse lemma, we can express the function f in a standard
form with a suitable coordinate system (x,y) about pg and (X,Y") about go:

s —22 — 9?2+ C (near pp)
| X2+ Y240 (near qo)

where C' and ¢ are the maximum and minimum values of f.

For a small enough real number &, we denote by D(pg) the set of points in a neighbor-
hood of py such that C' —e < f(p) < C and by D(qp) the set of point in a neighborhood
of qo such that ¢ < f(p) < c—+e.

Removing the interior of the sets D(pp) and D(qo) from M one obtains a smooth surface
with boundary denoted by M. The boundary of Mj is denoted by dMy. We obtain:

Mo = C(po) U C(qo) and int(Mo) = Mo — M,
where C(pg) and C(qp) are the boundary circles of D(pg) and D(qo).

Proposition 1.2.1 ([48]) The surface My is diffeomorphic to the direct product of one
of the boundary circles and the unit interval [0,1], thus we have My = C(qo) x [0,1].
Since the boundary circle C(qo) and the unit circle S* are diffeomorphic, one obtains that
My =2 St x [0,1].

Proposition 1.2.2 ([48]) Consider two disks Dy and Dy. If k : 0Dy — 0D; is a diffeo-
morphism then k can be extended to a diffeomorphism K : Dy — D;.

Proposition 1.2.3 ([48]) Consider two disks D1 and Do and a diffeomophism h : 0Dy —
0Dy. Then, by pasting D1 and Do along their boundaries by the diffeomorphism h, we
obtain a closed surface diffeomorphic to the two-dimensional sphere S2.

Lemma 1.2.1 ([48]) A Morse function f : M — R on a closed surface M has only a
finite number of critical points.



Let M be a closed surface and let f: M — R be a Morse function.
We denote by M; = {p € M | f(p) < t}, t € R, the set of level ¢t of M, consisting in
all points at which f takes values less or equal than ¢.

Lemma 1.2.2 Let f : M — [a,b] be a Morse function, where a,b € R and a < b. If there
is no critical value of f in the interval [a,b] then M, and M, are diffeomorphic.

Proof. See [3], [23].
Let f: M — R be a Morse function such that C(f) is finite
f(pi) = ci.

Assume that f(p1) < f(p2) < ... < f(pn) = c1 <c2 <...<cp.

Consider t an arbitrary parameter such that if ¢ < ¢; then M; = ().

If t > 1, the index of pg is 0, ¢; is the minimum value of f, thus M; = D?. This disk
which corresponds to the critical point of index 0 is called 0-handle. The process continues
and every time ¢ passes a critical value ¢;, a new 0, 1 or 2-handle is attached, depending

on the index of the corresponding critical point. The last critical value ¢,, corresponds to
a 2-handle.

Theorem 1.2.2 Let M be a closed surface and let f : M — R be a Morse function. The
surface M can be described as a finite union of 0, 1 or 2-handles.

Proof. See [48].

1.3 The existence of Morse functions

We use the notion of closed manifold, meaning a compact manifold without boundary.

Lemma 1.3.1 If R™ = {(z1,...,2m)} is the Euclidean space of dimension m, U is an
open subset of R™ and f: U — R™ is a smooth function on U then

g1, ..y xm) = f(x1,...2m) — (@121 + - - - + AmTm)
1s a Morse function, for ai,...,a, € R.

The proof of this result can be found in paper [48].
For £ > 0 we say that f is a (C?,¢)-approximation of g on K C R™ if for any point
p in K, the following relations hold:

L [f(p) —glp) <e

of dg .

2. - <ei=1,2,...,

- )| <o m

0% f 0%g

3. — <& 4,j=1,2,....,m.

‘ axlc‘)xj (p axlax] (p) B td m
We cover the manifold M with a finite number of coordinate neighboorhoods Uy, . .., Uy

and for every i = 1,...,s, we choose a compact set K; in U; such that

M=K U...UK;.

The compact sets K; cover M.



Definition 1.3.1 We say that a function f : M — R is a (C?,¢)-approximation of a
function g : M — R if f is a (C?,¢)-approximation of g on K;, fori =1,...,s.

The next results were proved by Y. Matsumoto in [48].

Lemma 1.3.2 If K is a compact subset of an m-dimensional manifold M and g : M — R
is a function with no degenerate critical point in K, then for a small enough number e > 0,
any (C?,¢)-approzimation f of g has no degenerate critical point in K.

Theorem 1.3.1 (The existence of Morse functions) Let M be a closed m-
dimensional manifold and let g : M — R be a smooth real function defined on M. Then
there exists a Morse function f : M — R which is an approrimation of g.

1.4 Morse inequalities

We will follow paper [27].

Theorem 1.4.1 Let f: M — R be a Morse function such that the compactness conditions
are satisfied. Consider B[f]N(a,b) = {c} and C.[f] = {p1,p2,--.,pr}, the critical point p;
having the index k; and the coindex l;, i = 1,r. Then My is obtained from M, by disjoint
attaching of handles of the type (k1,11),..., (kr, ;).

There is a very important connection between the topology of a manifold M and the
critical points of a function f : M — R. This connection can be described in terms of
some inequalities (Morse inequalities).

Denote by H, (X, A) = H.(X, A; F) the relative homology with coefficients in F'.

Definition 1.4.1 Let Y be a closed subspace of a space X and let G : D¥ — X be a
continuous function, G(D¥) = e*. We denote X =Y U, e* and we say that X is obtained
from Y by attaching a k-cell with the attaching map g = G|gx—1, if:

. X=YUeér

ii. G;;pr is an homeomorphism on e* \ Y

iii. g applies S¥=1 on deF =eFNY.
G is called the characteristic map of the attaching.

Proposition 1.4.1 If X is obtained from Y by attaching a k-cell then

F, ifl =k

HI(X7Y) :Hl(ekvaek) :Hl(Dk7Sk_1) = .
0, otherwise.

Proof. See [27].

Let K be a convex subset of R™ and let A be a closed subset of K. If r is a retract of
K on A, then p(z,t) = (1 — t)x + tr(z) is a strong deformation retract of k on A.

It is obvious that the set (0 x D¥) U (D! x S¥~1) is a strong deformation retract of
D! x D*. Indeed, D' x D* being a convex of R! x R it is a sufficient to define a retract
r: D'x DF — (0x D*)U(D' x S*¥~1). We define r(0,y) = (0,y), and for z # 0 we consider

2[|yll : [zl
0, 2_||m||) A |y €1 = 5

7’(%9) - ]
(Nl +20yl —Q)ﬁ, ﬁ) , otherwise.

10



Theorem 1.4.2 Let N and P be two smooth manifolds with boundary. If N is obtained
from P by attaching a handle of the form (k,l), then P U, ek is a strong deformation
retract of N.

In particular,

Hi(N, P) = {F s
0, otherwise.

Proof. See [27].

In the case of the disjoint attaching of (ki,l1),...,(kr,l,) handles one obtains the
disjoint attaching of ¥, ... e*r cells.

Consider a family X;, i = 0,n of closed subspaces of X such that

A=XypCX;C...CX,CX

and X;;1 is homeomorphic to X;U,, eki. The pair (X, A) is called a relative spheric complex
and the family of the attaching maps is called a cell decomposition of the pair (X, A).

If X;y1 is homotopic equivalent with X; U, eFi then the pair (X, A) is called an
homotopic spheric complex (homotopic cell decomposition).

We denote by v; the number of €0, ... efn~1 cells, with k; = i. Thus v; is the number
of the cells of dimension ¢ that is attached to A in order to obtain X.

Let f: M — R be a Morse function. For 0 < k < m we define the Morse numbers

ur(f) = the number of critical points of index k.
For a < b we define
px(f,a,b) = the number of critical points of index k in f~!(a,b).

Theorem 1.4.3 Let M be a complete riemannian manifold, let f : M — R be a Morse
function which satisfies the Palais-Smale condition on M and let a < b be reqular values

of f.
Then (My, M) is a homotopic spheric complex. Actually, (My, M) admits an homo-
topic cell decomposition for which the number vy of the cells of dimension k is ux(f,a,b).

Corollary 1.4.1 Any smooth compact manifold M is an homotopic spheric complex. For
any Morse function f : M — R there exists a homotopic cell decomposition of M such

that vy, = px(f).

Consider admissible pairs of topological spaces (X, A), in other words a homotopic
spheric complex (X, A).
For a pair (X, A) and a commutative field F' we define the Betti numbers

br(X,A) = dim Hi(X,A; F)
and the Euler-Poincaré characteristic of the pair (X, A),

X(X’ A) = Z(_l)kbk(Xv A)
k

11



Let
k
= (=) (X, A).

m=0

The following equalities hold:

So = bo
S1=b1—byp=b1 — So

S =br —bp_1+...E£by=0bp — Sip_1
Xx=byg—b1+by—...

Proposition 1.4.2 The Euler-Poincaré characteristic is additive and Sy is subadditive.
If Xo C X; C...C X, and any pair (X;, X;—1) is admissible, then we have

S(Xn, X0) <Y Sk(Xy, Xio1)
i=1

X(Xn, Xo) = Zx Xi, Xi—1)

Proof. See [27].

Theorem 1.4.4 Let (X, A) be an homotopic spheric complex which admits a homotopic
cell decomposition with vy, cells of dimension k. Then the following inequalities hold:

bo < 1o
by — by <11 — 1

by —bp_1+...£bg<vp—vip_1+... £

Moreover, we have

X, A) = 3 (DR = S (D

k k
Proof. See [27].

Corollary 1.4.2 Let M be a complete riemannian manifold, let f : M — R be a Morse
function which satisfies the Palais-Smale condition on M and let a < b be reqular values
of f. Let ux, = pg(f,a,b) and by = b(My, My). Then the following relations hold:

1. More inequalities:

by < po
by —bo < p1 — po

b —bg—1+ ... £bo < pg — p—1 + ... £ o

12



2. FEuler formula:

VX A) = ST (1) = SO (1)

k k

3. Weak Morse inequalities: by, < .

13



Chapter 2

Circle-valued Morse Theory

This chapter contains basic notions of circle-valued Morse theory. Most of the notions
that were introduced in Chapter 1 are kept for circle-valued functions, ([40], [56]).

2.1 Circle-valued Morse functions

Let M™ be a manifold without boundary and let f : M — S' be a smooth function.
The circle
St ={(z,y) eR?: 22 + % =1}

is a 1-dimensional submanifold of R? and it is endowed with the corresponding smooth
structure.

For a point € M we choose a neighborhood V of f(z) in S* diffeomorphic to an open
interval of R. Denote U = f~1(V). The function f|y identifies with a smooth function
from U to R.

Definition 2.1.1 A smooth circle-valued function f : M — S! is a Morse function if
every critical point of f is non-degenerate.

Denote by C(f) the set of all critical points of f and by Ci(f) the set of all critical
points of index k of f, k=0,...,m.

Consider M a compact manifold. Then the critical set C'(f) is finite and we denote
by wu(f) the cardinality of C'(f) and by pug(f) the cardinality of Cx(f), k =0,...,m. It is
obvious that

p(f) = po(f) + - + pm(f).

It is well-known that the quotient space R/Z is homeomorphic to S by the homeo-
morphism f : R/Z — S', where f(Z) = ¢?™®. Thus we can identify the circle S' with
the quotient R/Z and so circle-valued functions can be considered as multivalued real
functions, ([40], [56]).

We will consider a covering space of the domain of definition such that the function
becomes single-valued on the covering.

Consider the universal covering of the cirle

exp:R — S, exp(t) = ™.

14



The exponential map exp : R — S', defined by exp(t) = e?™ is a covering projection,
thus a local homeomorphism, ([50]).

The space R together with the exponential map exp is the covering space of the circle
St

The structure group of the covering is the subgroup Z C R acting on R by translations.

We use the multiplicative notation for Z and denote by t the generator which corre-
sponds to —1 in the additive notation.

For a circle-valued Morse function f : M — S' and M a covering space of M, let
7w : M — M be the infinite cyclic covering induced from the universal covering of the
circle exp : R — S1, by function f.

By the definition of the induced covering we have a function f : M — R, such that the
next diagram commutes.

M - R
™ exp
M1 S' =R/Z

In some cases M can be considered as a subset of M x R. Function f lifts to a Z-
equivariant Morse function f : M = f*R — R on the infinite cyclic covering, ([40]).

The function f is a Morse function if and only if f is a Morse function. The function
f is equivariant with respect to the action of Z on M and R, thus we have the relation

F(tz) = F(z) - 1.

The classical Morse theory can not be applied here because the domain of definition
of f is not compact and generally the number of critical points of f is not finite.

The solution to correct this is to consider the restriction of f to the fundamental
domain of M with respect to the action of the group Z.

For a regular value a € R of f we denote the set W = f
cobordism, such that

_1([61 — 1,a]) a compact
W = T_I(CL) and OyW = f_l(a —1).

The set W is called the fundamental cobordism.

For the Morse function fly : W — [a — 1,a], the cobordism W can be described as
follows: consider a = exp(a) € S!, thus « is a regular value of f and V = f~!(a) is a
smooth submanifold of M. If M is cut along V, one obtains the cobordism W with both
components of its boundary diffeomorphic to V.

For more details regarding circle-valued functions we refer to paper [56].

2.2 Morse forms

Definition 2.2.1 If M is a closed smooth manifold, then a 1-form w on M
w:M—T*(M),
is a smooth section of the cotangent bundle 7* : T*(M) — M such that

wor* =1.

15



Denote by Q!(M) the set of 1-forms on M. In local coordinates x1, s, ..., Ty, in an
open subset U C M, any 1-form w is given by

w = a1dx1 + agdre + ... + Ay dT.,,

where ay,...,a, € C°(U).
The exterior derivative d is given by

d: QM) — Q' (M), f— df,
where QY(M) = C>®(M) and

m m aai
dw = Zdai ANdz; = Z E?Tjdwj A dx;
i=1 ij=1

N Z?aj 8@2'
= Z <8—xz — 8%_) ~dx; N dx;.
1<)

A 1-form w is called closed if dw = 0.

Remark 2.2.1 The condition that w is a closed form can be written as

Oda;  Oa; .
d — Z',foranyz,jzl,...,m.

&Ti B ax]

Definition 2.2.2 A point p € M such that w, = 0 is called a zero of the 1-form w.
We define the set of zeros of w by

Zw)={peM :w,=0}

Remark 2.2.2 If w is a closed 1-form (dw = 0), then there exists a smooth function
fu : U — R such that w|y is an exact 1-form, w|y = dfy, for any simply connected
domain U C M. The zeros of w in U are the critical points of fi7, ([32]).

Definition 2.2.3 A point p € Z(w) N U is a non-degenerate zero of the form w if p is
a non-degenerate critical point of any function fy : U — R, which satisfies the relation

de = Wy ([39])
Definition 2.2.4 Let w € Q'(M):
1. The closed 1-form w is called Morse form if every zero of w is non-degenerate.

2. If wis a Morse form, p € Z(w), we say that p has the Morse index k, (0 < k < n)
if p is a critical point of index k of fy.

Example 2.2.1 Consider M = R?\ {(0,0)}, w € Q'(M), where w is the angular 1-form

described by
w= x2+y2dm+ 21 g2
Denote by w|g1 = df € Q(S!). Note that df is local exact on M but is not exact, thus
we have

dy.

Z(d6) = 0.

16



Let f: M — S! be a circle-valued function. Then f induces the function f* : Q'(S?) —
QY(M), where n = f*(df) is a closed 1-form in Q'(M).

We present now some general notions and results regarding closed 1-forms.

The de Rham cohomology group, denoted by H ée Rham (M), is by definition the quotient
of the space of all 1-forms by the subspace of the exact forms.

One obtains the isomorphism:

Hl(Mv R) ~ HéeRham(M)

between the de Rham cohomology group and the singular cohomology group with real
coefficients. An important characteristic of closed 1-forms is the de Rham cohomology

class. Kondl
For a closed 1-form, its image in the group H'(M,R) = i,
Imd°
d° d!
QM) — QY (M) — Q*(M)

is called the de Rham cohomology class of w and it is denoted by [w].

It vanishes, [w] = 0, if and only if w is exact (w € Imd®).

Circle-valued functions provides a lot of examples of closed 1-forms.

The 1-form dz on R! is invariant with respect to the action of Z on R and defined a 1-
form on S' = R/Z, denoted also by dz. The de Rham cohomology class of dz is the image
of the generator t € H'(S!,Z) with respect to the inclusion map H*(S!,Z) — H'(S',R).

If f: M — S'is a circle-valued smooth function, denote df = f*(dx).

Then df is a closed 1-form on M, called the differential of f.

The form df is a Morse form if and only if f is a circle-valued Morse function.

Proposition 2.2.1 ([56]) The homology class of a C*° circle-valued Morse function f :
M — St is determined by the de Rham cohomology class [df] of its differential.

Lemma 2.2.1 ([56]) If w € QY(M) is a closed 1-form, then the following relations are
equivalent:

i. w=df where f: M — S" is a O function;

it. [w] is integral.

Let M be a manifold and £ € H'(M,R). Denote by L¢ the set of all closed 1-forms w
such that [w] = £. A closed 1-form w on M is regular on U C M (or U-regular) if every
zero p € U of w is non-degenerate.

Theorem 2.2.1 ([56]) If M is a manifold, ¢ € HY(M,R) and U C M is a compact subset
of M then the set of all regular 1-forms on U is open and dense in L.

Theorem 2.2.2 ([56]) If M is a closed manifold then the set of all Morse functions
f: M — R is open and dense in the set of all C*° functions.

2.3 Gradients of Morse functions

Let M be a smooth manifold and let v be a vector field on M. Any C' function
~: I — M defined on an open interval I C R such that

v (t) = v(y(t)) for any t € T
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is called an integral curve of v.
Let M be a manifold without boundary and let f : M — R be a Morse function.
Consider v a C* vector field on M such that

(2.3.1) f'(z)(v(x)) > 0, for any = ¢ C(f).

The function ¢(z) = f'(x)(v(z)) vanishes on C(f) and it is strictly positive on M\C(f).
Every point p € C(f) is a point of local minimum of ¢ and ¢'(p) = 0.

Definition 2.3.1 A vector field v is called f-gradient if the condition (2.3.1) holds and
every point p € C(f) is a non-degenerate minimum of

¢(z) = f'(z)(v(@)),
thus the second derivative ¢”(p) is a non-degenerate bilinear form on T,,(M).
Denote by G(f) the set of all f-gradients.
Lemma 2.3.1 ([56]) If v is an f-gradient and p € C(f) then v(p) = 0.

Definition 2.3.2 Let M be a manifold without boundary and let f : M — R be a Morse
function. A C* vector field v is called a gradient-like vector field for f if the following
conditions are satisfied:

1. for every critical point p of f we have the relation f'(x)(v(x)) > 0;

2. for every critical point p of f, with index k, there exists a Morse chart ¢ : U — V C
R™ for f at p such that

V() (T1, ooy Tm) = (X1, 0oy =Tk, Thot1s- -+, Tpn)-
Lemma 2.3.2 ([56]) A gradient-like vector field for f is an f-gradient.

Definition 2.3.3 The riemannian gradient of a function f with respect to a rieman-
nian metric (-,-) on M is defined by

(grad f(z),h) = f'(z)(h),
where x € M and h € T,(M).
The following results were proved by A. Pajitnov in [56].
Proposition 2.3.1 Any riemannian gradient is an f-gradient.

Lemma 2.3.3 Ifp is a critical point of f and v is a riemannian gradient of f with respect
to a riemannian metric on M, then

(U/(p)h, k> = f//(p)(h7 k)
where h,k € T,(M).

Definition 2.3.4 We say that a vector field v is a weak gradient for f if for any = ¢
C(f), we have f'(z)(v(z)) > 0.

Lemma 2.3.4 If v is a weak gradient for f and p € C(f) then v(p) = 0.
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2.4 Gradients of Morse forms

In this section we present some properties for gradients associated with closed 1-forms,
(1321, [56]).

Let M be a closed smooth manifold and let (-,-) be a riemannian metric on M. Any
1-form w on M determines the gradient vector field grad(w) on M, defined by

{grad(w)p, h) = w(h),

for any vector h € T,(M), called the riemannian gradient of w.
In local coordinates we have:

and the riemannian metric is given by the coefficients

g 0
gij(ﬂf): a—xz’a—x] .

We can write:

n n

grad(w) = Z Zy(a:)%, where bj(x) = Zai(a:)gij (x).

j=1 J i=1
Thus grad(w) is a smooth vector field and the zeros of grad(w) coincide with the zeros

of the form w.

Definition 2.4.1 A smooth vector field X on M is called a gradient-like vector field
for a closed 1-form w if the following conditions hold:

1. the function w(X) > 0 outside the set of zeros of w;

2. for any zero p € M of w, there exists a neighorhood U C M that contains p such
that w|y = df, where f : U — R is a smooth function and the field X |y coincides
with the gradient field grad(f) with respect to some riemannian metric on U.

Let w be a Morse form. Using the Morse lemma, one can construct a gradient-like
vector field X for w such that for any zero p € M of w, there exists the local coordinate
Z1,...,%y, in a neighborhood U of p such that z;(p) = 0 and for any j = 1,n, the form

w|y is equal with
T n
w=— Z r;dr; + Z r;dx;.
i=1 i=r+1
The field X |y can be written as:

. 0 - 0
X:—;l’ia—xi—l- Z :Elaxl

i=r+1

Note that r is the Morse index for the zero p, ([32], [49]).
A systematic presentation of closed 1-forms can be found in paper [32].
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Chapter 3

The ¢ r-category of a pair of
differentiable manifolds. Some
important examples of

p r-category

We present in this chapter the g r-category of a pair of differentiable manifolds, our
own results regarding the circular (-category of a differentiable manifold and the Morse-
Smale characteristic of a differentiable manifold, following the papers of D. Andrica [3],
[4], G. Rassias [62], B. Doubrovine [30], D. Andrica, D. Mangra, C. Pintea [15].

3.1 The pr-category of a pair of manifolds

Let M be a smooth manifold without boundary.
For a smooth real function f € C°°(M), we denote by p(f) the number of critical
point of f. Clearly, we have 0 < u(f) < +o0.

Definition 3.1.1 The number ¢(M) defined by
(3.1.1) p(M) = min{u(f) : f € C=(M)}
is called the @p-category of the manifold M.

This number was intensively studied by F. Takens [66] for the classes of closed manifolds
(compact and without boundary).
In this case the following inequalities hold

(3.1.2) cat(M) < (M) <m+1,

where cat(M) is the Lusternik-Schnirelmann category of M.

For two diffeomorphic manifolds M and N, (M) = ¢(N), thus ¢(M) is a differential
invariant of the manifold.

If M and N are two smooth manifolds without boundary then we have the relation

(3.1.3) o(M x N) <min{dim(M) + dim(N) + 1, (M )p(N)}.
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In [4] (see also [3], page 144), D. Andrica presents a generalization of this notion.

Let M™, N™ be two smooth manifolds without boundary. If f € C°°(M, N), we denote
by u(f) = |C(f)| the cardinal number of the critical set of f.

Let F C C*°(M, N) be a family of smooth functions M — N.

Definition 3.1.2 The pz-category of the pair of manifolds (M, N) is
x(M,N) = min{p(f) : € F}.

It is obvious that 0 < (M, N) < +oo and (M, N) = 0 if and only if the family F
contains immersions, submersions or local diffeomorphisms, according to m < n, m > n
or m = n, respectively.

If F = C%(M,N), then or(M, N) represents the ¢-category of pair (M, N), simply
denoted by ¢(M, N), and it was studied by D. Andrica and L. Funar in [10] and [11], C.
Pintea in [57], [58], and D. Andrica and C. Pintea in [16], [17].

Definition 3.1.3 Let (M, N) and (M’, N’) be two diffeomorphic pairs of manifolds. The
families F C C*°(M, N) and F' C C*°(M’', N') are related (by diffeomorphisms) if

Dif f(N,N') F Dif f(M', M) = F,

where Dif f(N, N’) and Dif f(M’, M) represents the sets of all diffeomorphisms from N to
N’ and from M’ to M respectively.

More precisely, this definition shows that if A € Dif f(M, M"), v € Dif, f(N,N’),
f € C®(M,N), f € C®°(M',N'"), satisfy f' =1 o foA~!, in other words the following
diagram is commutative

M N
A (4
w1 N

then f € F if and only if f' € F'.

Proposition 3.1.1 If the pairs (M, N) and (M', N') are diffeomorphic and families F C
C>*®(M,N) and F' C C®(M',N') are related, then

or(M,N) =@z (M N.

Proof. See [3].

The above result shows that if the hypothesis of the Proposition are satisfied, then
wr(M, N) is a differential invariant of pair (M, N).

We present now some important particular cases for the family F.

1. Consider the case when N = R, the real line, and the family F is given by
F(M) = C*°(M,R), the algebra of all smooth real functions defined on M. In this situ-
ation pxr(M,R) represents the p-category of M and it is denoted by ¢(M). As we have
mentioned before, the invariant p(M) was first investigated by F. Takens. The effective
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computation of (M) is a difficult problem, ([4]). It is interesting to remark that we have
not an example of closed manifold M™ such that cat(M) < (M) and also the equality
cat(M) = p(M) is proved only for some isolated classes of manifolds. To understand the
difficulty of the problem if cat(M) = ¢(M) for every closed manifold let us look only to
the following particular situation: cat(M) = @(M) = 2. From cat(M) = 2 one obtains
that M is a homotopic sphere. Taking into account the well-known Reeb’s result, from the
equality (M) = 2 is follows that M is a topological m-sphere. Therefore, the equality
cat(M) = p(M) = 2 is equivalent to the Poincaré conjecture. According to the fact that
Poincaré conjecture was proved to be true, it follows that for any closed manifold with
cat(M) = 2 he have (M) = 2.

2. Let G be a compact Lie group which acts freely on the manifolds M™ and N™. Recall
that the function f : M — N is invariant (G-equivariant) if for any ¢ € G and p € M
we have f(gp) = f(p)(f(gp) = gf(p)). Consider F = Cg’ (M, N) the family of all smooth
G-invariant functions, and we obtain (M, N) = g 1(M, N) the G-invariant ¢-category
of pair (M, N). In an analogous way we can define the G-equivariant p-category of the
pair (M, N), denoted by g g(M,N).

3.2 The circular ¢p-category of a differentiable manifold

We define, following paper D. Andrica, D. Mangra, C. Pintea [15], the circular -
category of a manifold M by

(3.2.1) ps1(M) =min{u(f): feC®(M,S")},

where S is the unity circle. Notice that we have the inequality g1 (M) < o(M).

_ Indeed, considering a function f € C°°(M) with pu(f) = p(M), then the function
[ = expof, where exp : R — S1 is the universal covering of the circle S!, satisfies
C(f) = C(f). Therefore, we obtain

ps1(M) < p(f) = p(f) = p(M).
According to this inequality and using the relation (3.1.2), it follows
(3.2.2) ps1(M) < (M) <m+1.

The main purpose of this section is to point out some classes of closed manifolds such
that g1 (M) < p(M).

3.2.1 Circle-valued functions and their converings

In this section we relay on the lifting properties of the covering maps to obtain infor-
mation on the size of critical sets of circular functions. The properties of covering maps
p: E — M, we have in mind, are:

1. The homomorhism p, : 7(E) — w(M), induced by p at the level of fundamental
groups, is one-to-one.

2 The cardinality of the inverse images p~!(y) is independent of y € M whenever E
is connected and it is equal to the index [7(M) : Im(p.)], where p, is the group homo-
morphism p, : m(E) — w(M) induced by the projection p at the level of fundamental
groups.
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3. For every subgroup H of (M), there exists a covering map ¢q : Fyg — M such that
Q*(W(EH)) = H.

4. A necessary and sufficient condition for a continuous map f : X — M to be lifted
to a map f : X — E is the inclusion f.(7(X)) C f,(m(X)). In other words, there
exists a map f : X — FE such that po f = f if and only if the following relation holds
fe(m(X)) C fu(m(X).

Recall that the circular functions on a compact manifold whose fundamental group
is a torsion group are rather real valued functions as they all can be lifted to the
real line through the exponential covering map exp : R — S', due to the triviality of
Hom(w(M),Z) = 0.

More precisely, we have:

Remark 3.2.1 Let M be a connected differential manifold. If Hom(m(M),Z) = 0, then
every circular map f : M — S' can be lifted to a map f : M — R through the exponential
covering map exp : R — S I Indeed, since f, = 0 and exp, = 0, the existence of a lifting
f+ M — R which factors as f = expof follows from property (4) in the above list. A class
of manifolds for which Hom(m(M),Z) = 0 consists in those manifolds whose fundamental
group is a torsion group.

The following results were proved in paper D. Andrica, D. Mangra, C. Pintea [15].
Corollary 3.2.1 If m,n > 2 are natural numbers, then
wq1(S™") =p(S") =2 and @g(RP") = (RP") =n+ 1.

Besides the manifolds having torsion fundamental groups, the group homomorphisms
of connected sums of such manifolds are still trivial whenever the terms of connected sums,
alongside the connected sums themselves, have dimension three or higher.

Proposition 3.2.1 If (Gy,-),...,(G,,-),(H,") are group and
f:Gi*...xG, - H
s a given group homomorphism, then

Im(f) C(Im(foi)U...UIm(f oi,)),

where i, : Gy = G1x...x Gy, k=1,...,r are natural embeddings.
In particular, Hom(Gy * ... x G, H) = 0 whenever G1,...,G, are torsion groups and
H is torsion free.

Corollary 3.2.2 If (Gy,-),...,(Gy,*) are groups and [ : Gy x ... * G, — Z 1is a given

group homomorphism, then Im(f) = ged(my,,...,m;,)Z, where Im(f o i;) = m;Z, for
j=1,...,rand my,,...,;, #0.

Ifmi=...=m, =0, foig=...= foi, =0, then Im(f) =0.

In particular, Hom(G1 * ... x G,,Z) = 0 whenever Gi,...,G, are torsion groups.

Corollary 3.2.3 If Mp,..., M, n > 3 are connected manifolds such that
w(My),...,n(M,) are torsion groups, then Hom(w(Mi# ...#M,),Z) = 0.
In particular, if each of M, ..., M*, n > 3 is either a real projective space or a lens

space, then Hom(mw(My# ... #M,),Z) = 0.
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Remark 3.2.2 The requirement n > 3 in Corollary 3.2.3 is essential as the fundamental
groups of the compact orientable surfaces 3, = T?# ... #T? admit, in contrast with the
situation of torsion fundamental groups for the terms of the connected sums in Proposition
3.2.1, circular functions inducing onto group homomorphisms at the level of fundamental
groups.

Theorem 3.2.1 Let M be a compact differential manifold with abelian fundamental
group. Every continuous circular function f : M — S' which cannot be lifted to any real
valued function via the exponential covering exp : R — S, can be covered by a circular
function f: M — S such that w(M) is torsion free and the induced group homomorphism
fo:m(M) — w(SY) = Z is onto.

More precisely, there are some covering maps p : M — M and q : S* — S' which
make the following diagrams commutative.

f

M st (M) —= n(SY)Y =2
P q P+ s«
m—1 g m(M) S (8" =7

3.2.2 Manifolds satisfying pg1 (M) = (M)

From relations (3.2.2) we have the relation g1 (M) < p(M), and from the following
example we can see that the inequality could be strict.
Consider the m-dimensional torus 7™ = S' x ... x S! and according to [3] (Example
~—_——

m times

3.6.16) we have ¢(T™) = m + 1. On the other hand, the projection T — S! is a trivial
differentiable fibration, hence it has no critical points, implying g1 (7™) = 0.
This example can be incorporated in the following general observation.

Remark 3.2.3 For a closed manifold M we have ¢g1 (M) = 0 if and only if there is a
differentiable fibration M — S'. The existence of a differentiable fibration M — S! ensures
the equality pg1(M) = 0, as the fibration itself has no critical points at all. Conversely,
the equality g1 (M) = 0 ensures the existence of a submersion M — S!, which is also
proper, as its inverse images of the compact sets in S* are obviously compact. Thus, by the
Ehresmann’s fibration theorem ([31] or [29] page 15) one can conclude that our submersion
is actually a locally trivial fibration.

Proposition 3.2.2 ([15]) Let M be a connected differential manifold. If Hom(w(M),Z) =
0, then og1 (M) = @(M). In particular pg1 (M) = @(M) whenever M is connected and
simply-connected.

Corollary 3.2.4 ([15]) If m > 2, then ¢51(S™) = @(S™) = 2 and o5 (RP™) =

©(RP™) = m+1, where S™ denotes the m-dimensional sphere and RP™ the m-dimensional
real projective space.
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Corollary 3.2.5 ([15]) If M},...,M", m > 3, are connected manifolds such that
w(My),...,n(M,) are torsion groups, then

ps1(Mi# ... #M) = (M ... #M,).

In particular g1 (rRP™) = @(rRP"™), where rRP"™ stands for the connected sum
RP"# ... #RP" of r copies of RP".

Corollary 3.2.6 ([15]) If k,l,mq,...,my > 2 are integers, then the following relations
hold:

1. pgr (8™ x ... x 8™) = (8™ x ... x S™)=k+1.

2. 01 (RP™ x ... x RP™) = o(RP™ x ... x RP™) < mq +mg+ ... +my + 1.

3. a1 (L(7,1) x S*) = (L(7,1) x S*) = 5, where L(r,s) stands for the lens space of
dimensions 3 of type (r,s).

4. pg1 (RPF x S1) = p(RP* x SY) < k 4+ 2.

X

The following result is mentioned in the monograph [28] at page 221.
Lemma 3.2.1 If M and N are closed manifolds, then the following inequality holds
P(M#N) < max{p(M), p(N)}.
In particular o(X#X) < p(X) for every manifold X .

Corollary 3.2.7 ([15]) Let $, = T*#T?*# ... 4T* be the closed orientable surface of

g times

genus g and let Py = RP24 ... #RP? the closed non-orientable surface of genus g. Then
N——

g+1 times
1. @Sl(zg) < ‘P(Zg) =3, 921
2. @Sl(Pg) < @(Pg) =3, 9g=>0.

Corollary 3.2.8 ([15]) If k,l > 2 are integers, then
g1 (8% x SHY# ... #(S*F x 8Y)) = p((S% x SHY# ... #(S* x §h)) = 3.

Open problem. Characterize all closed manifolds M™ with the property pg1 (M) = 1.

3.3 The real Morse-Smale characteristic of a differentiable
manifold

Consider N =R and F = F,,(M) C C*°(M,R) the set of all Morse functions defined
on M. In this case one obtains @z (M,R) = ~(M), the Morse-Smale characteristic of
manifold M, an important invariant of M, intensively studied by many authors [62], [4].

An important case when the Morse-Smale characteristic can be computed in terms of
the topology of M is given by the situation when the manifold M is simply-connected
of dimension greater than five. This property was proved in the celebrated paper of S.
Smale ([65]). Efforts have been made to generalize Smale’s result to the case when M is
not simply-connected. For example, V.V. Sharko proved that still it is possible to compute
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the Morse-Smale characteristic of manifold M when 71 (M) = Z, ([64]). But a complete
answer for general M is not known.
We define the numbers ~;(M), i =0,...,m, by

(M) = min{pi(f) : f € Fn(M)}.
Taking into account the monograph of B. Doubrovine [30] it follws
(M) = (M) = 1.
It is easy to see that

v(M) > Z%‘(M)
=0

The numbers v(M) and ~;(M) are differential invariants of M.
Let N be a smooth manifold, let ¢ : M — N be a diffeormorphism and let f : M — R,
g : N — R be two smooth functions such that the following diagram is commutative

Y

N - M

thus g = f o).
Lemma 3.3.1 The following relation holds: C(f) = (C(g)).

Lemma 3.3.2 With the above notations, if f € Fn(M), then g € Fp(N) and the corre-
sponding critical points via the diffeomorphism 1) have the same Morse index.

Theorem 3.3.1 If the manifolds M and N are diffeomorphic, then

V(M) =~(N), %(M) =~i(N), i =0,...,m,
in other words the numbers v(M) and ~;(M) are differential invariants of the manifold.
Proof. See [3].

Theorem 3.3.2 Let M™ and N™ be two differentiable manifolds without boundary. The
following relations hold:
(i) vi(M) = vp—i(M), i = 0,...,m (symmetry);
(ii) y(M x N) < ~y(M)y(N) (submultiplicity);
(iii) (M x N) < > (M)w(N), i =0,...,m+n.
k=i

Proof. See [3].
In the paper of G. Rassias [63] one shows that (M) = 0 for any open smooth manifold.
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3.4 The computation of the real Morse-Smale characteristic

Let M™ be a smooth compact m-dimensional manifold without boundary, 9M = 0. It
is well-known that F,, (M) # ), that is there exists a Morse function defined on M.

Let Hi(M;F), k = 0,m, be the singular homology groups with the coefficients in the
field F and B, (M; F) = rankHy(M; F) = dimp Hy(M; F), k = 0,m, the Betti numbers
with respect to F. If f € F,,(M), then the following relations hold ux(f) > Br(M; F),
k = 0,m (weak Morse inequalities).

Definition 3.4.1 The Morse function f € F,,,(M) is exact (or minimal) if

Nk(f) = ’Yk(M)v k=0,m.

Definition 3.4.2 The Morse function f € F,,(M) is F-perfect if

pi(f) = Br(M; F), k=0,m.

Taking into account the weak Morse inequalities and the definition of the Morse-Smale
characteristic, one obtains that for any Morse function f on M and for any field F the
following relations hold:

ke (f) = (M) = Br(M; F), k=0,m.
It follows that any F-perfect Morse function on M is exact.
Theorem 3.4.1 ([3]) The manifold M has F-perfect Morse functions if and only if

Y(M) = B(M; F),

m

where B(M; F) = Zﬂk(M; F) is the total Betti number of the manifold M with respect

k=0
to F'.

Because the manifold M™ is compact it follows that M has the topology type of a
finite CW-complex ([25]), thus the singular homology groups Hy(M;Z), k = 0,m, are
finitely generated ([34]). For k € Z, one obtains the relation:

H(MZ)~(Z®... L) ® (L, @...@anb(k))

B times

where 3, = B,(M;Z), k = 0,m, are the Betti numbers of the manifold M with respect to
the group (Z,+), thus fx(M;Z) = rankHi(M;Z). It is well-known that Ho(M;Z) ~ Z
and

Z if M is orientable

H,,(M;Z) ~
( ) {{O} otherwise

thus b(0) = b(m) = 0.
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Theorem 3.4.2 ([3]) If M™ is a simply-connected compact manifold without boundary
(OM =0) and m > 6, then the following relations hold:
(i) (M) = Br(M;Z) + b(k) + b(k — 1), k € Z;

m—1

(ii) (M) = B(M;Z) + 2> b(k),

k=1

where B(M;Z) Zﬂk M;7Z) is the total Betti number of the manifold M with respect
k=0
to the group (Z,+).

Corollary 3.4.1 Let M™ be a compact simply-connected manifold, without boundary with
m > 6. Then M has Q-perfect Morse functions if and only if Hiy(M;Z) has no torsion,
k=0,m.

Example 3.4.1 1) The sphere S™ is a simply-connected compact manifold for m > 2.
The singular homology of S™ is given by

H(S™:7) Z itk=0m
b T {0} otherwise

Taking into account Theorem 3.4.2, it follows that
Y(S™) = (S™) =1, 7(S™) =0, 1 <k <m—1and v(5S™) =2 for m > 6.

In fact these results are true for m > 1, since it is easy to see that the function
m+l s a Q-perfect Morse function on S™.

2) The complex projective space PC™ is a simply-connected compact manifold. The
singular homology of PC™ is given by

(', 2™

H(PC™ Z) = {Z 1f1<;_0,g,4,...,2m
{0} otherwise
For m > 6 we have the relations vo;(PC™) = 1, i = 0,m, 72;_1(PC™) = 0, j =
1,m and «(PC™) = m + 1. Moreover, using a direct method, N.H. Kuiper showed that
v(PC™) = m + 1 for m > 1. In G.M. Rassias [62] it is mentioned that for m even the
number v(PC™) is odd but it is given the value of (PC™).
3) The singular homology of the quaternionic projective space PH™ is given by

Z ifk=0,4,8,....4m

H.(PH™,Z) ~
Kl ) {{O} otherwise

For m > 6 one obtains v4(PH™) =1, i =
y(PH™) =m + 1.

m, v;(PH™) = 0if j # 0 (mod 4) and

An important problem which appears naturally is to get the manifolds M and N that
satisfy the equalities in Theorem 3.3.2 (i), (ii) ([41], [62]). A sufficient condition is given
by D. Andrica in [7].
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Theorem 3.4.3 If M™ and N" are two compact manifolds without boundary (OM =
ON = (), which have F-perfect Morse functions then

VM x N) =~4(M)y(N) and v(M x N) = Y y(M)y(N), i =0,m + n.
k=i

Corollary 3.4.2 Let M™ and N™ be two simply-connected compact manifolds without
boundary (OM = ON = 0), m,n > 6. If the singular homology groups Hy,(M;Z), H;(N;Z),
k=0,m, j =0,n are torsion-free then

V(M x N) = y(M)y(N) and %(M x N) = > 7;(M)y(N), i =0,m +n.
k=i
Example 3.4.2 Taking into account the equality v(S™) = 2, we have
(8™ x ... x §mk) =2k,

If T% = S' x ... x S! is the k-dimensional, then v(T*) = 2.
_,_/

k times

Using the second equality from Corollary 3.4.2 we have

(TF) = <Ij> i =0,m.

We can obtain an extension of Theorem 3.4.2 for compact manifolds, not necessary
simply-connected. -

Let M™ be a compact manifold without boundary, m > 6 and let p : M — M be an
universal covering manifold of M. V.V. Sharko ([64]), showed that if 7} (M) ~Z & ... ®Z
(s times), s > 0, then there exists an exact Morse function f, defined on M such that

() = ; () s o724 5 (Yoo 1

1=0

for k € Z.
Using these relations, one obtains the following result of D. Andrica, ([5], [6]).

Theorem 3.4.4 If M™ is a compact manifold without boundary with m > 6 and
m(M)~7Z&...B7Z (s times), s >0,

then:

(i) (M) = :0< >5kﬂ (O 2) +§+:1< H) (hti—s—1), k=0m

J

(ii)W(M)—i i(y)ﬁkﬂ (M 7Z) +i<§ <3+1>b(1<: —8_1)>

k=0 \ j=0

where p : M — M is any universal covering of M.

We will present another result obtained by D. Andrica ([5], [6]), an per bound of
the Lusternik-Schnirelmann category of M in terms of ﬁk(M Z), b(k), k=
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Corollary 3.4.3 Let M™ be a compact manifold without boundary with m > 6 and
m(M)~7Z&...B7Z (s times), s> 0.

Then

cat(M gf% §:<>ﬁk+]sMZ +§%<s§:<8+1>b(ky+z—s—l)>

where p : M — M is any universal covering of M.

Let p > 2 be a prime number. Taking into account the relation

Hy(M;Z) = (28 ... 0L) ® (Znyy © -+ ® Lnyyyy)s

B times
we denote
d(M;p) = Card{nkj7 .7 = 17b(k)7 k= O,m : p’nkj}-
m—1
It is obvious that d(M;p) < Z b(k).
k=1

The following result represents a necessary and sufficient condition in terms of (M),
B(M;Z) and d(M;p), for the existence of Z,-perfect Morse functions on the manifold M
and it was obtained by D. Andrica in [8], [19].

Theorem 3.4.5 The manifold M admits Z,-perfect Morse functions if and only if the
following equality holds
V(M) = B(M;Z) + 2d(M; p).

Corollary 3.4.4 Let p,q > 2 be prime numbers. The manifold M has simultaneously Z,
and Zy-perfect Morse functions if and only if the following relations hold

Y(M) = B(M;Z) + 2d(M;p) and d(M;p) = d(M;q).

Corollary 3.4.5 If M™ is a simply-connected compact manifold without boundary with
m > 6 and the homology groups Hi(M;Z), k = 0,m are without torsion then the manifold
M has Zy,-perfect Morse functions for any prime number p > 2.

Remark 3.4.1 The results of Corollary 3.4.5 and Corollary 3.4.1 can be extended. If we
replace the condition that the manifold M is simply-connected with the condition

m(M)~Z&...®7Z (s times),

where s > 0 is an arbitrary integer and 71 (M) represents the fundamental group of M.
In this case we use the result given in V.V. Sharko ([64]) and the explicit formula for the
Morse-Smale characteristic obtained in Theorem 3.4.4. (ii).

Theorem 3.4.6 Let M™ be a compact manifold without boundary. If the integers m and
B(M;Z) are odd, then M has Zy-perfect Morse functions, for any prime number p > 2.
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Theorem 3.4.7 (i) The m-dimensional sphere S™ admits Q-perfect Morse functions.
(i1) For any prime number p > 2, the sphere S™ has Zy-perfect Morse functions.

Let PR™ be the m-dimensional real projective space. It is well-known that PR™ is a
compact differentiable smooth manifold without boundary and the homology of PR™ is
given by

Z iftk=0
Zo ifkisodd and 0 < k <m
Z if kisodd and k =m

{0} otherwise

Hy(PR™;7) ~

From this relation one obtains S(PR"™;Z) =1 if m is even and B(PR™;Z) = 2 if m is
odd.
For a prime number p > 2 it follows

m/2 if p=2 and m is even
d(PR™;p) = ¢ (m—1)/2 if p=2 and m is odd
0 ifp>3

It is known that the Morse-Smale characteristic of PR™ is v(PR™) =m + 1 ([41]).

Theorem 3.4.8 (i) PR™ has not Q-perfect Morse functions.
(ii) PR™ has Zg-perfect Morse functions.
(i1i) For any prime p > 3, PR™ has not Z,-perfect Morse functions.

Notice that in the paper of N. H. Kuiper [41], is constructed a Zo-perfect Morse function
on PR™,

Let T2 be the 2-dimensional torus. We define the smooth, compact, connected, ori-
entable surface of genus g > 0, by

T, = T?% ... #T?
~———
g times

thus 7} is the connected sum of g copies of T2. If g = 0 then T, = S?, the 2-dimensional
sphere.
Consider P, the smooth, compact, connected, non-orientable surface of genus g > 0,
defined by
P, =RP? # RP? # ... # RP?,

g+1 times

where RP? is the real projective plane.

It is well-known that if M is a smooth, compact, connected surface without boundary,
then M is diffeomorphic to Ty if it is orientable and M is diffeomorphic to P, if it is
non-orientable, for some values of g, ([37]).

The following result is a consequence of the exact Mayer-Vietoris sequence in the de
Rham cohomology, ([36]):

x(Ty) =2—2g, x(Py)) =1—g.
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N. H. Kuiper [42] proved the following relation between the Morse-Smale characteristic
and the Euler-Poincaré characteristic of a smooth, connected, compact surface M, without
boundary:

V(M) =4 = x(M).

Using the above relations one obtains
Y(Ty) =2+ 29, v(Fy) =3+g.

Theorem 3.4.9 (i) T, has Q-perfect Morse functions.
(i1) For any prime number p > 2, Ty has Zy-perfect Morse functions.

Theorem 3.4.10 (i) P, has not Q-perfect Morse functions.
(i1) For any prime number p > 3, P, has not Zy-perfect Morse functions.
(111) Py has Za-perfect Morse functions.

In paper [26] are presented the following inequalities:
cat(M) < C(M) < B(M) < 4(M) < m+1,

where cat(M) is the Lusternik-Schnirelmann category of M (the minimal number of closed
contractible sets which cover M), C(M) is the minimal number of open disks necessary
to cover M and

B(M) = B(M;Z) =Y Hp(M; 7).
k=0
The purpose of the following result obtained by D. Andrica and M. Todea in [20], is
to show that the inequality v(M) < m + 1 from the above relation is not valid for every
closed manifold M.
Let M,,, be the set of all smooth closed m-dimensional manifolds.

Theorem 3.4.11 The relation
sup{v(M) : M € M,,} =0
holds for m > 2.

Remark 3.4.2 1) The relation sup{y(M) : M € My} = oo is not valid for m = 1.
Taking into account the classification theorem of 1-dimensional closed manifolds it follows
that a such manifold is diffeomorphic with S*, thus (M) = 2.

2) If for a closed m-dimensional manifold M € M,,, one defines the number

(M) = min{u(f): feC™(M)}
one obtain the p-category of M. We have the inequality:
cat(M) < (M) <m+1,

thus the result contained in the above theorem remains not true if one replace v(m) by
@(M). In this case we have

sup{p(M): M € M} =m+1,
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since for instance ¢(PR™) = m + 1.

3) The relation sup{y(M) : M € M,,} = oo shows that there is not a positive
constant ¢, > 0 such that v(M) < ¢, for any closed manifold M € M,,.

On the other hand, the result given by M. Gromov in [38], asserts the existence of
a positive constant ¢, > 0, such that B(M;F) < ¢, for any compact m-dimensional
manifold M™ of positive curvature, where

B(M;F) =" 8i(M; F)

=0

is the sum of the Betti numbers with respect to a field F'.

Let M™ be a smooth, closed, differentiable manifold. We consider  : M — M a k-
covering of M, where k > 2. If f € F,,,(M) is a Morse function on M, let h : M — R, be
a function defined by h = f ox. Since 7 is a local diffeomorphism, it follows that

h € F(M), C(f) = n(C(h)),

thus u(h) = ku(f). Then for any Morse function f € F,,,(M) the inequality v(M) < ku(f)
holds. Taking into account the definition of the Morse-Smale characteristic, it results that

(M) < ky(M).

Theorem 3.4.12 ([3]) Let M™ be a smooth, closed manifold and let = : M — M be a
k-covering of M, k > 2. Then the following inequality holds:

V(M) < ky(M) — 4(k — 1).

M. Gromov posed the following question: Let Mk, k € N be a sequence of manifolds,
such that each My is an ai-fold cover of M, where a; — oo as k — oo. What are the
asymptotic properties of the sequence v(My) as k — 0o?

Using the relation v(M) < kvy(M) — 4(k — 1), one obtain
Y (My) < apy(M) — 4(ap — 1).

It follows immediately, after a simple computation, a partial asymptotic estimation for
the above question:

M,
lim sup V(M)
k—o0 ay

<~(M)—4.

Generally, the inequality proved in Theorem 3.4.12 is strict. Let m > 3 and the 2-
covering 7 : S™ — P™(R), where S™ is the m-dimensional sphere and P™(R) is the real
projective space of dimension m. It is easy to show that v(S™) = 2 and v(P™(R)) = m+1.
The inequality from Theorem 3.4.12 becomes strict, 2 < 2(m+1)—4, because we considered
m > 3.

Theorem 3.4.13 ([9]) If M? is a smooth closed surface, orientable or not, then the rela-
tion

V(M) = ky(M) — 4(k = 1)
holds.
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Corollary 3.4.6 Let M™ be a smooth closed manifold and let G be a finite group which
acts freely on M. Then:
. 1
(i) v(M/G) = @(’Y(M) +4(/G] - 1))
(ii) If M? is a closed smooth surface then

+(M/G) = ,—é,wM) +4(G| - 1)),
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Chapter 4

The circular Morse-Smale
characteristic of a differentiable
manifold

4.1 Definition and some general properties

We present in this section our results regarding the Morse-Smale characteristic for
circle-valued Morse functions, notion that was first introduced and studied by D. Andrica
and D. Mangra in papers [12], [13].

Our goal was to investigate in which conditions some properties of the Morse-Smale
characteristic are kept for circle-valued functions.

We define the Morse-Smale characteristic of a manifold M for circle-valued Morse
functions.

Consider N = S' and the family of circle-valued Morse functions defined on M, F =
F(M, S C C=(M,SY), ([18]).

In this case we denote pxr(M,S!) by g1 (M) and we call it the circular Morse-
Smale characteristic of the manifold M.

This notion was introduced by D. Andrica and D. Mangra in paper [12].

From the definition it follows that

vs1(M) = min{u(f) : f € Fn(M,S)}.

We can define, in an analogous way the numbers 751) (M), for i =0,...,m, by

Y (M) = min{ui(f) : f € F(M, 5N},

From the relation p(f) = puo(f) + ... + wm(f), it follows that for any f € F,,(M, St)
we have .
u) 2 g M) + G0 (),

thus the following inequality holds:

v (M) > S5 ().
1=0
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We will show next that the numbers vg1 (M) and ’ygl) (M) are differential invariants of
the manifold M, i=20,...,m

Let N be a smooth manifold, let ¢ : M — N be a diffeomorphism and let f : M — S,
g: N — S! be two circle-valued smooth functions such that g = f o ¢.

Clearly, we have the relation C(f) = ¢(C(g)).

Proposition 4.1.1 If f € F,,,(M,SY), ¢ : M — N s a diffeomorphism, then
g € Fm(N,SY)
and the critical points p € C(g) and p(p) € C(f) have the same Morse index.
The following results were proved in our paper [12].
Theorem 4.1.1 If the manifolds M and N are diffeomorphic, then
Ys1 (M) =751 (N) and 7§ (M) = 4§ (),
fori=1,...,m. That is, these numbers are differential invariants of the manifolds.

Theorem 4.1.2 The following relations hold:
(i) (Symmetry) For any i =0,...,m, we have:

Y5l (M) =75V ()
(ii) (Submultiplicity) For any two manifolds M and N we have

Ys1(M x N) < v51(M) x yg1(N)

(iii) For any i =0,...,m + n, we have:
( i(M x N) Z '7 '751 (N)
JH+k=i

We present next a general result from our paper [13].

Theorem 4.1.3 (1) The following relation holds: vg1 (M) < (M), where v(M) is the
Morse-Smale characteristic of the manifold M.

(2) If M is a simply-connected manifold, w1 (M) = {0}, where w1 (M) is the fundamen-
tal group of M, then yg1 (M) = ~v(M).

As an example, consider the m-dimensional sphere S™, where m > 2.

It is well-known that in this case the sphere S™ is simply-connected. Taking into
account the second result of the above theorem we get vg1(S™) > v(S™).

On the other hand, it is known that v(S™) = 2, hence 41 (S™) = 2.
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4.2 The generalization of Theorem 4.1.3 and some
applications

In this section, following paper [19], we will generalize the result from Theorem 4.1.3(2)
for a class of manifolds that are not simply-connected.

Theorem 4.2.1 If Hom(m(M),Z) = 0 for some differential connected manifold M, then
v51 (M) = v(M). In particular, yg1 (M) = (M) whenever M is connected and simply-
connected.

Corollary 4.2.1 Ifn > 2 is a natural number, then
51(S") =7(S") =2 and g1 (RP") = 5(RP") = + 1.
Corollary 4.2.2 If my,...,mi > 2 are natural numbers, then
g1 (S™ X ... x ST = (8™ x ... x §™) =2k,
vor (RP™ x ... x RP™F) = 4(RP™ x ... x RP"™) = (my +1)...(mg + 1).

Another property relating the circular Morse-Smale characteristic of the total and base
spaces of a finite-fold covering map is provided by the following result.

Proposition 4.2.1 If]Tj s a k-fold cover of M, then

Y51 (M) < k -y (M),

4.3 The circular Morse-Smale characteristic of the compact
surfaces

The minimum number of critical points of all Morse functions on a manifold M, equally
called the Morse-Smale characteristic of M is a lower bound for the total curvature of M
with respect to its embeddings in Euclidean spaces.

In this section, following paper D. Andrica, D. Mangra, C. Pintea [14], we first com-
pute the circular Morse-Smale characteristic of all closed surfaces. We also observe that
the critical points of the real valued height functions alongside those of some S' valued
functions on a surface X, C R3, are the tangency points with respect to some involutive
distributions.

We finally study the size of the tangency set of the compact orientable surface of
genus g embedded in a certain way in the first Heisenberg group with respect to its highly
noninvolutive horizontal distribution.

It is an interesting and challenging problem to compute the circular Morse-Smale
characteristic for closed manifolds M for which Hom(m (M), Z) # 0. The main purpose of
this section is to do this computation for smooth, compact, connected, orientable surfaces
of genus g > 1.

Recall that such a surface ¥, is defined by

Y, = T?#T?4 . #T?
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where the number of copies of the 2-dimensional torus 72 = S' x S' in the connected
sum is equal to g. We can extend the definition for ¢ = 0 by considering X¢ = S?, the
2-dimensional sphere. From the classification theorem of surfaces, it follows that every
smooth, compact, orientable, connected surface, without boundary, is diffeomorphic to
¥4, for some value of g > 0.

Recall that the Morse-Smale characteristic was completely determined by N.H. Kuiper
in [43], who proved the formula «(S) + x(S) = 4 for every compact connected surface S.
In this section, following paper D. Andrica, D. Mangra, C. Pintea [14], we will prove that
for every closed surface S, except for the sphere S? and the projective plane RP?, one has
v51(S) +x(S5) = 0.

Producing a suitable embedding of the surface ¥, in R3\ O, where O, stands for the
z-axis {(z,0,0) : € R}, and a submersion f : R3\ O, — S!, whose restriction f|X, is
a circular Morse function with exactly 2(g — 1) critical points, is a part of the strategy
to compute the circular Morse-Smale characteristic of the surface X . In this respect we
need to characterize somehow the critical points of such a restriction. In fact, the suitable
submersion we are looking for is

(4.3.1) flz,y,2) = (x,y,0).

1

Proposition 4.3.1 Let ¥ C R3 be a reqular surface and f : R3 — N, be a submersion,
where N is either the real line or the circle S*. The point p = (0, y0,20) € ¥ is critical
for the restriction f|s, if and only if the tangent plane of ¥ at p is the tangent plane at p
to the fiber F, := f~1(f(p)) of the submersion (4.3.1) through p.

Proposition 4.3.1 follows from the following more general statement:

Theorem 4.3.1 Let M™,N™ PP, m > n > p, be differential manifolds, let f : M — N
be a differential map and g : N — P be a submersion. Then x € M is a regular point of
go f is and only if f My F., where F, stands for the fiber g~ (g(x)) of g through x.

The above result was mentioned in [2] and [59].

4.3.1 The case of orientable surface of genus g

According to the results of the previous section, we have

Y51 (Z0) = 751(S%) = (%) =2,

since the 2-dimensional sphere S? is simply-connected.
Also,

Y51(21) = 751 (T?) = 0,

as the projection T2 = S' x S — 8! is a submersion and it has no critical points.
More generally, we shall prove the following;:

Theorem 4.3.2 The Morse-Smale characteristic of closed surfaces is given by

: 2
w2 oy { J ¢ T2
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We only need to prove Theorem 4.3.2 for X, - the compact orientable surface of genus
g > 1, as it has been already done for ¥ = S? within Corollary 4.2.1. In this respect we
need:

1. to show that

p(F) == po(F) + p (F) + pe(F) = 2(9 — 1),

for every circular Morse function F : ¥, — S, where p;(F) is the number of critical
points of index j of F' and p(F') is the total number card (C(F')) of critical points of F;
2. to produce a circular Morse function on X, with exact 2(g — 1) critical points.
In order to do so, we first observe that

(4.3.3) 2 =29 = po(F) — pa(F) + pa(F).

Indeed, by using the Poincaré-Hopf Theorem, one obtains

2-29=x(Sg) = > indy(VF),
peC(F)

where VI is the gradient vector field of F' with respect to some riemannian metric on
¥g4. To finish the proof of relation (4.3.3.), we just need to observe that the index of VF
at a critical point of index one is —1 and the index of VI at the critical points of index
zero and two is 1. Indeed, the local behavior of F' around the critical points of index one
is ' = 22 — y? and its gradient behaves locally around such a point like the vector field
(x,—y). The degree of its normalized restriction to the circle S* is —1 as the normalized
restriction is a diffeomorphism which reverses the orientation. Similarly, the index of VF
at a critical point of index zero or two is one as the local behavior of F' around such a
critical point is F' = 22 +y? or F = —2% —y?, and its gradient behaves locally around such
a point like the vector field (x,y) or (—z, —y) respectively. The normalized restrictions
of these vector fields to the circle S' are diffeomorphisms preserving the orientation and
their degree is therefore one. Thus the relation (4.3.3) is now completely proved via the
Poincaré-Hopf Theorem.
For the second item of the above observation we prove the following.

Lemma 4.3.1 The surface ¥, can be suitably embedded into the three dimensional space
R3\ O., such that the restriction flg, 1 2y — S is a circular Morse function with exactly
2(g — 1) critical points, where f : R\ O, — S' is the submersion given by

flz,y,2) = (z,9,0).

1
V2 + 12
4.3.2 The embedding of ¥, into R*\ O,

Recall that ¥y = T2 = S x S! is being usually identified with the surface of revolution
in R3 obtained by rotating a circle in the plane 20Oz centered at a point on the z-axis around
the z-axis. The radius of the circle is supposed to be strictly smaller than the distance
from the origin to its center. A certain embedding of the surface ¥, in R3, obtained from
the one of X1 on which we perform some surgery will be useful in our approach. However
the above mentioned embedding of ¥; in R? has one circle on the top and one circle on
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the bottom where the Gauss curvature vanishes. The two circles form the critical set of
the height function f? in the z-axis direction, restricted to the embedded copy of T2 in
R3. Thus, this restricted height function is not a Morse function. In order to construct
our suitable embedding of ¥, we rather need to rotate around the z-axis a closed convex
curve with a unique center of symmetry, on the x-axis, which lies in the plane zOz and has
no overlaps with the z-axis. This curve is also required to contain two segments mutually
symmetric with respect to the x-axis, one on the top and the other on its bottom. These
two segments form the critical set of the height function f? restricted to the curve itself.

Consider the embedding of 1 obtained by rotating such a closed convex curve, instead
a circle within the plane xOz, within the same plane. The obtained copy of ¥; is flat on
the two annuli A and A" which lie in two horizontal parallel planes.

2

1

T : r : :

Y u

Figure 4.3.1. An embedded copy of 3, constructed out of an embedded copy of ¥4

Consider the points py,...,pg—1 € A and qi,...,q,-1 € A, such that the lines p;qg;,
i =1,...,9 — 1 are vertical, so parallel to the z-axis. In order to obtain a topological
copy of the surface ¥, we next remove some small open disks D1,..., D41 C A centered
at p1,...,pg—1 and Di,..., Dy ; C A’ centered at gi,...,q4-1, respectively. The radii
of the disks D; and D} are supposed to be the same. We next consider suitable planar
curves v; : [0,1] — c(B)Nm, i =1,...,9 — 1 such that v;(0) € D; and ~;(1) € 9D,
where p;q; NxOy = {(x;,y;,0)}, 7; is the plane parallel to zOz through the point (z;,y;,0)
(m; : y = y;) and B is the bounded component of the complement of the embedded copy
of 1. The curves ~; are chosen in such a way to complete, by their rotation around the
axes p;g;, the embedded copy of ¥1 \ [D;U...UDy 1 UDjU...UDj; 4] up to a smooth
embedded copy of X,.

4.3.3 The nondegeneracy of the critical point of f|s, and the cardinality
of its critical set

Since our embedded copy of X, is constructed out of several surfaces of revolutions,
we are going to investigate the critical set of the restriction of the submersion (4.3.1) to
such a surface, by using the geometric interpretation coming from Proposition 4.3.1.

Proposition 4.3.2 The following relation holds: card(C(fls,)) = 2(g — 1).
Proof. See [14].
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Proposition 4.3.3 ([14]) The restriction f|s, is a circular Morse function (its critical
points are non-degenerate). Moreover, the critical points of fls, have all index 1.

Remark 4.3.1 No real valued Morse function defined on a compact manifold M™ (m >
2) can have just critical points of index one, as the global minimum of such a function
has index zero and its global maximum has index n = dim(M). Thus the restriction
flg, cannot be lifted to any map f : ¥y — R, expof = f, and the induced group
homomorphism f, : 7(2,) — Z = 7(S") is nontrivial therefore.

4.4 The case of non-orientable surfaces

Consider the compact orientable surfaces of genus 2¢g + 1 embedded in R? as described
before. Since the genus is odd, we may impose the extra-requirement on the embedded
image of ¥9411 to be symmetric with respect to the origin, thus invariant with respect to
the antipodal action of Zs on R?\ {0}. Because the restriction of this action to ¥g,41 is
orientation reversing, it follows that the quotient Y¥9,41/Zs is a compact non-orientable
surface. Obviously the projection

72 Yogp1 — Yog+1/Zo

is the orientable double cover of Y9441/Zy. The reversing orientation property of the
antipodal involution a follows from the reversing orientation property of the reflections
Ozy, Oz. and oy, with respect to the coordinate planes xOy, xOz, yOz, respectively and
the decomposition a = 04y 0 04, 0 0.

Note that the three reflections commute with each other. The reversing orientation
property of the reflection o, for example, follows by looking at the orientation behavior
at a fixed point p € Fix(o,y) = OyNXag41. Since the tangent map of o, at p reverses the
orientation of the tangent space T),(X94+1), it follows that o, and by similar arguments
each of the reflections o,, and o, reverses the orientation of g,41. Consequently, the
antipodal map a = 0,y 0 0, 0 0y, reverses, indeed, the orientation as well.

One can easily check that the non-orientable genus of Xog41/Zo is 2g + 2, so
Yog+1/Zs is diffeomorphic to (2g + 2)RP?, where kRP? stands for the connected sum
RP?#RP2# . .. #RP? of k copies of the projective plane.

Proof of Theorem 4.3.2 in the non-orientable case. We first observe that

z3 + 223 + 323

‘RP? - R =
f =R, f([z1,22,3]) P

is a perfect Morse function with three critical points of indices 0, 1, 2: a minimum point p,
a maximum point ¢ and a saddle point s. If € > 0 is small enough, then the inverse images
D := f~Y(—o0, fa(p)+e¢) and D’ := f~1(f(q) —¢&,00) are open disks and the inverse image

FHF () +e, flg) — €] =RP?\ (D1 U Dy)

is a compact surface with two circular boundary components f~!(f(p)+¢) and f~1(f(q)—
¢) and observe that the restriction

flrp2\(DUDY RP?\ (D1 U Da) — [f(p) + ¢, f(q) — €]
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has one critical point of index one, so is the saddle point s. We next glue successively g
copies of RP?\ (D U D’), say

My :=RP?*\ (D; U DY}),..., My :=RP?\ (DyU D)),
along the circular boundaries
oD, = f7'(fi(q) —e) C M; and 0Diy1 = .} (fis1(p) +€) C Mis1

of D} := f;(fi(q) —&,00) and Diyy := f;} (=00, fiy1(p) +¢) for i =1,...,g — 1, where
fi == f+iL : RP? - R and L := length([f(p) + &, f(q) — €]) = f(q) — f(p) — 2¢. The
obtained surface is gRP? \ (D; U D}).

Note that f; is a Morse function with one saddle point which is constant on each of
the circular boundaries dD; = f;*(fi(p) + ) and dD! = ;7 (fi(q) — €) of M;.

Moreover the equalities f;|sp = fi+1lop,., hold for every i = 1,...,g—1, which shows
that the function '

i+1

F:gRP*\ (D1UD)) =R, Fly, = f;

is well defined. In fact, F' is a Morse function with g saddle points which is constant on
the circle boundaries

0Dy = f; ' (filp) +¢€) C My and 9D} = f; ' (f,(q) —¢) C M,.

Identifying the circle boundaries D1 and 9Dj of gRP?\ (D U D), via a suitable
diffeomorphism ¢ : 0D; — 8D;, we get the non-orientable surface (g + 2)RP2.
Identifying min F' with max F' in Im(F) we get the circle S*. Also the Morse function

gRP?\ (Dy U D)) — Im(F), z+~ F(z)
descends to a circular Morse function
fo: (g +2)RP? = gRP?\ (D; U D;)/{$ = p(z)} — S' = Im(F)/{min F = max F},

with g saddle points. This shows that vs1((g + 2)RP?) < g for all g > 1.

For the opposite inequality we split the proof into two cases:

We first treat the case of closed non-orientable surfaces of even non-orientable genus,
(29 + 2)RP?, g > 0.

According to Proposition 4.2.1 one obtains

1
V51 ((29 + 2)RP?) = vg1(Sog41/Z2) > 5751(E2g+1) =29 = —x((29 + 2)RP?).

For the case of closed non-orientable surfaces of odd non-orientable genus 2g+3, g > 0,
consider the oriented double cover of (2g + 3)RP?

Yogt2 — (29 + 3)RP2.

According to Proposition 4.2.1 and the case of closed non-orientable surfaces of even
non-orientable genus one obtains

V51 (Bag12) < 2951 (29 + 3)RP?) & 2951 ((2g + 3)RP?) > 2(29 +2 — 1)
& vg1((29 + 3)RP?) > 29 + 1
& RP?((2g + 3)RP?) > —x((2g + 3)RP?).
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We therefore proved Theorem 4.3.2 in the non-orientable cases gRP? with g > 3.
On the other hand g1 (RP?) = 3 and 2RP? is the Klein Bottle which is a fibration
over S with fiber S!, namely vg1 (2RP?) = 0 = —y(2RP?). O

Remark 4.4.1 For the inequality vg1((2g + 2)RP?) < 2g we can produce a particular
circle-valued Morse function

fo: (29 +2)RP? = 9,11 /Zy — S*

with exactly 2¢ critical points in the following different way. Pick the function gy :=
flsagr + Y2g11 — S1 considered for the proof of Theorem 4.3.2 and recall that gy has
precisely 4g critical points and 4¢ critical values, card(go(C(go))) is also 4g. Indeed, the
restriction go|c(q,) is obviously one-to-one. Due to the way we embedded Yz, 1, the critical
values of gg, alongside its critical points, are pairwise antipodal in S' and in Yog+1, Tespec-
tively. By considering now the covering projection p : S' — PY(R), p(z) = [z] := {—=,z}
one actually obtain a cyclic covering of order two 2p : ST — S, as P}(R) is diffeomorphic
to S'. The composed function p o gy is a circular Morse function with 2g critical values,
each of whose inverse image consists of two critical points. Thus card(C(p o go)) = 4g.

In fact 7~ 1(7(z)) = {—z,2} C (po go) (), for every = € Sgy41.

This shows that the restriction go factors to a Morse function fo : ¥o441/Zo — S L such
that pogg = foom.

Let us now observe that 77 1(C(fy)) = C(p o go) and therefore card(C(p o gg)) =

2card(C(foy)), thus card(C(fo)) = %card((}'(p 0go)) = 2g.

4.5 On the number of tangency points of embedded surfaces
into the first Heisenberg group

If ¥ C R? is a surface and f : R3 — N is a submersion, where N is either the real line
or the circle S, then the critical points of the restriction f|x are the tangency points, as
defined by Balogh [21], of the surface ¥ with respect to the involutive distribution of the
tangent planes to the fibers of f.

This observation bring us to study the minimal number of tangency points of a surface
with respect to a highly noninvolutive distributions, for all embeddings of the surface in
the support of the distribution. In fact this section is devoted to this subject.

For instance, the critical points of a height function are the tangency points of the
embedded manifold in the environmental Fuclidean space with respect to the involutive
distribution of parallel hyperplanes which are perpendicular to the direction of the height
function.

Indeed, this is in fact the distribution of fibers of the height function and the regu-
lar points of its restriction to the embedded manifold are, according to Theorem 4.3.1,
precisely those points of the embedded manifold at which the tangent plane intersects
transversally the fiber of the height function through that point, so the two planes are
different.

Thus, the critical points of the restriction to the embedded manifold of the height
function are precisely those at which the two planes are equal, the tangency points. Also
the critical points of the restriction f|s, are the tangency points of ¥, with respect to the
involutive distribution of half planes f~'(g), as ¢ runs over the circle S*. In other words
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the tangency point looks like an extended concept for critical point of real or S valued
functions to a more general context. This is the reason for us to evaluate, following paper
D. Andrica, D. Mangra, C. Pintea [14], the size of a tangency set with respect to a highly
non-involutive distribution, namely the horizontal distribution

H,, = Span{X1y,..., X, Y1,....Y,}
of the Heisenberg group H" = (R?"*! ), where
XZ' = 81,2 + 2y,8t and Y; = E?yi — 23328t

fori=1,...,n.

Some special attention will be payed to the minimum tangency number of the compact
orientable surface of genus g, embedded into the first Heisenberg group H!.

Recall that a C", r € N, smooth distribution D of rank n on an open set U C R"*™ is
a C" smooth assignment to each point z € U of a linear n-dimensional subspace D(z) <
T, (R™*™). D is usually described either by n pointwise linearly independent C" smooth
vector fields

(4.5.1) {X1,..., Xn}

such that {X;(z),...,X,(2)} forms a basis of D(z) for all z € U or as the intersection of
the kernels of m linearly independent one-forms {9!,..., 9™} with C" smooth coefficients
on U, thus

(4.5.2) D =ker(¥') N... Nker(9™).

Definition 4.5.1 Let D be a C' smooth distribution of rank n on an open set U C R**™
and S C U a C' smooth n-dimensional manifold. We call a point z € S a tangency point
of S with respect to D if and only if 7,(S) = D(z). The set of such points is called the
tangency set, or, in short, the tangency, of S with respect to D and denoted by

(4.5.3) 7(8,D) == {z € §: Tu(S) = D(2)}.

Definition 4.5.2 If M™ is a differential manifold, then the minimum tangency num-
ber of M relative to the distribution D on R**™ is defined by

utv(M, D) := min{card(r(f(M),D)) : f € Embed(M,R""™)},
where Embed (M, R"*™) is the set of all embeddings of M into R™*™.

Remark 4.5.1 If M is a compact orientable 2n-manifold of non-zero Euler-Poincaré char-
acteristic, then according to [22, Example 8.9],

utv(M,Hy) > 2.

In fact urv(S*", H,) = 2, as the Euler-Poincaré characteristic of the sphere S*" is
two and it admits an embedding into H"™ with exactly two tangency points. The image of
this embedding is the well-known Koranyi sphere. On the other hand the standard torus
T?" C H" has no tangency points at all [67], thus

prv(T?", H,) = 0.
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Theorem 4.5.1 If g > 2, then
2 < prv(Xg, Hy) < 4g — 4.
The inequality prv(24,H1) > 2 is obvious, as
X(Xy) =2-2¢9<0.

For the opposite inequality we need to construct an embedding of >, with 4g — 4,
H;-tangency points. In this respect we use the possibility of £; to be embedded in H! as
a revolution surface and construct a suitable embedding of ¥, out of ¥; by performing
some suitable surgery on YX;. The handles we plan to glue will be surfaces of revolution as
well. Therefore we are going to pay some special attention to the size of the tangency sets
of revolution surfaces which lie inside H' with respect to its horizontal distribution Hj.

Problem 4.5.1 Isthe upper estimate given by Theorem 4.5.1 on the number of horizontal
points with respect to embeddings of the compact orientable surface of genus ¢ in the first
Heisenberg group sharp?

Note that the upper estimate purv(3,,H1) < 49 — 4 can be written in terms of the
Euler-Poincaré characteristic of ¥4, a strong invariant of the surface which determine its
topological type, as prv(Xy, Hi) + 2x(X4) < 0.

Problem 4.5.2 Who are the relevant invariants of a compact 2n-dimensional manifold
which can be embedded into the nt"* Heisenberg group H" for sharp estimates on the
number of horizontal points of such embedded hypersurfaces with respect to all of its
embeddings in the Heisenberg group H™?

4.5.1 Revolution surfaces in H' with low number of horizontal points
Every revolution surface S obtained by rotating a plane curve
x=fw), z=wv,
with f > 0, around the vertical line
T =ZTo, Y= Yo,
admits a local parametrization of type

x =x0+ f(v)cosu
y=yo+ f(v)sinu , wel, velJ,
z=g(v)

where I is an open interval of length 27 and J will be symmetric with respect to the
origin, so J = (—a,a). The function f is subject to the following requirements:

(4.5.4) f is bounded , f” > 0 and hI}tl f'(v) = oo.
v—xa
The vector equation of our revolution surface is

7 = (w0 + f(v) cosu)Oy + (zo + f(v) sinu)dy + vy
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and

u=—(f(v)sinu)d, + (f(v) cosu)d,
. (f (v) cosu)dy + (f'(v) sinu)dy + Oy
Ty = (f(v) cosu)dy + (f(v)sinu)dy — f(v)f'(v)0.

On the other hand, the horizontal vector fields of the distribution H; are

==l

>

u

X =0, + 2y0,, Y:ay—2l‘at
and their vector product is
XNY = —=2y0, + 220y + 0;.

Thus, the point r(u,v) := (z(u,v),y(u,v), z(u,v)) € S is a horizontal point if and only
if the vectors 77, A 7, X AY are linearly dependent at 7(u, v), thus we have

sinu + f(v)f'(v)cosu = —xo f'(v)

f)f (v)sinu — cosu = —yo f'(v).
Thus

(4.5.5)
cosu = —f'(v)

1+ f2(’v)(f’(v))2'

Remark 4.5.2 No revolution surface around the z-axis has Hi-tangency points, as the
equations (4.5.5) have no solutions at all for o = yo = 0.

The identity sin? u + cos? u = 1 leads us to the equation

1
(o, yo)II* = f2(v)’

which has at least two solutions on the interval J = (—a,a), as the right hand side of
(4.5.6) is bounded and (f’)? covers the positive real half line [0,00) twice, once on the
interval (—a, 0] and once on the interval [0, a). For suitable choices of the function f, the
equation (4.5.6) has precisely two solutions. Such a choice is

(4.5.6) (f'(v)* =

2 — 2
2

(4.5.7) flo)y=2—

for a = v/2 and ||(z0,%0)|| = 3. Indeed, the equation (4.5.6), for the choice (4.5.7) of the
function f, becomes:
20%4/2(2 — v2) = —2v" — 30?4 4,

which has, indeed, precisely two solutions, as can be easily checked.

Proof of Theorem 4.5.1. The closed convex curve in the plane xOz described after the
statement of Theorem 4.5.1 is supposed to have its unique center at the point (3,0,0). The
coordinates of the points p; and ¢; have the forms (z;,y;, 2;) and (z;, y;, —2;), respectively,
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fori=1,...,g—1. Moreover ||(z;,9;)||? := 27 +y? = 3, foralli = 1,...,g— 1. The handles
we use within our surgery process are revolution surfaces around the vertical lines x = x;
and y = y; of parametrized equations

r=ux;+ f(v)cosu
y =y + f(v)sinu uel, veJ.
z2=v

We denote by v; and v} the roots of the equations

1
(i, yi)lI? = f2(v)”

with the choice (4.5.7) for the function f. The equations which corresponds to (4.5.5) are

(45.8) (f'(v))? =

; by T+ yif (i) f(vi)

(45.9) sinu = =) ()2
cosu = —f(v;) zi f(vi) f'(vi) — yz

L4 f2(0i)(f"(vi))?

; v i yif (V) f (V]

(45.10) sin =~ )T B
cosu = — f'(vl) zif () ' () — yi

LA ) ()

Since the graphs of the sine and cosine functions on each interval of length 27 are
intersected at most twice by any straight line parallel to the u-axis, it follows the equations
(4.5.9) and (4.5.10) have at most two roots for each i = 1,...,¢ — 1. On the other hand
the surface ¥, embedded in H!, the way described right after Theorem 4.5.1 has no other
'H;-tangency points since on the two annuli A and A’ its tangent planes are parallel to
the Oy plane, a parallelism relation which happens for the planes of distribution H; just
along the z-axis and the two annuli have no common points with the z-axis. The remaining
part of our embedded X, is completely contained in Xy which is, in its turn, a revolution
surface around the z-axis which has no H;-tangency points, as we saw in Remark 4.5.2.
Thus, our embedded surface 3, has at most 4(g — 1) Hi-tangency points.

A minimum tangency number, relative to a certain distribution D on R®**™, can be
defined for a manifold M™ which is just immersible into R**™ by

mtn(M, D) := min{card (7(f,D)) : f € Imm(M,R"*™)},

where Imm (M, R™*") stands for the set of all immersions of M into R"™ and 7(f, D) :=
{p € M : Im(df), = D(f(p)}. If M can be embedded into R"*™ then obviously
min(M,D) < urv(M, D).

Problem 4.5.3 We wonder whether mtn(M, D) = urv(M, D).
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Chapter 5

The Morse-Novikov inequalities
for circle-valued functions

In this chapter we present the Morse-Novikov inequalities for circle-valued functions
and some results regarding this subject, ([60], [61]).

The last section contains our results for the estimation of the number of critical points
for circle-valued functions, following papers D. Andrica [4] and D. Mangra [46], [47].

5.1 The Morse-Smale complex

Definition 5.1.1 ([61]) The Morse-Smale complex CM(M, f,v), defined on a Morse
function f : M — R, a gradient like vector field v € G(f), and a regular cover M of M
with group of covering translations 7, is a free Z[r]-module chain complex with

d; : CMS(M, f,v); = Z[a]) — CMS(M, f,0)i_1 = Z[x]1 )

p— Zn(ﬁ, 07,

q

where n(p,q) € Z is the finite signed number of v-gradient flow lines ¥ : R — M which
start at a critical point p € M of f : M — R, with index i and terminate at a critical
point ¢ € M of index i — 1.

_ If we chose an arbitrary lift of each critical point p € M to a critical point p € M of
f, one obtains a basis for CMS(M, f,v).
The Morse-Smale complex is the cellular chain complex

CMS(M, f,v) = C(M)

of the CW structure of M in which the i-cells are the lifts of the i-handles h‘.
The homology of the Morse-Smale complex is isomorphic to the ordinary homology of
M:
H*(CMS(M7 f7 U)) = H*(M)

If M = M then CMS(M, f,v) = C(M). This relation holds when the manifold M is
simply-connected.
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Proposition 5.1.1 The Morse inequalities are:
ci(f) 2 bi(M) + qi(M) + gi—1 (M),
where b;(M) are the Betti numbers of the manifold M,
bi(M) = dimz (H;(M)/Ti(M)),

and q;(M) are defined by the minimum number of generators of T;(M), i =0,1,...,m
Here T;(M) = {x € Hi(M) : nx = 0 for any n # 0 € Z} is the torsion subgroup of

In Morse theory, the Betti numbers represent lower bounds of the number of critical
points of a Morse function.

If the manifold M is simply-connected, m (M) = {0}, and m > 6, then there exists a
Morse function such that

ci(f) = bi(M) + q:(M) + qi—1 (M),

fort=0,1,...,m
This result was proved by S. Smale and implies Poincaré conjecture for dimension
m > 6 ([32]).

5.2 The Novikov complex

The construction of the Novikov complex is similar with the construction of the Morse-
Smale complex and is presented by A. Ranicki in paper [61].

Definition 5.2.1 Let f: M — S* be a circle-valued Morse function and let v € G(f) be
a gradient like vector field of f. -
The Novikov complex CVU(M, f,v) is a free Z[II]-module chain complex with

di : CN(M, f,0); = Zlm]a ()7 — OV (M, f,v)im1 = Z[r]a((2)) ).
p— Y > nA DG

where n(p, q) € Z is the finite signed number of v-gradient flow lines 7 : R — M which
start at a critical point p € M of f M — R with index i and terminate at a critical point
qEMofmdexz—l

5.3 The Morse-Novikov inequalities

Definition 5.3.1 ([61]) The Novikov numbers of any CW-complex M and f € H*(M)
are bNV(M, f) and ¢¥°°(M, f), where

b (M, f) = dimg (o)) (HN" (M, f)/TN (M, £))

are the Betti numbers of the Novikov homology and qN °U(M, f) is the minimum number
of generators of T/V°U(M, f), with

TN, f) = {w € HN™(M, f) - ax = 0,0 # 0 € Z((2))}
the torsion Z((z))-submodule of HN(M, f).
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Theorem 5.3.1 (Morse-Novikov inequalities) For an m-dimensional compact man-
ifold M and a circle-valued Morse function f : M — S', the Morse-Novikov inequalities

are, ([54]):
Cl(f) 2 bivov(M7 f) + quOU(M’ f) + qf\iolv(M7 f)7 Z = 07 17 R ’m'
The following result was proved by M. Farber in [33].

Theorem 5.3.2 ([33]) Consider (M) =7Z and m > 6 and let f : M — S! be a circle-
valued Morse function, 1 € [M,S'] = H' (M) with a minimum number of critical points.
Then, for any i = 0,1,...,m the following relation holds:

ci(f) =0 (M, f) + ¢ (M, f) + a5 (M, f).
5.4 Estimation of the number of critical points of
circle-valued functions

We will use the Morse-Novikov inequalities to determine lower bounds for g1 (M),
following papers D. Mangra [46], [47].

Let f: M — S! be a circle-valued Morse function and let f* : H'(S') — H'(M) be
the induced homomorphism in cohomology. Denote

FYM) = {f*(1): f € F(M,8")} € H'(M).

Theorem 5.4.1 The following relation holds:

m—1
ys1 (M) = min{bN(€) + gm () +2 D ¢ (€) : £ € FH(M)},
=0

m

where bNOV (&) = bevm’(ﬁ) is the total Betti number of the manifold M with respect to
=0
the cohomology class & € H'(M).

Theorem 5.4.2 If 1 (M) =Z and m > 6, the following relation holds:
m—1
ys1 (M) = min{bV () + gh ™ (€) +2 > ¢V (€) - £ € FY(M)}.
i=0

Regarding the set F''(M) which appears in Theorem 5.4.1 and 5.4.2, we formulate the
following problem:
Conjecture 4.4.1 For any compact manifold M, the equality

FY(M) = H'(M)

holds.
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