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I. Introduction

Understanding similarities between compounds involved in redox equilibria of en-
ergy storage systems could accelerate increase of performance. Researchers can discover
materials that exhibit desirable properties, such as high energy density, fast
charge/discharge rates, long cycle life, electrochemical efficiency, or integration.

Similarities could provide insights into the packing and arrangement of atoms with-
in a compound. By identifying compounds with similar geometries to high-energy-density
materials, researchers can explore alternative compounds that may exhibit similar or im-
proved energy storage capabilities [1].

Compounds with similar geometries may exhibit similar:

e charge/discharge rates, allowing for faster energy storage and release due to the kinetics
of redox reactions and electron transfer processes within energy storage systems;
e structural stability, resistance to degradation, and cycling performance;
e redox potentials and charge transfer characteristics, leading to improved electrochemi-
cal efficiency [2].
Computational modeling has brought some contributions to chemistry over the

years, such as: efficiency and cost-effectiveness, material design and optimization, predic-
tion of material properties, analysis and visualization. The latter is where we stop and try to
bring a contribution. A few computational methods are mentioned, and topological indices
are introduced. Another history lesson is now started for topological indices since polyno-
mials are topological indices and molecular descriptors.

Similarities are exemplified followed by what it is hoped they can help discover.

The contribution of this thesis begins to be more practical in Chapter IV: Methods
and results. Simple examples on how to calculate some polynomials for one compound of
interest are presented. The characteristic polynomial of LiMn:0s is calculated using the
method of Sachs. The permanental and immanantal polynomials are also presented.

Ways in which the characteristic polynomial can be extended are shown in the next
section. A case study calculates area and volume for congeners of Cz fullerenes. Some of
these possible examples could be used to replace parts of the algorithm of section IV .4.

The most experimental part of our effort is a Matlab script that can be used to
search for geometrical similarities between compounds used in energy storage systems. The
algorithm for finding similarities of compounds with applications in energy storage systems
and its results are presented in subchapter IV.4. Some concepts are used such as:

e Databases are structured collections of data that are organized in a way that facilitates
efficient data storage, retrieval, and management. They can establish relationships be-
tween different data entities, enabling the representation of complex data structures and
associations.

e Structural alignment involves superimposing the three-dimensional structures of com-
pounds to identify regions of structural similarity and to quantify the differences in
their spatial arrangements.
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¢ Quadratic matrix are square matrices (having an equal number of columns and rows)
fundamental in the study of matrix operations, determinants, inverses, and eigenvalues.
e An antisymmetric matrix, also known as a skew-symmetric matrix, is a square matrix
whose transpose is equal to its negative. All components are antisymmetric (their signs

0 a b
differ) relative to the main diagonal: —a 0 c¢. The eigenvalues of an antisymmetric
-b —c 0

matrix are purely imaginary or zero.
e Interpolation involves constructing a function that passes exactly through the given da-
ta points, allowing for the estimation of values at intermediate positions.
e Trilateration is a geometric technique employed to ascertain the position of a specific
point by measuring its distance from three predetermined reference points.
We present how other programs achieve alignment. The eigenproblem is defined

and these eigenvalues of the matrix are the roots of the characteristic polynomial. The ex-
tension of the characteristic polynomial to each Cartesian coordinate is utilized to rotate,
translate and reflect until the candidate arrives in a position with the most elevated absolute
eigenvalues for the Cartesian coordinates. Similar candidates are found by comparing sums
of squared eigenvalues for the entire compound or combinations of fewer selected atoms.
The eigenproblem algorithm aligns candidates. All previously striped atoms are attached
using a trilateration script found in literature. An approximation is found for the character-
istic polynomial of the matrix of the Cartesian distances on Ox. A sum is eventually calcu-
lated by using the law of motion of the rotation of a body about a fixed axis.

Improvements over the published algorithm of 2021 are presented. It may be no-
ticed that the algorithm was initially used to align and superpose amino-acids. The possibil-
ity exists that the developed algorithm can be used to align anything in 3D space.

In the last chapter “Best” results of similarities between compounds with applica-
tions in energy storage systems are presented for 293 candidates. Parameters are introduced
from databases and literature. Limitations and further improvements are discussed.

Time spent for each compound chosen for comparison can be 5 hours for 293 com-
pared files and up to 15 atoms per file. This led to a total runtime of two years for the pub-
lished algorithm in 2021. The writing of this thesis began when a timeframe of months was
achieved through vectorisation of the code. The final version is 180 faster. Computer time
increases by at least 6 hours for one file containing 16 atoms. In case similarities are found
between compounds, more geometries can be downloaded and compared even though the
tiles contain more than 15 atoms.

All these reductions still lead to many numbers. How could one choose the best
similar results from all these numbers? The Matlab code is constructed to provide a hierar-
chy of all possibilities using a similar function to TM-score. The score is influenced by the
number of atoms superposed.

For the first compound, 72 candidates were taken into account with scores > 0.85.

Some present exactly the same geometry and could be treated as coincidences. Parameters
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are taken from “The Materials Project” database. From the second compound onwards, ta-
bles are merged and results of similarities are not presented visually. This is more practical

in the aspect that tiny pictures for many compounds are hard to compare for the reader.
II. General background

II.1.  Energy storage systems
This section provides an exploration of energy storage systems fundamentals, in-
cluding the basic principles, components, and examples.

Redox couples

Reversible redox (reduction-oxidation) reactions involve the transfer of electrons
between chemical species, enabling storage of electrical energy and conversion to chemical
energy. They can be analogous to the case of conjugate acids and bases. For example in the
Lewis theory, an acid is a substance that accepts electron pairs. When a reducing agent do-
nates one or more electrons its oxidation number increases. In this case, we are speaking of
single elements that undergo oxidation or reduction. The resulting species is capable of re-
accepting the electrons and is now an oxidizing agent.

As in the case of acids and bases, a table of half-equations can be used to predict
which way a redox reaction will proceed.

Energy density refers to the amount of energy that can be stored per unit mass or
volume. The redox potential difference between two compounds in a redox couple deter-
mines the voltage of the energy storage system.

Multivalent metals offer more than one oxidation step that can potentially increase
energy density. Polyprotic acids or bases are neutralized similarly in more dissociation
stages. A well-known metal used with success in energy storage systems is vanadium.
While charging a vanadium redox flow energy storage system, V(II) ions at the positive
electrode are oxidized to V(III) ions, while V(V) ions at the negative electrode are reduced to
V(IV) ions.

Components
Energy storage systems are composed of one or more electrochemical cells (voltaic
piles), each containing an anode, a cathode, and an electrolyte. Chemical reactions generate
a flow of electrons, creating an electric current that can be harnessed for various purposes.
The anode is the electrode where oxidation takes place during discharge (or use),
and electrons are released into the external circuit, becoming positively charged ions or spe-
cies. The cathode is the electrode where reduction occurs during use; accepting electrons

from the external circuit and becoming negatively charged ions or species.
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Electrolytes enable the movement of ions or species between the anode and cath-
ode, allowing for the transfer of charge during operation. It ensures the continuity of the
electrochemical reactions, the flow of electrons, charge and completes the electrical circuit.

The choice of anode material depends on the specific chemistry. Common anode
materials include zinc, lithium, graphite, and lead. Common cathode materials include
manganese dioxide, lithium cobalt oxide, nickel-cadmium compounds, and lead dioxide.

Electrolytes can be liquid (such as aqueous solutions or organic solvents), solid-
state, or gel. Each type has its advantages and limitations, depending on the specific chem-
istry and application.

The chemical notation for a Zn/Cu cell is:

() Zne | Zn%ap || Cu?ayp | Cue (+)

7n Anode
One galvanic cell |~ — +— Electrolyte
Cu
* ¥~ Cathode
Zn -
e — e —
Cu +
Zn -
-
Cu +
Zn -
C m|
Cu +
Zn -
= |

Figure II.1 Example of a series of Zn/Cu galvanic cells.

A half-cell is one of the two electrodes in an energy storage system (voltaic pile,
galvanic cell or simple battery). For example, in the Zn/Cu battery, the two half-cells make
an oxidizing-reducing couple. Placing a piece of reactant in an electrolyte solution makes a
half-cell. Unless it is connected to another half-cell via an electric conductor and salt bridge,
no reaction will take place in a half cell. During discharge, the positive electrode is a cath-

ode, and the negative electrode is an anode.

Anode (-) (+) Cathode

Reducer — Oxidizer + ne" Oxidizer + ne- — Reducer
Zn is the reducing agent. Cu? is the oxidizing agent.
Zn is being oxidized to Zn?". Cu? is being reduced to Cu.
Zn — 7Zn* + 2e” Cu* +2e — Cu

Now Zn? is the oxidizing agent (also known as an oxidant, oxidizer, electron recip-
ient, or electron acceptor) and Cu is the reducing agent (also known as a reductant, reducer,

or electron donor).



Similarities of compounds with applications in energy storage systems 8 of 55

So, if we have a circuit connected through an electrolyte and an electric conductor,
we can insert a light bulb to use the energy (as a potential difference U). After some time,
equilibrium is achieved, the potential difference fluctuates close to zero and it is too small to
keep the light bulb lit up.

The first Zn/Cu systems were non-rechargeable — primary systems. As time passed,
it is now possible to create a secondary system that is rechargeable [42]. Roles change dur-
ing recharge because oxidation takes place at the positive electrode, which we now call the

anode, and reduction takes place at the negative electrode, which we now call the cathode.

Cathode (-) (+) Anode
Oxidizer + ne- — Reducer Reducer — Oxidizer + ne
Zn? is the oxidizing agent. Cu is the reducing agent.
Zn* is being reduced Zn. Cu is being oxidized to Cu?.
Zn* +2e — 7Zn Cu — Cu* + 2e”

Now Zn? is the reducing agent and Cu is the oxidizing agent.

And so on and so forth we use and recharge the battery.

Estimating the electrochemical cells potential is often given as example to students,
and a course as such presents these principles in another way [43,44].

In the late 1780s, Luigi Galvani, an Italian physician and physicist, made a discov-
ery known as "animal electricity”. Through his experiments with frog legs, Galvani ob-
served that the muscles of the frog legs would twitch when in contact with different metals.
This discovery laid the foundation for understanding the relationship between electricity
and living organisms [45].

Alessandro Giuseppe Antonio Anastasio Volta believed that a chemical interaction
causes electricity since 1794. The true breakthrough in battery technology came in 1800
when he invented the voltaic pile. This early invention consisted of alternating layers of
zinc and copper discs separated by cardboard soaked in saltwater. The voltaic pile was the
tirst device capable of producing a continuous flow of electricity, marking a significant
milestone in the field of electrochemistry. A pile of his belongings is displayed at the Uni-
versity History Museum of the University of Pavia [46].

In June 1814 Volta met Michael Faraday in Milan and gave him one battery.

Faraday made significant contributions to the understanding of electrochemistry in
the 1830s. He formulated the laws of electrolysis, which describe the relationship between
the amount of chemical reaction occurring at an electrode and the amount of electricity
passing through the electrolyte. He conducted experiments with a ferrite ring, a galvanome-
ter, and a battery; and also developed the principle of ionic mobility in chemical reactions of
batteries. Faraday's laws provided a fundamental understanding of the electrochemical

processes that occur.
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A Clarendon Dry Pile of uncertain composition is kept at Oxford University. It is
called The Oxford Electric Bell. It has certainly been ringing since 1840, and may have been
ringing since 1825. It will stop in approximately one decade [47].

More chemistries have emerged. We have constructed a Table.Il.1 to name a few:

Primary systems refer to non-rechargeable inventions that are designed for single-
use. Once the chemical reactions are exhausted, it is no longer usable and must be replaced.
They utilize various chemistries, including alkaline, zinc-carbon, and lithium. They are self-
contained power sources and are commonly used in devices with low power requirements,
such as remote controls and disposable electronics. They generally have higher energy den-
sity than secondary ones, but fuel cells can offer even higher energy density depending on
the fuel used.

Secondary storage systems have the rechargeability advantage, employing various
chemistries, including lead-acid, lithium-ion, nickel-metal hydride (NiMH), and nickel-
cadmium (Ni-Cd). They are our main subject [61].

Fuel cells continuously generate electricity through the electrochemical reaction be-
tween a fuel (such as hydrogen) and an oxidant (such as oxygen). There are several types of
fuel cells, including hydrogen fuel cells, direct methanol fuel cells (DMFC), and solid oxide
fuel cells (SOFC). Each type utilizes different fuels and operates at different temperatures.
They have diverse applications, including transportation (fuel cell vehicles), stationary
power generation, portable power sources, and even space exploration. They offer high en-
ergy efficiency, low emissions, and the potential for using renewable fuels [62].

Multifunctionality: Paint-On, Flexible, Stretchable, and Self-Charging Batteries are
some examples of a system that tries to occupy a space that we do not use in our lives. Re-
searchers are exploring technologies that can also perform sensing, actuation, or self-healing
functions [75].

Supercapacitors: Also known as ultracapacitors, they store energy through the elec-
trostatic adsorption of ions at the electrode-electrolyte interface. The geometric arrangement
of electrode materials plays a crucial role in determining the specific surface area available
for ion adsorption. Materials with a high surface area, such as activated carbon or graphene,
provide more sites for ion adsorption, resulting in higher capacitance and energy storage
capacity [76].

Recently, aqueous organic RFBs (AORFBs) and non-aqueous organic RFBs
(NAORFBs) have received increasing attention as viable alternatives [77].

Recycling and Sustainability: As the demand for storage systems continues to grow,
there is a focus on developing sustainable and environmentally friendly technologies. This
includes efforts to improve the recycling processes, reduce the use of scarce and toxic mate-
rials, and promote circular economy practices in the industry. Although the environment is
very important for us, some implications will only be mentioned since the subject does not

adhere to the scope of this thesis: Raw Materials, Energy Consumption, Lifespan, End-of-
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Life Management, Toxic Materials, Hazardous Waste, Policy and Regulations. Computa-
tional chemistry avoids resource waste since experiments with no benefit are avoided, alt-
hough it is physically impossible to try all combinations of materials in any given accepta-
ble time [78].

1I.2.  Computational modeling

Efficiency and cost-effectiveness: Traditional experimental methods for discovering
and optimizing materials can be time-consuming, expensive, and resource-intensive. Com-
putational methods offer a more efficient and cost-effective approach by allowing research-
ers to screen and analyse a number of potential materials before conducting physical exper-
iments. Some effort was putted in various computational modeling techniques [79-84].

Material design and optimization: Computational methods enable researchers to
design and optimize materials with specific properties and performance characteristics.
Through simulations and modeling, researchers can predict the behaviour of materials at
the atomic and molecular level, understand their electrochemical properties, and identify
promising candidates for further investigation.

Understanding electrochemical processes: Computational methods provide insights
into the underlying electrochemical processes that occur. They can simulate and analyse the
movement of ions, electrons, and defects within the materials, helping researchers under-
stand the mechanisms that govern performance and degradation. This knowledge is crucial
for developing strategies to enhance performance and durability.

Prediction of material properties: Computational methods can predict various ma-
terial properties relevant to performance, such as voltage, capacity, stability, and diffusion
coefficients. These predictions guide experimental efforts by narrowing down the search
space and focusing on materials with the highest likelihood of success.

Accelerating material development: By combining computational methods with ex-
perimental techniques, researchers can accelerate development of new materials. Computa-
tional predictions can guide the synthesis and characterization of materials, reducing the
trial-and-error approach and enabling more targeted and efficient material design.

Visualization and analysis: Computational modeling enables the visualization and
analysis of complex geometrical structures in energy storage systems. Advanced visualiza-
tion techniques, such as three-dimensional rendering and virtual reality, allow researchers
to explore and understand the intricate details of materials' geometric arrangements. This
visual understanding aids in identifying patterns, correlations, and relationships between
geometrical similarities and electrochemical properties.

Molecular dynamics (MD) simulations can be employed to investigate the geomet-
ric arrangement of atoms and molecules within energy storage materials. By simulating the
behaviour of atoms and molecules over time, MD simulations can provide insights into the

structural stability, diffusion pathways, and interfacial properties of materials. This infor-
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mation helps researchers understand how similarities impact the performance and behav-
iour of energy storage systems.

DFT calculations are widely used to study the electronic structure and properties of
materials. By applying DFT, researchers can analyse the geometric arrangement of atoms
and calculate various properties, such as band structures, charge densities, and redox po-
tentials. This information aids in understanding how similarities influence the electronic
properties and charge transfer mechanisms within energy storage materials.

Computational modeling techniques, such as molecular optimization algorithms
and Monte Carlo simulations, can be used to optimize the geometric arrangement of mate-
rials. By iteratively adjusting the positions and orientations of atoms or molecules, research-
ers can find the most favourable configurations that maximize specific properties, such as
surface area, porosity, or interfacial interactions. This optimization process helps in tailoring
the geometrical characteristics of materials to enhance their electrochemical performance.

Structure-property relationships (SPR) refer to the connections between the struc-
tural characteristics of a material or system and its resulting properties or behaviour. In the
context of energy storage systems, understanding these relationships is crucial for design-
ing and optimizing materials and devices with desired performance. Here are some exam-
ples of structure-property relationships in energy storage systems:

The crystal structure of electrode materials or catalysts in fuel cells can significantly
impact their electrochemical performance. For example, in lithium-ion chemistry, the crystal
structure of the cathode material, such as LiCoOs, affects its specific capacity, cycling stabil-
ity, and rate capability. Similarly, in fuel cells, the crystal structure of catalysts, such as plat-
inum nanoparticles, influences their catalytic activity and efficiency in oxygen reduction or
hydrogen oxidation reactions [85].

The morphology and surface area of materials play a crucial role in energy storage
systems. For instance, in supercapacitors, materials with a high surface area, such as acti-
vated carbon or graphene, provide more active sites for charge storage, leading to higher
capacitance. Similarly, in lithium-ion designs, nanostructured electrode materials with a
large surface area can enhance the diffusion of lithium ions, improving performance [86].

The porosity of materials in energy storage systems affects the transport of ions or
molecules within the system. Porous materials with well-defined pore structures can facili-
tate the diffusion of ions, enhancing the charge and discharge rates. In fuel cells, the porosi-
ty of the electrode materials can impact the accessibility of reactants to the catalyst surface,
influencing the overall reaction kinetics [87].

The structure and properties of interfaces between different materials or phases
within an energy storage system can impact its stability and performance. In lithium-ion
chemistry, the solid-electrolyte interphase (SEI) formed at the electrode-electrolyte interface
plays a crucial role in stability and cyclability. The structure and composition of the SEI lay-

er can affect ion transport, charge transfer, and overall performance [88].
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Vacancies and impurities in crystal structures of materials can influence their
charge transport properties. In energy storage systems, defects can affect the diffusion of
ions or electrons, leading to changes in conductivity, capacity, or reaction kinetics.

Polynomials are related to SPR by the application of combinatorial mathematics to
enumerate and characterize the diverse molecular configurations and their associated prop-
erties. Polynomials provide a systematic framework for analysing the structural motifs, sim-
ilarities, and their impact on the resulting properties of chemical systems. By leveraging
polynomials, researchers can gain insights into the relationships between molecular struc-
tures and their properties, thereby contributing to the understanding of structure-property
relationships in chemistry.

In the context of redox equilibria, for example, polynomials can be applied to ana-
lyse the geometric arrangements of compounds, the distribution of electron transfer path-
ways, and the resulting electrochemical properties. This approach allows for the systematic
enumeration and characterization of molecular configurations, providing a quantitative ba-
sis for understanding the relationships between structural motifs and redox behaviour. By
integrating polynomials into the exploration of structure-property relationships, researchers
can gain a deeper understanding of how the geometric arrangements of molecules influence
their electronic properties, reactivity, and overall behaviour in redox processes.

Overall, the application of polynomials in chemistry offers a unique perspective on
structure-property relationships by providing a quantitative and systematic approach to
analyse the interplay between molecular structures and their resulting properties. This ap-
proach holds promise for unravelling the intricate connections between geometry, electron-
ic structure, and material properties, ultimately contributing to the advancement of materi-
als design, catalysis, and the rational design of functional molecular systems.

As Diudea well said, a single number, representing a chemical structure in graph-
theoretical terms, is called a topological index (TI) [89]. A topological index is a real number
related to a molecular graph [90]. Many nanomaterials, drugs, and crystalline materials ap-
pear in various industries. Medical behaviour can be studied with TIs, leading to quantita-
tive structure property relationships (QSPR) and quantitative structure activity relation-
ships (QSAR) [91,92]. The first TIs, even before the introduction of the term, are those of
Calingaert and Hladky in 1936 [93], Kurtz and Lipkin in 1941 [94], and of Wiener in 1947
[95]. Degree-based TIs are the most studied [96].

Some of the first names to speak about chemical graphs are enumerated by Rouvray
[97]: Newton, Macquer, Boscovich, Lomonosov, Cullen, and Higgins. In 1808, Dalton and
Wollaston introduced the ball and stick models used in classrooms [98,99]. One of the first
chemists to try a prediction of properties was Koop in 1844 [100]. Leading the way into the
valence concept, Couper drew the first bond between atoms in 1858, and Frankland had the
tirst idea about valences in 1864. Kekulé’s first attempt to depict the tetrahedral carbon fol-
lowed in 1867 [97]. Cayley, in 1874 [101,102], and Sylvester, in 1875 [103], drew the first
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chemical graphs. Werner studied complex chemistry in 1893 [97]. During the 1930s many
new molecules were synthesized. Chemical graphs became more of a must in order to dif-
ferentiate this relatively large number of new molecules. In 1937, Polya incorporated the
concepts of symmetry classes, permutation groups, and generating functions in his Enu-
meration Theorem [104] by continuing an earlier work of Cayley [102].

Returning to TIs, two more initial indexes were studied: F by Platt in 1947 [105,106]
and N2 by Scantlebury in 1964 [107], before Hosoya showed that W is the half sum of all
entries in [Di] and afterwards proposed the Z index in 1971 [108], which he first attributed
to Wiener. The Zagreb index (M) followed in 1975 [109], which can be related to the Platt
and Gordon-Scantlebury by: F=2N>=Mi-e. Balaban followed with his Centric index in 1979
[110]. Danail Bonchev, Ovanes Mekenyan, and Milan Randi¢ proposed a generalization of
the graph centre concept to cyclic graphs in 1980 [111-113]. A way of classifying TIs is the
grade of degeneration, and so we mention another of the first generation, proposed by
Schultz in 1989 [114,115]. The beginning of the second generation is marked by the molecu-
lar connectivity index of Randi¢ in 1975 [116], which was characterized by a very low de-
generacy. To name another few: the high-order molecular connectivity indices studied by
Kier and Hall in 1975 [117-120]; the information-theoretic indices of Bonchev and Trinajstic¢
in 1977 [121]; the Merrifield and Simmons indices that were studied in 1980 [122-124]; in an
effort to decrease degeneracy, Mekenyan and Trinajsti¢ proposed the topological infor-
mation super-index in 1981 [125]; in 1982, Balaban modified the Randi¢ formula and gave
rise to the average distance-based connectivity index [126]; the information-theoretic indi-
ces of Basak and co-workers in 1983 [127]; orbital information index for graph connections
of Bertz in 1988 [128]; or the electro-topological state indices of Kier and Hall in 1990
[129,130]. A contribution to the idea of using Eigenvalues as TIs was coined by Lovasz and
Pelikan in 1973 [131].

The third generation of TIs may be considered to start by defining real-number local
vertex invariants (LOVIs) [132], as detailed by Devillers and Balaban in a book chapter
[133]. Gutman has summarized the main properties of molecular-graph-based structure
descriptors and provided a critical comparative study [134]. Since then, a few indices have
been developed: a type of Zagreb index based on degrees of neighbours of vertices [135]; an
eccentric atom-bond connectivity index [136]; a Sanskruti index S(G), showing good corre-
lation with entropy of an octane isomer [137]; the multiplicative atom-bond connectivity
index [138]; the product connectivity leap index [139]; Mn as a neighbourhood Zagreb index
of product graphs [140]; and so on. Many authors have computed indexes for different ap-
plications [141-143], or analytical expressions for such indexes [144-148]. A number of TIs
are based on polynomial coefficients and can be derived directly or by using integrals or
derivatives [142,149].
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I1.3.  Similarities

One example of similarity is observed in transition metal oxides used as electrode
materials in lithium-ion batteries. These materials often adopt a layered crystal structure,
with transition metal ions arranged in a specific pattern. The geometric arrangement of
these ions influences the diffusion pathways for lithium ions during charge and discharge
cycles, affecting the capacity, cycling stability, and rate capability [150].

Another example is found in redox-active organic molecules used in flow systems.
These molecules often possess a specific molecular framework, such as quinones or vio-
logens, which allows for reversible redox reactions. The geometric arrangement of function-
al groups within these molecules can influence their solubility, stability, and redox poten-
tials, ultimately impacting the efficiency and performance of the flow system [151].

In lithium-ion chemistry, the geometric arrangement of electrode materials can im-
pact the diffusion pathways for lithium ions during charge and discharge cycles. Materials
with a layered crystal structure, such as LiCoO2 or LiNixMnyCoixyO: (Li-NMC), provide
pathways for efficient lithium ion transport, enhancing performance [152].

Lithium-sulphur chemistry is a promising alternative to traditional lithium-ion due
to its high theoretical energy density. The geometric arrangement of sulphur and lithium in
the cathode and anode materials can influence sulphur utilization, lithium diffusion, and
overall performance [153].

Sodium-ion chemistry also exhibits geometrical similarities in possible electrode
materials. Compounds such as NaMnO: or NaNiosMnosO2 adopt layered structures, allow-
ing for reversible intercalation of sodium ions during charge and discharge cycles [154].

Solid-State chemistry: The geometric arrangement of the solid electrolyte material
can impact its ionic conductivity. Materials with a crystalline structure, such as lithium gar-
net (LizLasZr2012) or sulphide-based electrolytes, provide pathways for efficient ion
transport, improving performance and safety [155].

Vanadium redox flow chemistry: VRFBs use vanadium ions in different oxidation
states to store and release energy. The geometric arrangement of vanadium ions in electro-
lyte solution can impact efficiency, capacity, and reduced energy losses - by optimizing ge-
ometrical configuration of the electrolyte flow channels [156].

Organic redox flow chemistry utilizes redox-active organic molecules as active spe-
cies in the electrolyte. Geometric arrangement of functional groups within these molecules
can influence their solubility, stability, and redox potentials, ultimately impacting efficiency
and performance of the flow system.

Sodium-ion capacitors combine the high power density of supercapacitors with the
energy density of sodium-ion design. The geometric arrangement of the sodium-ion interca-
lation materials, such as hard carbon or transition metal oxides, can impact the capacity,

rate capability, and cycling stability of the sodium-ion capacitor [157].
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Metal-halide chemistry: sodium-iodide, zinc-bromine or zinc-chlorine designs uti-
lize metal ions and halide ions in the electrolyte to store and release energy. The geometric
arrangement of the metal and halide ions can affect the solubility, redox reactions, and
overall performance. The crystal structures of the metal-halide compounds influence their
solubility, redox reactions, and overall performance [158].

Lithium-oxygen / Li-O: / lithium-air chemistry has the potential for high energy
density. The geometric arrangement of oxygen and lithium electrodes can impact oxygen
diffusion, reaction kinetics, and overall efficiency [159].

Graphite anodes in lithium-ion chemistry: Graphite is commonly used as the anode
material in lithium-ion designs. Its layered structure allows for the intercalation of lithium
ions during charging and discharging cycles. Structurally similar graphite materials, such as
natural graphite, synthetic graphite, or graphene, may possess similar specific capacity, rate
capability, or cycling stability [160].

Perovskite cathodes in solid oxide fuel cells: Perovskite structures have a general
formula of ABOs, where A and B are metal cations. Structurally similar perovskite materi-
als, such as lanthanum strontium manganite (LSM), lanthanum strontium cobaltite (LSC),
or lanthanum strontium ferrite (LSF), may possess similar oxygen reduction reaction kinet-
ics, ionic conductivity, or overall cell performance [161].

Metal-organic frameworks (MOFs) are porous materials composed of metal ions or
clusters coordinated with organic ligands. MOFs have a highly ordered structure with a
large surface area, making them suitable for applications in gas storage, catalysis, and ener-
gy storage. Structurally similar MOFs may possess similar porosity, surface area, or gas ad-
sorption capacities [162].

Nanoscale structures in supercapacitors: Supercapacitors often utilize nanoscale
structures, such as carbon nanotubes or graphene, as electrode materials. Structurally simi-
lar such nanomaterials may possess similar surface area, electrical conductivity, or ion dif-
fusion kinetics, which directly impact the capacitance and energy storage capabilities of the
supercapacitor [163].

The geometric arrangement of electrode materials in batteries can influence the elec-
tron transfer mechanisms during charge and discharge cycles. For example, in lithium-ion
chemistries, materials with a layered crystal structure, such as lithium cobalt oxide (LiCoO2)
or lithium nickel manganese cobalt oxide (NMC), provide pathways for efficient electron
and ion transport. Geometric arrangement of these materials allows for easy intercalation
and de-intercalation of lithium ions, facilitating electron transfer between electrodes [164].

Geometric configuration of catalysts in fuel cells can impact the electron transfer
mechanisms during the oxygen reduction reaction (ORR) and oxygen evolution reaction
(OER). Catalysts with a high surface area and a well-defined geometric structure, such as

platinum nanoparticles supported on carbon, provide more active sites for the ORR and
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OER. The geometric arrangement of these catalysts can enhance the electron transfer kinet-
ics and improve the overall efficiency of the fuel cell [165].

In supercapacitors, the geometrical structure of the electrolyte can affect the elec-
tron transfer mechanisms at the electrode-electrolyte interface. For example, the use of
nano-porous carbon electrodes with a high surface area and a well-defined pore structure
allows for a larger contact area between the electrode and the electrolyte. This facilitates the
adsorption and desorption of ions, enabling efficient electron transfer and enhancing the
capacitance of the supercapacitor [166].

Geometric arrangements of redox-active molecules in the electrolyte can impact the
electron transfer mechanisms during charge and discharge cycles. The arrangement of func-
tional groups within these molecules can influence their redox potentials and electron trans-
fer kinetics. By optimizing the geometric configuration of the redox-active molecules, re-
searchers can enhance the electron transfer efficiency and improve overall performance of
the flow system [167].

The geometric surface area of electrodes in energy storage systems, such as batteries
and supercapacitors, directly influences their capacitance. Increasing the surface area by
utilizing nanostructured or porous materials enhances the electrochemical active sites avail-
able for charge storage and improves the overall capacitance of the system [168].

Geometric arrangements of materials in energy storage systems affect the diffusion
pathways for ions, such as lithium or sodium ions, within the electrodes and electrolytes.
Well-defined pathways with optimized geometries facilitate faster ion transport, leading to
improved charge and discharge rates and overall electrochemical performance [169].

Geometrical similarities in the arrangement of redox-active species, such as transi-
tion metal ions or organic molecules can impact the kinetics of redox reactions in energy
storage systems. The geometric configuration of these species influences their accessibility,
proximity, and interaction with the electrolyte, affecting the reaction rates and overall elec-
trochemical performance [170].

The geometric arrangement of materials can also influence the stability and cyclabil-
ity of energy storage systems. In lithium-ion chemistry, the geometric structure of electrode
materials can affect the stability of the solid-electrolyte interphase (SEI) layer, which forms
on the electrode surface and impacts long-term performance and cycle life [171].

At the electrode-electrolyte interface, the geometric arrangement of materials can
impact the charge transfer resistance in energy storage systems. A well-designed geometric
interface with optimized contact and interfacial area reduces the resistance to charge trans-
fer, improving the overall efficiency and performance of the system [85].

Energy density is a measure of the amount of energy a system can store per unit
volume or weight.

Power density refers to the rate at which a system can deliver electrical power and

is crucial for applications that require high power output.
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The potential difference between the anode and cathode, determined by the redox
reactions, is expressed in voltage. Capacity refers to the amount of electrical energy the sys-
tem can store and is typically measured in ampere-hours (Ah) or milliampere-hours (mAh).
The electrolyte's ability to facilitate ion transport contributes to energy storage capacity.

Researchers explore new materials for anodes and cathodes to enhance energy den-
sity, cycle life, and safety. Solid-state electrolytes and other advanced electrolyte materials
are being developed to improve performance, stability, and safety. Optimizing the interfac-
es between the anode, cathode, and electrolyte is crucial for enhancing efficiency and lon-

gevity.
PERSONAL CONTRIBUTIONS

IV. Materials and results

The results of the last chapter will be making use of the following concepts dis-
cussed in this chapter. In recent years, the fields of chemistry, mathematics, and engineering
have seen significant advancements in the development of methods and algorithms for
solving complex problems. We will be exploring molecular descriptors, or algorithms for
comparing and aligning molecular structures. These articles delve into the intricacies of
their respective subjects, offering insights into research and developments in these fields.
We highlight the significance of graph-theoretical polynomials in theoretical chemistry and
their intersection with pure mathematics, showcasing the interdisciplinary nature of this
research. We discuss various techniques, such as rotation-invariant techniques, fragment-
based approaches, and dynamic programming algorithms, aimed at identifying regions of

similarity and achieving fast and accurate structural alignments of molecules.

IV.1.  Polynomials in chemistry!

Haruo Hosoya first introduced a counting polynomial, the Hosoya polynomial
(HP), to characterize a graph [108,173]. Counting matrices are the expanded forms of count-
ing polynomials [174], since some distance-related properties can be expressed in the poly-
nomial form with coefficients calculated from matrices [175,176].

Count-polys are very useful for discriminating among similar structures [177].
However, a polynomial is a more general treatment than an index. The advantage of poly-
nomials is the reduction of degeneration since it is an invariant relative to the numbering of
the atoms [177,178]. Degeneration refers to equal values for different molecules: the molecu-
lar weight has high degeneracy since there are many molecules with the same weight; 3D
descriptors show low or no degeneracy at all since two molecules with the same weight can
have their atoms arranged differently in 3D space. Formulas were obtained for entropies

and energies of counting polynomials of some repeated structures f[179].

1Joita, D.-M.; Tomescu, M.A.; Jantschi [172].
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Given this, count-polys are molecular descriptors. They should be invariant to all
the operations related to molecule manipulation that do not affect the molecular structure.
Their number has increased in order to keep pace with large databases, such as CAS, so a
few qualities should be sought when choosing descriptors. They should be: invariant to at-
om labelling and numbering; invariant to the molecule roto-translation; have an unambigu-
ous algorithm; direct structural interpretation; and be locally defined [149,181]. Even more,
they preferably are: theoretical and not based on experimental properties; not trivially relat-
ed to other descriptors; generalizable to “higher” descriptors; efficient to construct; applica-
ble to a broad class of molecules; interpretative by structure; use familiar structural con-
cepts; change gradually with gradual change in structures; have the correct size depend-
ence, if related to the molecule size; have good correlation with at least one property; and
preferably discriminate among isomers.

Coefficients of polynomials and their zeros are of interest in chemistry [180]. Zeros
are denoted by “A” or “x” and are the same as roots (characteristic values, characteristic
roots, latent roots, eigenvalues, proper values, or spectral values) [182]. Since many of the
polynomials discussed are derived from matrices, defining the companion matrix is already
solved. In other words: say we have an initial polynomial P, we require a matrix whose
characteristic polynomial (the ChP discussed in this text) is the same as P;; based on the def-
inition, the roots of this polynomial are identical to the eigenvalues. If one tries to describe
the topology of a molecule, one can store information about the adjacencies (the bonds) be-
tween atoms as well as the identities (the atoms). Simplifying by disregarding the bond and
atom types, the adjacency matrix ([Ad] a matrix of elements bij= 1 if an edge connects verti-
ces i and j and bij=0 otherwise) and the identity matrix ([/d]) contain only zeros and ones.
Any such or derived square matrix ([Tm]) can be used to construct a counting polynomial
that carries features of the originating molecule:

def . xk
COP_ZTL x", (1)

k=0
where “k” is any value in [Tm], “n” counts the occurrences of “k”, n = count([Tmi;] = k), and

“x” represents the roots of the polynomial [177,183]. For example, let there be:
_ _(1 0
(rm) = 11d] = 7)

Since both “1” and “0” occur two times:
CoPpqy = 2x* + 2x°
Applications for calculating polynomials can rely on files containing molecular da-
ta, such as some gateways of software [184]. These are harder to maintain since there are
many file extensions and programs that do not export identical files for the same chemical
compound. Also, users should send their contributions if they fix any bugs so that the initial
author can implement these improvements. Searching the Internet can reveal ways to calcu-

late polynomials, but scripts need to be able to account for symbolic mathematics [185-187].
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Rouvray [188,189] attracted attention to the scientific community in 1971 that inter-
disciplinary studies are indispensable to advance QSAR and QSPR. Today, we can look
back at the day where we noticed that experimental studies are too slow to rely on for the
discovery of compounds. Now computers are too slow and need to somehow use the ad-
vantages of the human mind to take a bigger step into predicting. Recent effort has been
initiated to overcome this issue, but we do not know if the approaches are fruitful [190,191].
Machine learning takes some steps into this realm since we program computers to learn
patterns we believe will lead to important scientific discoveries [192-194]. It is true that
young minds prefer to see fast and easy results before understanding the core of complicat-
ed mathematics behind programs.

Being the most popular and most extensively studied polynomial in chemical graph
theory, it is also found in literature by the terms, secular function or determinantal polyno-
mial, and commonly denoted by ¢ or ChP. It is not a counting polynomial.

The first use of the ChP in relation with a chemical structure appeared after the dis-
covery of wave-based treatment at the microscopic level. The ChP finds its uses in the topo-
logical theory of aromaticity, structure-resonance theory, quantum chemistry, counts of
random walks, as well as in eigenvector—eigenvalue problems [197].

Its classic definition is simple:

ChP = det(x - [Id] — [Ad]) = |x - [Id] — [Ad]| (2)

Although not a counting polynomial, an elegant counting method of finding the
ChP, in a limited number of cases, is that of Sachs [198]. A Sachs graph can be composed of
isolated edges, rings, or combinations. We denote them with B2 (“2” being the number of
vertices an isolated edge can have) and Rm (“m” being the number of vertices a ring is com-
posed of). The number of isolated edges = 0o and the number of rings = p. There is one re-
striction in the definition of a Sachs graph: 2 - 0 + p - m = k, where k = the number of verti-
ces. Let Sk be the set of all Sachs subgraphs (s) with “k” vertices of any graph G, and “a” be-
ing the total number of vertices of G. The number of components of the Sachs subgraph is

c(s) and the number of rings (s). The definition of ChP is:
ChP; = Z Z (—1)¢®) . 2r() . xa-k 3)
k=0 SeSK(G)

Liu and Zang found that the ChP characterizes paths and even cycles. Those cannot
be characterized by the permanental polynomial [199].

The roots of the ChP are obtained by diagonalizing the adjacency matrix [180]. The
sum of the w powers of these roots is equal to the w spectral moment of a graph. The co-
efficients of the ChP can be deduced from the spectral moments, and vice versa [149].

Ghosh developed formulas to calculate the coefficients of the ChP quickly and effi-
ciently for the molecules represented by three classes of graphs. Later, they used the ChP

and graph squaring to derive analytical eigen-spectra for graphs of linear chains and cycles
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with alternant edge weights. These methods can be applied to all graphs having unit cells
that are repeated along the molecule [200,201].

Mondal and Mandal have made some progress in obtaining the concentration vec-
tors of reaction networks by finding an analytical expression of the ChP. They find the re-
currence relations among its coefficients. Later, they found that the sum of the coefficients
for cyclo-para-phenylene graphs model physical properties, such as the strain energy and
diameter of CPPs [202,203].

Gutman postulated a relation that holds for trees between the ChP and the Hosoya
index Z [204]. Later, Cash extended it to (poly)cyclic graphs by substituting the matching
polynomial for the ChP [205].

The ChP is related to the Laplacian polynomial, which is discussed later [197]. Other
modifications of the ChP have been put forward, such as the p-polynomial and the (-
polynomial [149].

The ChP admits extensions. The Hiickel’s method of molecular orbital is the first of
these. The “secular determinant” is the determinant of a matrix that is decomposed as
|E-Id-Ad| (the energy of the system “E” instead of x). He uses this form to approximate
treatment of m electron systems in organic molecules. Hartree and Fock had another direc-
tion and ended up with the second extension by approximating treatment of the wave func-
tion. It was the same older eigenvector—eigenvalue problem in Slater’s treatment of molecu-
lar orbitals. An extension was pursued with the ability to explain area and volume [197].

Since the ChP is related to the Hosoya polynomial, it must also be related to the
matching polynomial —both are defined by counting independent edges [197]. Among the
plethora of other known results, some are stated by Diudea and reveal further deep lying
analogies between the characteristic and the matching polynomials. The fundamental dif-
ference between ChP and MP is in the effect of cycles [149].

ChP might be thought of as the determinantal polynomial. One could also construct

a permanental polynomial « as the permanent of (x - [Id]—[Ad]) [206].

IV.2.  Extending the characteristic polynomial?

The term “secular function” has been used for what is now called a characteristic
polynomial (ChP, in some of the literature, the term secular function is still used). The ChP
was used to calculate secular perturbations (on a time scale of a century, i.e., slow compared
with annual motion) of planetary orbits [221]. The first use of the ChP (IA-Id-Ad|, where Id
is the identity matrix, and Ad is the adjacency matrix) in relation with chemical structure
appeared after the discovery of wave-based treatment at the microscopic level [222]. The
Hiickel’s method of molecular orbitals is actually the first extension of the ChP definition.

He uses the ‘secular determinant’ —the determinant of a matrix which is decomposed as

2 Joita, D.-M.; Jantschi, L. [197].
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|E-Id-Ad|, standing with the energy of the system (E instead of A)—to approximate treat-
ment of 1t electron systems in organic molecules [222].

The second extension of the ChP was found by Hartree [223,224] and Fock [225,226]
by going in a different direction with the approximation of the wave function treatment.
They actually found the same older eigenvector—eigenvalue problem (§20 in [227]; T1 in
[228]) in Slater’s treatment [229,230] of molecular orbitals. More generally (and older), the
eigen-problem (finding of eigenvalues and eigenvectors) is involved in any Hessian [231]
matrix [A] ([Ad] — [A], where Ad is the adjacency matrix). The Laplacian polynomial is a
polynomial connected with the ChP (in Table IV.2.1). This uses a modified form (the Lapla-
cian matrix, [La]) of the adjacency matrix ([Ad]), [La] = [Dg] — [Ad], where [Dg] simply
counts on the main diagonal the number of the atom’s bonds (the rest of its elements are
null; for convenience with the graph-theory-related concept, it was denoted [Dg], from ver-
tex degree). The ChP is related also to the matching polynomial [232], degenerating to the
same expression for forests (disjoint union of trees). Adapting [233] for molecules, a k-
matching in a molecule is a matching with exactly k bonds between different atoms; see §3.1
& §3.3 in [149] for details. Each set containing a single edge is also an independent edge set;
the empty set should be treated as an independent edge set with zero edges—this set is
unique due to the constraint of connecting different atoms, where the matching may in-
volve no more than [n/2] bonds, where n is the number of atoms. It is possible to count the
k-matches [234], but, nevertheless, it is a hard problem [235], as well as to express the de-
rived Z-counting polynomial [108] and matching polynomial —both are defined using m(k)
as the k-matching number of the selected molecule, as shown in Table IV.2.1 (where n is the

number of atoms).

Name Formula
ChP IA-[Id] - [Ad]
LaP IA-[Id] - [Dg] + [Ad]]
Z-counting Lo m(k)-Ak
Matching Zieo (=1)km(k)-An-2k

Table IV.2.1 Characteristic polynomial (ChP), Laplacian polynomial (LaP), Z-counting, and
Matching Polynomials.

A topological description of a molecule requires the storing of the bonds (as adja-
cencies) between the atoms and the atoms themselves (as identities). If this problem is sim-
plified at maximum, by disregarding the atom and bond types, then the molecule is seen as
an undirected and unweighted graph. The graph structure can be translated into the infor-
mational space by numbering the atoms. Unfortunately, this procedure also induces an
isomorphism —the isomorphism of numbering, which may collapse into a nondeterministic
polynomial time to be solved [236]. This is a reason for the desire of graph invariants, e.g.,

which do not depend on the numbering made on the graph.
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Once the atoms (or the vertices) are numbered, the information can be simply
stored as lists of vertices (V) and edges (E), and the graph structure of the molecule is asso-
ciated with the pair G = (V, E). An equivalent representation is obtained using matrices. The
adjacencies ([Ad]) are simply stored with 0 when no bond connects the atoms and 1 when a
bond connecting the atoms exists. The identity matrix ([Id]) identifies the atoms by placing
1 on the main diagonal and 0 otherwise.

The ChP is the natural construction of a polynomial (in A) in which the eigenvalues
of [Ad] are the roots of the ChP as follows:

A is an eigenvalue of [Ad] — there exists an eigenvector [v] # 0 such that A-[v] =[Ad] x [v].

As a consequence (4 - [Id] — [Ad]) - [v] = 0.

Since [v] # 0 = A-[Id] — [Ad]issingular; = |A-[Id] — [Ad]| = 0.

Finally, as seen in equation (4),

ChP « |A-[Id] — [Ad]| 4)

ChP is a polynomial (in A) of degree n, where n is the number of atoms. The ChP
finds its uses in the topological theory of aromaticity [237,238], structure-resonance theory
[239], quantum chemistry [240], and counts of random walks [241], as well as in eigenvec-
tor—eigenvalue problems [242].

This definition allows extensions. A natural extension is to store in the identity ma-
trix ([Id]) non-unity instead of unity values ([Id]ij = 1 — [Id]ij # 1) accounting for the atom
types, as well as to store in the adjacency matrix ([Ad]) non-unity instead of unity values
accounting for the bond types ([Ad]ij=1 — [Ad].i # 1. This extension was subjected to study
in the context of deriving structural descriptors useful for structure—property relationships.

The topology of a graph structure could be expressed as matrices, and, in this re-
gard, three of them are more frequently used: identity, adjacency (vertex—vertex, edge-

edge, and vertex—edge), and distance matrices can be built (Table IV.2.2).

Definition V: Finite Set EcVxV G=G(V,E)
Name (concept) V:vertices (atoms) E:edges (bonds) G: graph (molecule)
Cardinality VI =n [El =m vn, Ve {l,...,n}
Example G="A-B-C” V=1{1,2,3} E=1{(1,2), (2,3)}

Table IV.2.2 Classical molecular graphs.

The matrices reflect in a 1:1 fashion the graph if the full graph is stored (each vertex
pair stored twice, in both ways). The matrices of vertex adjacency ([Ad]) and of edge adja-
cency are square and the double enumeration of the edges is reflected in symmetry relative

to the main diagonal (see Figure IV.2.1).

Graph Identity Adjacency Distance
/3 [d] 1 2 3 [Ad] 1 2 3 [Obi] 1 2 3
2 1 1 0 0 1 0 1 0 1 0 1 2
2 0 1 0 2 1 0 1 2 1 0 1
1 3 0 0 1 3 0 1 0 3 2 1 0

Figure IV.2.1 Encoded identities [I], adjacencies [A] and distances [D] —an example.
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ChP is the natural construction of a polynomial in which the eigenvalues of the
[Ad] are the roots of the ChP. ChP is a polynomial in A of degree n, where n is the number
of atoms. A natural extension is to store in [Id] (instead of unity) non-unity values account-
ing for the atom types, as well as to store in [Ad] (instead of unity) non-unity values ac-
counting for the bond types.

An extremely important problem in chemistry is to uniquely identify a chemical
compound. If the visual identification (looking at the structure) seems simple, for com-
pounds of large size, this alternative is no longer viable. The data related to the structure of
the compounds stored into the informational space may provide the answer to this prob-
lem. Nevertheless, together with the storing of the structure of the compound another issue

is raised —namely, the arbitrary numbering of the atoms (Figure IV.2.2).

& classical | classical & H | b.-type b.-type & H groups
S & e & classical
2__3 My 2__3 \2= s/ molecular
num. |1 Mp_ N[ N N joftopology
o s AV \‘\6_; 5// \\6_; 5// classical o
/ \ / \ characteristic
12 11 12 11 polynomial
numbered
weighted graphs
un-num. <:> Q isomorphic-free
weighted graphs
vertex-labeled
H H H H graphs
\ / \ / -
B—N B—N B=N B=N chemical
a-type|C CH—C  c—HCE ‘cp-c’ c—gfmotual
\ / \ / NS NS formula
N—B N— B\ N=B ,N = B\ (labeled graphs)
H H H H

Figure IV.2.2 Graphs vs molecules—an example.

For a chemical structure with N atoms stored as a (classical molecular) graph, there
exist exactly N! possibilities for numbering the atoms. Unfortunately, storing the graphs as
lists of edges and (eventually) vertices does not provide a direct tool to check this arbitrary
differentiation due to the numbering. The same situation applies to the adjacency matrices.
Therefore, seeking for graph invariants is perfectly justified: an invariant (graph invariant)
does not depend on numbering. The adjacency matrix is not a graph invariant and, there-
fore, it is necessary to go further than the adjacencies.

Important classes of graph invariants are the graph polynomials. To this category
belongs the ChP—a graph invariant encoding important properties of the graph. On the
other hand, unfortunately, ChP does not represent a bijective image of the graph, as there
exist different graphs with the same ChP (i.e., cospectral graphs —the smallest cospectral
graphs occurs for 5 vertices [243]). In order to count the cospectral graphs, one should com-
pare A000088 and A082104 [244,245]. The ideal situation is that the invariant should be

uniquely assigned to each structure, but this kind of invariant is difficult to find. A proce-
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dure to generate a non-degenerate invariant proposed by IUPAC is the international chemi-
cal identifier (InChl), which converts the chemical structure to a table of connectivity ex-
pressed as a unique and predictable series of characters [246].

Despite this inconvenience (not representing a bijective image of the graph) due to
its link with the partition of the energy [222], the ChP seems to be one of the best alterna-
tives for quantifying the information from the chemical structure.

Previously, researchers have shown the performance of estimation and/or predic-
tion of the ChP on nonane isomers [178,247,248] as well as in the case of carbon nanostruc-
tures [249,250]. Furthermore, an online environment has been developed to assist research-
ers in the calculation of polynomials based on different approaches; including ChP [251].

When doing calculations on molecular graphs, it is important to consider that, with
the increase in the simplification in the graph representation (such as neglecting the type of
the atom, bond orders, geometry in the favour of topology), the degeneration of the whole
pool of possible calculations increases and there are more molecules with the same repre-
sentation. This is favourable for the problems seeking similarities but is clearly unfavoura-
ble for the problems seeking dissimilarities.

A necessary step to accomplish better coverage of similarity vs dissimilarity dual-
ism is to build and use a family of molecular descriptors, large enough to be able to provide
answers for all. In the natural way, such a family should possess a ‘genetic code’ —namely,
a series of variables from which to (re)produce a (one by one) molecular descriptor, all de-
scriptors being therefore obtained in the same way. It is expected that all individuals of the
family are independent of the numbering of the atoms in the molecule (should be molecular
invariants).

The construction of such a family needs to consider the following:

e Molecules carry both topological and geometrical features (see Figure IV.2.3);

e Atom and bond types are essential factors in the expression of the measurable proper-
ties;

e Atom and/or bond numbering induces an undesired isomorphism;

e Geometry and bond types induce other kinds of isomorphism.
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Z(BCN)=120.0°

Z(CNB)=125.7°

Z(NBC)=114.3°

CH-(CBXCN) =0
Z(HCB)=124.3°
Z(HCN)=115.7°

NH - (NBxNC)=0
Z(HNB)=117.6°
Z(HNC)=116.7°

BH-(BCxBN)=0
Z(HBC)=126.0°
Z(HBN)=119.7°

| BC|=1.493A
| BH|=1.187A

|CN [=1.350 A
CH[=1.075 A

INB|=1.448 A
| NH [=1.005 A

Figure IV.2.3 Molecular geometry —an example.

The representation of a molecule could be done using identity and adjacency as

presented in Figure IV.2.4.
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[Ad]T 2 345 6~ [A] 123456 d] 123456— 1] 123456
1 01 000 1 1 0a000c¢ ®sB 1 100000 1 d000O0O
c
2 1 0 100 O 2 a0bo00o0 A 1 o 2 010000 2 0e00O00O0
3 0 1 010 O 3 0bO0OcOO A H 3 001000 3 00£000
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4 0 0 101 0O 4 00cO0ao0 4 000100 4 000d0O
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6 1 0 001 0O 6 c000DboO 6 000001 6 00000O0f

Figure IV.2.4 Molecular geometry translated into adjacency and identity —an example.

The distinct identities from Figure IV.2.4 are given using a, b, and c as variables in
the case of adjacency and using d, e, and f as variables in the case of identity. This formal-
ism allows the introduction of a natural extension of the ChP from graphs to molecules.
There is no determinism in selecting the values of a-f. However,

e Ifa=b=c=d=e=f=1then ChPE « ChP as in classical molecular topology.

e Ifa=Db=c=1.5-1, then [A] accounts for the (inverse of the) bond order.

e Ifa=135-1b=1.448-1, and c = 1.493-1 then [A] accounts for the (inverse of the) geo-
metrical distance (in A).

o Ifd=12/294, e = 14/294, and f = 10.8/294, then [I] accounts for atomic mass relative to
Uuo, the last element from the 7th period of the system of elements.

o If d =2267/poref, e = 1026/gref, and f = 2460/gref, then [I] accounts for the solid state rela-
tive density (in m3/kg); oref can be fixed to 30,000.

e If d=2.55/4.00, e =3.04/4.00, and f = 2.04/4.00, then [I] accounts for electronegativity rel-
ative to Fluorine when the Pauling scale is used.

e If d=1086.2/1312, e = 1402.3/1312, and f = 800.6/1312, then [I] accounts for the first po-
tential of ionization relative to the potential of ionization for Hydrogen.

o If d =3820/3820, e = 63/3820, and f = 2573/3820, then [I] accounts for melting point rela-
tive to the diamond allotrope of Carbon (in K).

e Ifd=1/4, e=1/4, and f = 1/4, then [I] accounts for the number of hydrogen atoms at-
tached relative to the score of CHa.

The full extension could include also the distance matrix (Figure IV.2.5).

[Ad][1[2[3]4]5]6]][1d]]1]2[3]4]5]6]  [[Di[1]2[3]4]5]6][[1d]1]2[3]4]5]6
1 |0]1{0[0j0]1[]1 [1|0j0jOj0j0] —|1 |O|1{2(3|2|1{/1 [1|0]0]0j0JO
2 [1]o[1]o]o]o[[2Jo[1]o]ofojo] € [2~ [1]o[1[2[3[2[[2o[1]o0]0]o
3 [0[1]0[1|0l0|{3 |0jO{1|0]O]O §3 2[1]0{1{2{3[|3 [0[0{1|0]0]0O
4 __|ojo[1[o[1]0]|4 |ojo[o[1[0j0| % |4 [3[2|1]0[1]2]}4 |0]0j0[1]0[0
5 |0|0j0]1{0[L[|5 |o[o[0j0|1|0] —{5 |2|3/2]|1]0[1{|5 ]0]0|0|0[1]O
6 1[0[0]0|1{0]|6 ]0]0]0]OjO[1 6 [1]2|3[2]1]0[]6 |0]0]j0j0j0[1
| extension | | extension |
[A] [1]2[3[4[5[6]|[1] [L[2[3[4|5]6] [[D] |1]2{3[4|5]6{][1] [1[2[3[4]|5]|6
1 |0]al0]0[0|c||1 dOOOOOZI Olajhlklgle] (1 |d|0]|0]0[0]0
2 [al0/bl0j0j0[[2 |0le|0]|0[0|0| 2|2 [alOfblgljli][2 |0J€]|0/0[0]0
3 |0|b0[c|0]0}|3 [0|0O|f|0[0JO %3 hibjOje|i|L||3 |0|0|£]0]0]0
4 |0jofc[0]al0]|4 |olojo[d[oj0] ¥ |4 [klglelojafh|4 [0]0j0fd|0]0
5 |0[0j0a]O]b]|5 |0[0]0|0le|0| —|5 [gfjlilalojb]|[5 ]0]|0]|0|0e|0
6  [c|0/0/0bjoj[6 [0j0j0j0j0)f] |6 |elifl{hlblO||6 [0[0[0[0j0}f

Figure IV.2.5 Molecular geometry translated into

adjacency, identity, and distance —an example.
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The extended ChP has the following formula:
ChP «— 1A x[I] - [C]I,
where [C] is either [A] or [D], the identities (a, b, and c from [I]) and the connectivity (d, e, f,
g h,i,j, k and1from [C]).

The single-value entries (0 and 1 6= 0 for the classical definition of the ChP) can be
upgraded to multi-value (any value), accounting for different atoms and bonds. Obviously,
the classical ChP is found whena=b=c=d=e=f=1landg=h=i=j=k=1=0.

EChP is a family with 96 (nI*nC) polynomial formulas and 288 (*nL) linearized
ones, leading to a total of 576,288 individuals. The FreePascal software was used for imple-
mentation since it is very fast and allows a parallelized version to be used with multi-CPUs
(chpl7chp.pas) [252]. The program requires input files in the “chp” format (such as
chfp_17_gq.asc, see Figure IV.2.7), and uses a filtering (PHP) program (—chfp_17_t.asc) as
well as a molecular property file (such as chfp_17 [prop].txt). The filtering program was de-
signed to look for degenerations and to reduce the pool of descriptors by eliminating the
degenerated ones.

The family of EChP descriptors was then used with a series of chemical compounds

to obtain associations between the structure and properties as regression equations.

The case study was conducted on Cz fullerene congeners with Boron, Carbon, or
Nitrogen atoms on each layer (Figure IV.2.8). A sample of 45 distinct compounds was ob-
tained. The generic name of the files was stored as dd_R1R2R3R4, where dd is the number
of the compound in the set and R1-R4 are the atoms on layers 14 (e.g., 02_bbbn.chp is the
second compound in the sample and has boron on the first three layers and nitrogen on the
last layer).

R; R4

Figure I'V.2.8 Cx fullerene congeners (R is the symbol of the atom on the layer).

The geometries were built at the Hartree-Fock (HF) [223-226] 6-31 G [253] level of
theory and calculated properties (namely, area and volume) were extracted from these cal-
culations. Two different structures proved stable for bbbb (see Figure IV.2.9) and both were

included in the analysis, resulting in a sample of 46 compounds.
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00_bbbb 01_bbbb
Figure IV.2.9 bbbb Cx stable fullerenes.

The values of the calculated properties are given in Table IV.2.3.

Mol Area Volume Mol Area Volume Mol Area Volume
00_bbbb 54.641 30.063 16_cbbb 50.537 27.863 31_ccnc 42.689 22.542
01_bbbb 51.863 26948 17_cbbc 51.114 29.107 32_ccnn 43.987 23.862
02_bbbn 54.848 32.333 18 _cbbn 49.097 27.424 33_cnbb 49.186 28.569
03_bbecn 48.481 27524 19_cbcb 51.733 30.156 34_cnbn 44.694 24.794
04_bbnb 53.093 30.658 20_cben 47.401 26.543 35_cncb 46.994  26.275
05_bbnn 49.797 27573 21 _cbnb 48262 26.68 36_cncn  44.723  24.062
06_bcbb 54597 32.043 22_cbnc 45944 25109 37_cnnb 45.76  24.995
07_bcbn 49.415 28.726 23_cbnn 45.578 24.689 38 cnnc 48.834 24.315
08_bccb  51.676  29.739 24 ccbb 52365 30.954 39_cnnn 45508 24.847
09 _bcen  47.392 26933 25 ccbc  45.618 24.718 40_nbbn 48.119  26.881
10_bcnb 48.782 26.786 26_ccbn 45.857 25.514 41 _nbnn 45.726 24.275
11_benn 4715 25543 27 cccb  46.446 2549 42 _ncbn 45.735 25.533
12_bnbn 47.791 27.383 28 cccc 43.707 23584 43_ncen 45211 24.676
13_bnen  47.048 26368 29 ccen 43.86 23926 44 ncnn  44.848  24.445

14 bnnb 48244 2725 30_ccnb 45901 25.525 45 nnnn 46.463 25.872
15_bnnn 47.226  25.93 - - - - - -

Table IV.2.3 Cx congeners: values of investigated properties.

It is important that the performing models identified using the EChP descriptors —
the full model—select the same polynomial for both descriptors when both area and vol-
ume are investigated. It should be noted that one descriptor is common for the estimation of
the area and of the volume for the Cz fullerene congeners. This fact, in conjunction with the
higher correlation between volume and area (r%q = 0.97), the presence of outliers in one ad-
ditive model, and the significant higher performance by full models in estimation sustained
by goodness-of-fit and the graphical representation of calculated versus estimated, suggests
that the best models are those with full effects.

EChP proved useful for estimation of the investigated molecular properties. Both
properties of Cx congeners—volume and area—are explained by a common descriptor.
EChP is a natural extension of the ChP. The scales of the atomic properties were more or
less arbitrary selected and will be further investigated to find the optimal solution. Fur-
thermore, the reversed distance seemed to be the best alternative but further analysis must

be conducted to demonstrate this observation.
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IV.4.  An application of the eigenproblem?

Just visualizing two simple similar structures leads to an immediate detection of
patterns. Similarity is of convenience for humans, but in order to power automatic decision
mechanisms for a PC it must be measurable. It is mostly used for comparing proteins but
the growing number of PDB structures is many orders of magnitude higher than what the
human eye can compare. Battery databases are also coming from behind, one of which con-
taining over 17000 unique chemicals [262,263]. Because of the large number, it takes days
even for some programs to search some databases for a query structure. A more reasonable
time can be achieved by developing new algorithms [264].

In a previous study the eigenproblem was employed to achieve the proper align-
ment, or the mirror of the proper alignment, and this can be exploited to reduce the number
of rotations for which a scoring function needs to run [276].

The eigenproblem is thus defined in literature:

Given the quadratic matrix A, of the order n, A € Cis called the eigenvalue of the
matrix A and X # 0 its associated eigenvector if the relationship is satisfied AX = AX. The
matrix Al — A is singular (because det(Al — A) = 0), where I is the unit matrix of order n. The
solutions of the equation det(Al — A) = 0 represent the eigenvalues of the matrix A.

The development of the determinant det(Al — A) is called the characteristic poly-
nomial (ChP) associated with matrix A. It has the degree equal to the order of the matrix, so
that the eigenvalues of the matrix A are its roots.

The eigenproblem in relation to geometrical alignment was stated before in the con-
text of surface analysis [277] and control and can go another direction into the context of
compounds used in energy storage systems. A subject of the study is a solution to the
eigenproblem of such compounds that are aligned. The Cartesian system is rotated, and
eventually translated and reflected until the structure arrives in a position characterized by
the highest absolute values of the eigenvalues observed on the Cartesian coordinates.

The aim of this study is to find the best alignment of many compounds in regards to
each-other. An extension to the previous study described by Jantschi [276] was elaborated.
Similar candidates are found by comparing sums of squared eigenvalues. Candidates are
aligned by the eigenproblem algorithm and trilateration is used to attach all previously
striped atoms. In order to verify, TM-score is run on resulting full-structure candidates.

In [276] it has been shown that the Cartesian distance matrix is antisymmetric and
therefore its eigenvalues are purely imaginary, as well as the fact that the best alignment of
a molecule is obtained for the minimum value of the sum of the squares of the eigenvalues
of the matrix of Cartesian distances.

Thus, the angle of rotation of the structure must be found around an axis for which

the minimum of this amount is obtained. One method of finding the angle of rotation

3 Joita, D.-M.; Tomescu, M.A.; Balint, D.; Jantschi, L. [261].
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around an axis for best alignment is as follows: in the case of a compound with 5 atoms, we
will note the vertices of the graph corresponding to the compound with V;(x;, y;,2), i = 1,5.
We want to find the optimal angle of rotation around the Oz axis (for example). The charac-
teristic polynomial associated with the matrix of Cartesian distances on Ox can be approxi-
mated in this way:
n-1
3|52 2
ChPOLDX) = 2|2 + ) (5= %)’

=1
i=j+1

which leads to the problem of finding the rotation angle in the xOy plane so as to obtain the

maximum value of the sum:

Sx = (xi - Xj)z )

it
2 : :
Because the term (xi - xj) becomes maximum when <I(VjVi, 0x) = 0, we will calcu-
late the amount S, using the law of motion of the rotation of a body about a fixed axis:

X; = X;COS@ — y;Sing
{y; = Xx;Sing + y; cos ¢

where ¢ will take the value in turn «(V;V;, 0x); j=1,n—1; i = j + 1.

By interpolation, we will find the value of the angle of rotation around the Oz axis,
andaround one of the other axes. The eigenvalues of the associated Cartesian coordinate
distance matrix Dx are always two conjugate purely imaginary solutions: 17 = 15 = —§,.

Sums of the form St = -25« — 25y - 2S;, associated with Dx, Dy, and Dz matrices, are
compared in order to find similarities. One application of this approach can start by finding
ChP for Cartesian coordinate distance matrices. These are used to define minima of the
sums of the squared eigenvalues (Sx, Sy and S:) for these matrices.

The following three Tables IV.4.1-3 depict the approximated Cartesian coordinate
distance matrices for atoms of SrTiOs 5229. They are antisymmetric so their eigenvalues, in
Table IV.4.4, will be imaginary.

Dx 1 2 3 4 5
1 0 0.00009 -1.38326 -0.000003 1.38344
2 -0.00009 0 -1.38335 -0.00009 1.38335
3 138326  1.38335 0 1.38326 2.7667
4 0.000003  0.00009 -1.38326 0 1.38344
5 -1.38344 -1.38335 -2.7667  -1.38344 0

Table IV.4.1 First Cartesian coordinate (“x”) distances matrix for SrTiOs 5229.

X1 Xz X3 Xg Xs
[Dx] 4.37453i -437453i 0 0 O
[Dy] 4.37453i -437453i 0 0 O
[Dz] 55334i -55334i 0 0 O

Table IV.4.4 Eigenvalues for SrTiOs 5229.
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Matrix (A) |A-I- Al Polynomial

[Dx] A3:(A2 + 19.13653)
[Dy] A3-(A2 + 19.13653)
[Dz] A3-(A2 + 30.61844)

Table IV.4.5 The polynomials of [Dx], [Dy], and [Dz] for SrTiOs 5229.

It can be observed that unlike eigenvalues for a symmetric matrix, we obtain a sin-
gle pair of complementary imaginary numbers regardless of the number of atoms in the
compound. Another best part of this approach, Table IV.4.5, the polynomial can be ex-
pressed with real-value coefficients as a product of a polynomial of degree 2 and a mono-
mial of degree (n - 2), leading to a faster response from the program.

Making use of the eigenproblem approach (named as function “OrigEig”) the other
candidates are aligned to SrTiOs 5229. Candidates with a lower number of atoms than the
original are processed while searching for eigenvalues similarities. The rest of the atoms are
later added using a trilateration algorithm found and used from literature [278]. Some ca-
pabilities were added such as importing original data (files with “*.sdf” or “*xyz” extension
by “impCart” function), “*.sdf” to “*.xyz” file conversion (for organic structures, removing
hydrogen atoms for convenience), exporting all compared rotated structures as “*.xyz” (by
“writexyz” function), a scoring function based on TM-score and the creation of “*.xlIs” files.

A schematic of the code is available in Figure IV.4.1.

Input variables are predefined Initially aligned "*.xyz" files are Candidate substructures are
P exported in the > aligned using the eigenproblem
"*.sdf" and "*.xyz" files are "results\aligned" folder approach
imported

- — pi/2 rotations are added
All possible combinations of

Cartesian distance matrix is substructures are found
generated

Substructures are grown to the
original structure using a

trilaterati lgorith
Eigenvalues are found for all LN aem

combinations
".xyz" files are exported in the Structures are translated on top
"in\xyz" folder of the reference structure
Eigenvalue sums are compared
for structures of same number TM-score is used to compare
The eigenproblem algorithmis | | | of atoms, based on "Num.low" alignements and choose the best
ran for the first time and "Num.M" input variables | one from candidates

Figure IV.4.1 A schematic overview of the algorithm.

Eigenvalues of all combinations of atoms are computed for each structure. Sx, Sy and
S: of Dx, Dy, and Dz matrices for aligned SrTiOs 5229 are -45.928, -45.928 and respectively -
45.928; the sum is -137.784.

Comparing Ta:0s 1238961 to SrTiOs 5229, 21 possible combinations of 5 atoms can
be found (their eigenvalue sums are presented in Table IV.4.6), but a 4 atoms combination is

a closer match (presented in Tables IV.4.7-9).

Sx+Sy+S: Sx+ Sy+S: Sx+ Sy+S: Sx+Sy+S: Sx+ Sy+ Sz Sx+Sy+S: Sx+ Sy+ Sz
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1 -307.5042 4 -206.3409 7 -290.7693 10 -206.3411 13 -189.0737 16 -225.5829 19 -193.1574
2 -261.1036 5 -242.4953 8 -261.1036 11 -336.4603 14 -225.5830 17 -189.0739 20 -267.8521
3 -290.7693 6 -336.4603 9 -2424951 12 -259.1272 15 -319.3706 18 -319.3706 21 -267.8523

Table IV 4.6 Eigenvalue sums of 21 combinations of 5 atoms for Ta>Os 1238961.

Sx+Sy+S: Sx+ Sy +S: Sx+ Sy +S: Sx+Sy+S: Sx+ Sy + S: Sx+Sy+S: Sx+Sy+8S:
1 -1945721 6 -171.1067 11 -137.5761 16 -171.1067 21 -71.75625 26 -113.9332 31 -177.3704
2 -1945721 7 -71.75610 12 -231.1220 17 -137.5760 22 -201.4564 27 -113.9333 32
3 -146.6665 8 -144.4196 13 -112.3626 18 -137.9311 23 -112.3626 28 -207.3018 33 -177.3704
4

5

-146.6667 9 -201.4564 14 -150.3065 19 -231.1220 24 -186.4607 29 34 -140.8613
-240.0351 10 -137.9309 15 -186.4609 20 -144.4195 25 -150.3067 30 -140.8612 35 -148.5577

Table IV 4.7 Eigenvalue sums of combinations of 4 atoms for Ta20s 1238961.

Sx+Sy+S:
1 -68.8915
2
3  -84.2007
4 -84.2007
5 -84.2007

Table IV.4.8 Eigenvalue sums of combinations of 4 atoms for SrTiOs 5229.

The “moreData” function parses every potential candidate to find good candidates,
with the lowest difference between Sx + Sy + Sz sums in mind. “Num.low” defines the de-
sired % difference. The multiplier “Num.M” is selected to increase the search range at the
expense of time because the best candidate may not always be the one with the smallest
difference between sums. In this case we can see in Tables IV.4.6-8 that the sums of 5 atom
combinations coloured in blue of Ta:0s 1238961 are far from the eigenvalue sum of SrTiOs
5229; there are two possibilities with closer sums for 4 atom combinations coloured in or-

ange; and two coloured in red that are the closest. This aspect is presented in Table IV.4.9:

Ta205 1238961 Difference SrTiOs 5229
atoms sum % sum atoms
- Ta2 - 04 - 06 O7 -71.7561 3.9921 -68.8915 - Ti2 O3 O4 O5
Tal - O3 - O5 - O7 -71.7563  3.9923 -68.8915 - Ti2 O3 O4 O5
Tal Ta2 - 04 - - O7 Sr1 - O3 04 O5
Tal Ta2 O3 - - - O7 Sr1 - O3 04 O5
Tal Ta2 - O4 - O6 07 -189.0737 27.1268 -137.7840 Srl Ti2 O3 O4 O5
Tal Ta2 O3 - O5 - O7 -189.0739 27.1269 -137.7840 Sr1 Ti2 O3 O4 O5

Table IV.4.9 Selected atoms of aligned Ta:0s 1238961 to SrTiOs 5229, eigenvalue sums of

candidates, and eigenvalue sums percent difference.

In Table IV.4.9 it can be observed that a difference exists at the 4’th digit after the
decimal point. For this reason four digits will be used after the decimal point in all tables for
results of geometrical similarities. On the selected candidates, the eigenproblem technique
is applied to obtain an eigen-value-wise rotation alignment. Compounds are supposed to be
obtained in the mirror image of the proper alignment or in their correct alignment [276]. By
using the first “for” instruction of the “align” function, the search is expanded to include

these potential favourable rotations. A trilateration procedure (receiving data from the rest
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of the “align” function) is found and used from literature to determine the position of the
other mismatched, unaligned atoms [278].

Since one of these rotations should lead to a good superposition of the two com-
pounds, the mean values on each of the axes are found for selected atoms of both structures.
The selection is based on atoms indexed in the candidate search presented in Table IV.4.9.
Subtracting for each of the axes, the candidate structure is translated on top of SrTiOs 5229
(by the “trans” function).

Distances between pairings of multiple atoms are found for the resulting candidate
combinations. Atoms that will be super-posed based on a linear assignment problem that
permits minimum-cost solutions are found using the “matchpairs” Matlab function. These
pairs are fed into a scoring system that is selected from the literature; in this example, it's
the UniAlign - TMscore geometric component [279]. This is all carried out by the “choice”
function. Since there aren't many atoms in the structures we've picked, one adjustment: we
adjusted was made, the “15” subtraction is changed to zero in order to get a positive
distance under the square root of the empirical scaling factor for distance normalisation, or
“d0”. This is modifiable in “empi3”. Additional scoring mechanisms could be utilised. The

best result is superposed in Figure IV.4.2.

Figure IV.4.2. 3D view of the best alignment of Ta:0s 1238961 (Ta grey; O purple)
to SrTiOs 5229 (Sr green; Ti yellow; O red).

Each comparison structure's best score is exported to a final results table. Scores
that are near it are added using the “Num.low2” parameter. The table displays the elements
that were chosen for candidate-candidate alignment because they facilitate selecting be-
tween scores that are near to each other. An “*Tscore.xls” file is produced upon completion

of the “choice” function.

Discussion

The eigenproblem algorithm's best match can be chosen from among all the candi-
dates by using TM-score. In the published article amino-acids were aligned, and in this the-

sis, compounds used in energy storage systems are aligned and presented.



Similarities of compounds with applications in energy storage systems 33 of 55

As previously mentioned, a parameter is included to ensure that close scores are
taken into account. In this instance, an output score of 80% of the maximum is allowed.
“Num.low2” changes this proportion. This is necessary to ensure that, even if it isn't the

alignment with the greatest TM-score, the best alignment is included in the output.

Examining the selected elements and removing contenders that may have similar
numerical scores but the incorrect element. The elements are shown to easily select from
these options. Even better outcomes could be achieved by using a mix of these methods or
alternative scoring systems.

The application and utilisation of eigenproblem extends beyond molecular align-
ment [276] and biological similarity, including regular graphs analysis for their properties,
including eigen-spectra and auto-morphisms [280], molecular topology [219,281-283], char-
acteristic equations [284], principal components decomposition [285], algebraic topology
and generalized Bertrand curves [286], treatment of fuzzy decision [287] and tridiagonal
matrices [288], commutator tables [289], Laplacian [290], systems of differential [291] and
integro-differential [292] equations, while challenging problems appears in polynomials
roots evaluation [293] and characteristic equation of a square matrix of a great order [294].

It might be noted that the optimal alignment defies rigorous trends. It is possible to
consider the same algorithm's close similarity results. We can conclude that the alignment
with the greatest score is not always the optimum alignment from a chemical point of view,
even after using an evaluation system. The current algorithm must be limited by a few pa-
rameters in order to decrease the number of rotations that a scoring function must perform.
Additionally, combining several strategies may provide outcomes more quickly. A compre-
hensive database would demonstrate a rational process for selecting them.

In order to mitigate the effects of fixed theory-inspired functional form and restrict-
ed description capabilities, machine learning must be incorporated into scoring functions.
These flaws can be fixed by allowing machine learning to capture properties that are diffi-
cult to predict due to numerous unmeasured, unknown, or undiscovered Quantitative
Structure—Activity Relationships (QSAR), rather than enforcing a rigid approach. The rapid-
ly increasing amount of high-quality structural and interaction data available in the litera-

ture can be assimilated using machine learning.

Improvements of the code
The main problem of the code from 2021 was that arrays were not pre-allocated.

This meant that the program had to increase the size of the array for each step in the “for”
loops. Since there are many possible combinatorial possibilities, this was the major issue
slowing down results generation. One way of pre-allocating is starting the loop from the

tinal step (example: fori=300:-1:1...).
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Another improvement is vectorisation of the code (revising loop-based, scalar-
oriented code to use Matlab matrix and vector operations). This improvement also relieves
the above issue of pre-allocating array size.

A way of recursing all compounds automatically was added as the “for ka” loop.

Performance
Taking our case for example, comparing one compound to 293 files and up to 15 at-

oms per file, results in a 5 hour computer time spent. The final version is 180 faster than the
published one. The writing of this thesis began when a timeframe of months was achieved
through vectorisation of the code. Adding just one file containing 16 atoms increases com-
puter time by at least 6 hours. In case similarities are found between compounds, more ge-

ometries can be downloaded for further comparison.

Further results of similarities
The first compounds are chosen parameters from an auto-generated database prom-

ising reliable parameters. Unfortunately it was not the case, and such parameters are no
longer presented. Other compounds are chosen so that they relate to previous published
articles presented above. The rest are chosen in bulk and this effort is on-going. Because of
the large quantity of data, Cartesian information retrieval is stopped at 293 candidates. It is
important to understand what can be done with such data, and to share for further insights
before the on-going effort is continued.

After visualizing the possibilities, a “best” similar orientation for all combinations
of two candidates is chosen. Normally, a higher score is given to candidates with more close
atoms, but another orientation may seem better to the naked eye. This is noted such that
subjectivity is taken into account.

The program gives tens of thousands of results in some cases from which those
with the best score are chosen. Many of these have a low score and will be disregarded in
the next step. Parameters are extracted from a database. Visual examples of good scores and
similar parameters (energy above Hull, band gap, predicted formation energy) are present-
ed. Those that present only a similar line or plane, and those with the same or similar space
group are indicated as possible unavoidable results — coincidences. Table IV.4.10 presents
examples of the best scores found by our program and similarities between Ca2Si 1009733
and other candidates. The full version of the table is available in Appendix F.

After visualizing these alignments, a decision is made to disregard scores lower
than 0.85 and candidates with three matched atoms and less. The most relevant results to
chemistry are near the 0.9 TM-score and above 4 matched atoms. From the total of 293 ini-
tial candidates [295-490], we now take into account 73. Trying to further refine the findings,
some observations are made that some similarities can be deduced from space group infor-

mation with no need for complicated comparison, that a line or plane may be similar by
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pure coincidence, that atoms seem far apart regardless of the score. Parameters are searched

for in “The Materials Project” database. Data from the first four columns is used to find oth-

er similarities and evaluate geometrical similarities found by our program. At the end of

displayed data a statistic will be present how these four columns aid similarities search. Ta-

ble IV.4.11 presents these opinions and data.

Energy Band Predicted Space group Aligned TM-score Number  Observations
above gap? formation (interna- compound of atoms
Hull= energy? tional num- matched
eV/atom eV eV/atom ber)2
0 0.55 -0.534 225 Ca2Si 1009733
0.037 0.06 -0.281 216 FeSiW 961653 0.8834 5 similar group
0 3.39 -1.525 225 Li2S 1153 0.88658 12 same group
0 0.22 -0.109 225 Mg:Si 1367 0.96168 12 same group
0.061 1.58 -1.759 166 MnO:2 25424 0.89772 4 line
0 1.2 -0.966 160 MoS: 1434 0.92605 4 line
0.004 1.51 -0.961 187 MoS2 1025874  0.97277 4 line
0.178 0 -0.393 160 NisS2 1220109  0.87572 5 line
2.223 0 1.432 216 SiCN 8003 0.88693 5 similar group
1.272 1.74 -1.774 225 S5i02 10064 0.89502 5 same group
0.122 5.2 -2.924 1 Si02 556319 0.85746 5 far apart
0.423 2.75 -2.622 3 SiO2 556376 0.86406 7 far apart
0.088 5.38 -2.958 1 Si02 556994 0.93605 4 far apart
0.005 5.5 -3.04 92 Si02 6945 0.89372 5 far apart
0.005 5.79 -3.041 96 SiO2 7029 0.89578 4 far apart
0.005 5.79 -3.041 96 SiO2 7029 0.86471 5 far apart
0.571 4.01 -2.474 205 Si02 9258 0.88541 5 far apart
0.799 0.39 -1.028 1 SiO4 685105 0.85895 6
0.015 0 -0.127 205 SiP2 21065 0.86195 8
0.017 0.96 -1.871 60 SnO2 12978 0.85761 8
0.162 2.1 -1.726 194 Sn021041984  0.86931 4 far apart
0.246 0 -1.642 225 SnO2 12979 0.85417 5 far apart
0.101 0.59 -1.787 205 SnO2 697 0.93791 8
0.278 0.17 -0.193 216 SnS 10013 0.93215 8 similar group
0.157 0 0.157 216 SnSb 16365 0.99597 8 similar group
0.252 0.08 -0.013 216 SnTe 16364 0.99984 8 similar group
0 5.23 -2.75 225 SrCl2 23209 0.9983 12 same group
0 1.93 -2.263 14 TaNO 4165 0.87358 7 far apart
0 0 -1.38 160 TaS:2 10014 0.92503 4 far apart
0 0 -0.7 194 Ti2AIC 12990  0.88008 4 far apart
0.014 0 -0.629 166 Ti2C 1217106 0.91731 4 far apart
0.05 0 -0.681 194 TisC2 1094034  0.89769 4 line
0.05 0 -0.681 194 TisC21094034  (0.88785 5 line
0.002 0 -3.669 167 TiFs 562468 0.86346 5 far apart
0.004 0 -0.53 225 TiH2 24161 0.86808 5 far apart
0.7 0 0.171 216 TiNiSn 22782  0.94402 12 similar group
0.664 0 0.135 216 TiNiSn 623646  0.94296 12 similar group
0 0.45 -0.529 216 TiNiSn 924130  0.92494 8 similar group
0.25 1.38 -3.072 205 TiO2 1102591 0.87957 6 far apart
0.25 1.38 -3.072 205 TiO21102591  0.85096 11 far apart
0.005 2.53 -3.317 60 TiO2 1439 0.89067 7




Similarities of compounds with applications in energy storage systems

Energy Band Predicted Space group Aligned TM-score  Number Observations
above  gap* formation (interna- compound of atoms
Hull= energy? tional num- matched
eV/atom eV eV/atom ber)a
0.01 2.89 -3.312 62 TiO2 2420244 0.89492 6
0.039 2.23 -3.283 14 TiO2430 0.87789 7
0.526 1.7 -2.796 11 TiO2 572822 0.85873 5
0.046 1.93 -3.276 12 TiO2 766454 0.87952 5
0.302 1.06 -3.02 225 TiO2 1008677  0.87666 5 far apart
0.302 1.06 -3.02 225 TiO21008677  0.87665 5 far apart
0.153 2.45 -3.169 166 TiO2 25433 0.92319 4 far apart
0.008 2.18 -3.314 15 TiO2 34688 0.87535 7
0.002 0 -1.605 164 TiS2 1101258 0.91004 4 far apart
0.542 0 -0.799 160 TiSs 559374 0.85056 5 far apart
0 0 -0.538 63 TiSi2 1077503  0.89161 5
0.043 0 -2.477 14 VO:2 1102963 0.86704 6
0.308 0 -2.212 166 VO:225199 0.90084 4 line
0.539 1.12 -1.981 10 VO:2 559445 0.88066 4 far apart
0.018 0 -1.182 166 VOF 753622 0.92477 7
0.009 1.91 -2.489 2 VPOs 1100906  0.86483 7
0.022 1.42 -2.477 129 VPOs 19000 0.85845 5 plane
0.018 0 -1.182 166 VS2 1424931 0.93525 4 line
0.02 0 -2.212 65 VSbO: 1100902  0.88819 7
0.757 0.08 -0.574 160 WNO 1216189  0.93273 4 line
1.229 0 -0.959 194 W05 1386422  0.90472 4 line
0.001 1.6 -0.882 160 WS, 9813 0.92598 4 line
0.059 0.11 -0.747 156 Zn(InS2)2 22253  0.91211 4 line
0.085 3.27 -1.028 166 ZnBr2569960  0.96721 4 line
0.002 3.56 -2.561 60 ZnF2 7709 0.85582 8
0.141 1.8 -0.765 166 Znl2 570964 0.95341 4 line
0 1.07 -0.684 216 ZnTe 2176 0.85358 4 similar group
0.002 3.26 -2.052 13 ZnWO: 18918 0.8773 7
0.89 0 0.733 216 ZrCrFe 631429  0.91997 8 similar group
0.007 0 -0.63 225 ZrH2 24155 0.88558 5 same group
0 3.53 -3.787 14 Zr0O2 2858 0.86592 7 far apart
0.029 2.99 -3.759 62 ZrO2 755759 0.85039 5 line

a Materials Data by Materials Project in references [25-40, 295-490].
Table 1V.4.11 Data retrieved from “The Materials Project” database for Ca:Si (material

1009733), similarity score, matched atoms and observations.
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There are a few candidates that also share close predicted formation energy: TiNiSn
924130 (possible coincidence), TiSi2 1077503 (clearly not a coincidence) and ZrH: 24155 (co-
incidence). Of these, the first also has a band gap close to that of Ca2Si 1009733. Two of them

only have 5 matched atoms. As such, care should be taken not to eliminate candidates with

a low number of matched atoms. Until now, relatively low scores show good results. Figure

IV .4.3 illustrates these examples.
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(a) TiNiSn (b) TiSi:
Figure IV.4.3 Illustrations of candidates superposed to Ca2Si 1009733.

Tables are merged for the rest of the compounds. The next compound that we com-
pare to the others is C2sN2 [491]. Since it is inherently very different, we can see in Table
IV.4.12 the few results that may be pursued for finding other useful similarities [492]. Un-
fortunately parameters from different sources are calculated in different ways. This is why

databases are useful, they keep a standard.

Predicted Aligned TM-score Selected atoms Eigenvalues for Selected Eigenvalues

formation compound from aligned atoms of aligned atoms from for atoms of
energy  and index structure structure C2aN2s C2aN2s
eV/atom
-7.99->-39  CuNu
SnS, -54.3838 -408.7987
-0.473 9984 0.8836 SnSSSn -136.9370 CCccC -45.0393
90 -289.0952 -26.5720
SnSb -40.1638 -356.7474
0.117 1218916 0.9001 SbSnSnSn -187.5463 CNNN -15.4485
818 -213.1920 -68.6203
TiS2 -2.6029 -17.3752
-1.603 1062030 0.9169 TiSTiS -21.9074 CNNN -76.6393
563 -92.7354 -23.4884
VCIO -64.6006 -19.0713
-2.193 23061 0.8562 ClvOov -225.9899 CNCC -74.2268
99 -441.7851 -639.0813

a Materials Data by Materials Project in references [25-40, 295-490].
Table IV.4.12 Similarities between C2sN2 and other candidates.

Our next subject is LiMn20s4, material 1045561, presented in Table IV .4.13:

Energy Band Predicted Space group Aligned TM-score  Number  Observations

above gap® formation (interna- compound of atoms
Hull~ energy® tional num- matched
eV/atom eV eV/atom ber)? [493]
0.073 0 -1.992 10 LiMn20s 1045561
0.117 0 0.117 160 SnSb 1218916  0.8542 4 far apart
0.004 0.05 -1.603 12 TiS2 1062030 0.9105 4 similar group

a Materials Data by Materials Project in references [25-40, 295-490].
Table I'V.4.13 Similarities between LiMn20Os (material 1045561) and other candidates.
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It is normal that some candidates just aren’t geometrically similar to any others, as
can be seen in Tables IV.4.12-13.

The full thesis provides even more examples of results.
V. Final conclusions and outlook

High-Throughput Screening is a result of applying computational algorithms and
machine learning techniques. Researchers can quickly identify materials with desirable
properties.

This thesis searches for similarities between compounds used in redox equilibria of
energy storage systems. The introduction presents a way of thinking and the structure of
this work.

The second chapter illustrates three short reviews: energy storage systems, compu-
tational modeling, the kind of similarities that geometrically matched compounds may pre-
sent and what can be realized with such information.

The third chapter illustrates our objective.

Subchapters in chapter IV contain, in part, published articles that relate to this the-
sis. Practically, it all starts by choosing a topological index that can be used in similarity
search between chemical compounds with applications in energy storage systems. Some
counting polynomials are computed for one compound of interest and relations are pre-
sented between them. In the end only one polynomial is used and that is the characteristic
polynomial.

Subchapter IV.2 presents some extensions that the characteristic polynomial can ac-
commodate and computes area and volume for congeners of Ca fullerene. Fullerenes are
rarely employed in energy storage systems, and we try to find any possible similarities with
other compounds. Another extension was chosen in the end that will give similarity results
for compounds with applications in energy storage systems.

At some point, when there is enough data, patterns can be found in similarities by
using iterative methods for solving nonlinear equations.

The chapter ends with the last published work at the moment of thesis submission.
Making use of the extension possibilities that the characteristic polynomial offers, the poly-
nomial of the antisymmetric Cartesian distance matrix is computed for all candidates with
fewer atoms. These numbers are evaluated for similarities and one detailed result is pre-
sented.

Data displayed in the first four columns of Tables IV.4.11-46 is used to find other
similarities and evaluate geometrical similarities found by our program. More comparable
parameters are necessary to further filter similar compounds and give valuable information

about their applications in energy storage systems.
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Improvements to the program’s code are presented (written in MATLAB [494], with
notes presented in Appendix G Programming notes, and fully available in Appendix H Fi-
nal code), and enumerates some results in order to extract conclusions about the applicabil-
ity of this work. Although the pairs of sums of eigenvalues are similar, not all such pairs
have a correspondence between singular eigenvalues. These results are not published at the
moment of writing. The search had to stop somewhere and it did at 293 compared candi-
dates. The alignments offered by the program allow simple discrimination after visualizing
superposed candidates.

An important improvement of the code is vectorization (revising loop-based, scalar-
oriented code to use Matlab matrix and vector operations). This improvement also relieves
the issue of pre-allocating array size. Further improvement should include a way to limit
the minimum number of matched atoms, a way to split large compounds so that memory
does not present a problem, and a way to use data from other databases in order to pre-
eliminate compounds with no other similarity to the one of reference. This last wish also
requires databases to keep growing similar to protein databases.

Other scoring functions, possibly derived by extending polynomials should also be
tested. An interesting solution is the immanantal polynomial, which unifies other polyno-
mials. Other unifying polynomials have been developed and can be tried.

Objectives are attained, and further publications will improve on them. A script is
developed that obtains geometrical similarities with scores that can be used to organise da-
tabases of compounds with applications in energy storage systems.

Visualizing similarities is aided by exporting aligned candidates and providing a
way of finding the candidate one wishes to compare. Examples are given.

Negative results are exemplified, with the space group number providing easy
elimination of coincidences. After visualising, it is sometimes clear that some similarities
exist only in a straight line or a plane. These should also be considered coincidences.

More parameters need to be added to databases so that they can be compared in a
consistent fashion. It is shown that similar parameters exist between found geometrical
similarities.

Table 1V.4.47 presents statistics of found similarities. Parameters could be used to
reduce the number of superposed candidates that need to be visualised. In the context that
one would pursue a similar search of compounds that could replace another; examples of
results reveal, for the first 25 candidates, that on average, 1.2 % of rotations give a score
greather than 0.85; 18.4 % of candidates’” present geometrical similarities to each other and
15.3 % of those also present other similar parameters. Further adding data up until 38 can-
didates, these numbers change to 1.3 %, 19.8 % and 13.2 %. The growing number of found
geometrical similarities reveals that chemical applications can only be found for the ob-
tained data by using more parameters to filter negative results. The descending number of

candidates that present other similar parameters supports this reasoning.
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In the end it is desirable that few compounds are found similar to each other in or-
der to reduce the number of experiments that need to be carried out in order to confirm or
negate the usefulness of found results.

Unfortunately parameters from different sources are calculated in different ways.
This is another reason for databases to keep growing. They keep a standard measurement
technique. This also means that more compounds are desirable to be analysed by the cur-
rent methodology in order to create a database of geometrical similarities.

Deeper understanding of the electron transfer processes, charge storage mecha-
nisms, and overall reaction kinetics, can be achieved by studying the geometries of com-
pounds involved in these systems: how electrons are transferred between different oxida-
tion states and how the geometrical arrangement of atoms influences the ease and efficiency
of electron transfer; identify possible structural features that enable efficient charge storage,
such as the presence of redox-active sites, the accessibility of active sites for ion diffusion, or
the ability to accommodate changes in oxidation states without significant structural rear-
rangements; presence of stable coordination geometries or the ability to withstand structur-

al changes during repeated cycling.
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