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Introduction

The main goal of representation theory of finite dimensional associative algebras is to understand
the structure of finite dimensional module categories, in order to classify all indecomposable modules
of a given algebra and all morphisms between them, up to isomorphism. In this thesis we consider path
algebras over tame quivers and our aim is to study and describe as explicitly as possible the category
of indecomposable modules over the path algebra. This category is equivalent to the category of rep-
resentations of the quiver, which in many situations is easier to study, hence we will mainly focus on
describing the latter.

Given a quiver representation, we choose some bases for the vector spaces associated to the vertices
and consider the linear maps restricted to these basis elements. We define the coefficient quiver of this
representation, in which the vertices are the basis elements and we have an arrow between two vertices
if the matrix coefficient corresponding to these two basis elements is non-zero. Coefficient quivers were
considered by Crawley-Boevey to deal with matrix problems and representations of quivers (see [5]).

In [27] Ringel proved that every indecomposable exceptional module, i.e. one without self-
extensions, has appropriate bases, so that the coefficient quiver of its representation is a tree. This
means that these representations, called tree representations, can be exhibited using 0 — 1 matrices, such
that the number of non-zero entries is d — 1, where d is the length of the module. One of the steps in
the proof involves a choice of basis, which seems to depend on the underlying field and Ringel posed
the question whether there exist tree representations that are independent of this choice of basis, hence
being field independent. In this thesis we answer this question in the positive, in the case of tame quivers
of type E6 and ﬁm.

Ringel later gave a simpler proof of his result, using covering theory in [29]. He also conjectured in
[28] that if d is a positive root of the corresponding Kac-Moody root system, then there is an indecom-
posable tree module with dimension vector d, and in the wild hereditary case, if d is imaginary, then
there should be more than one isomorphism class of tree modules having the same dimension vector.

This conjecture was proven in the case of the n-Kronecker quiver, where n > 3 by Weist in [40],
where he also gave an explicit construction of the coefficient quivers of the indecomposable tree mod-
ules. This is an extension of the results presented in his dissertation by Fahr, see [10], where he considers
3-Kronecker representations with dimension vectors (d, €), where d < e < 2d. Later, Weist proved the
existence of more than one isomorphism classes of indecomposable tree modules for every imaginary
Schur root in [41], where he also stated explicit methods on how to construct these tree modules.

In [11] Gabriel gave a full list of indecomposable representations for Dynkin quivers using 0 —
1-matrices. All the given representations, except 4 of them, were tree representations. This list of
tree representations was completed by Crawley-Boevey in [5]. Regarding the Euclidean case, Mréz
gave a full list of the indecomposable tree representations for the quiver Dy in [22]. His results were
later generalized by the author and Szédntd, giving a full list of tree representations for indecomposable

preprojective and preinjective modules for the quiver D,, over a closed field k, see [19]. We mention
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that only one of the representations was proven to be indecomposable, all the others were checked by
computer for fixed values of #n, thus the checking was not complete.

In [14] Kussin and Meltzer described a method to explicitly determine the indecomposable prepro-
jective and preinjective representations of D,, and Eg over an arbitrary field, but these representations are
not tree representations in general. Later, in [13] Kedzierski and Meltzer generalized these results and
gave a method for calculating indecomposable preprojective and preinjective representations of Eg over
any field and all indecomposable representations for algebraically closed fields. However these methods
don’t result in tree representations in general.

Using a computer generated proof, the author of this these together with Lénart and Sz6ll6si man-
aged to describe explicitly, in a field independent manner, all the exceptional tree representations in the
case of the canonically oriented Es quiver in [17], thus answering the question raised by Ringel in the
positive. We also conjectured that every tree representation of a Euclidean quiver is field independent.

We later gave a complete and general list corresponding to the exceptional modules over the path
algebra of the canonically oriented Euclidean quiver Ds and a method to obtain tree representations for
exceptionals in the canonically oriented general case D,, from that list, see [16].

This thesis is split into 4 chapters, having the following structure.

Chapter I contains the basic notions and definitions, along with some well-known results concerning
the representation theory or finite dimensional associative algebras, which we will use throughout the
remainder of the thesis. Our main references for this chapter were the books [35] and [36].

In Chapter II, based on the article [17] and its appendix [15] we present a complete and general list
of tree representations corresponding to the exceptional modules over the path algebra of the canonically
oriented Euclidean quiver A(Eg). In Definition 11.2.1 we introduce the notion of field independency for
modules and for short exact sequences. Lemmas I1.2.2 and 11.2.4 and Proposition 11.2.3 constitute the
theoretical elements of the techniques used to prove the correctness of the tree representations presented
in Section II.3. We then present the outline of the methods used in obtaining field independent tree
representations of exceptional modules for the quiver A(Eg). The main result of this chapter is Section
IL.3, where we list field independent tree representations for every indecomposable exceptional module
over the path algebra of the quiver A(Eg).

In Chapter 111, based on the article [16] and its appendix [15], besides giving a complete list of
tree representation for the exceptional modules over the path algebra of the canonically oriented quiver
A(ﬁ(,), we also describe a method in Section II1.2 for constructing tree representations for A(ﬁm), where
m > 4 using tree representations of A(ﬁ(,).

Finally, in Chapter IV, based on the article [18] we verify computationally a conjecture on the
field independence of tree representations of Euclidean quivers of type D4, Ds and Eg, with dimension
vector bounded by the minimal radical vector of the quiver. This includes a large class of exceptional
representations, in particular all the regular non-homogeneous exceptionals.

Some of the results of this thesis have been presented at various national and international confer-

€nces.



Chapter 1

Preliminaries

In this chapter we introduce the basic notions, along with some well-known results concerning the

representation theory of associative algebras.

I.1 Quivers and modules

I.2 Auslander-Reiten theory

I.3 Finite and infinite representation type quivers
1.4 Extensions of quiver representations

LI.5 Tree representations and Schofield sequences



Chapter 11

Tree representations of the quiver E6

In this chapter we will give a complete and general list of tree representations corresponding to
the exceptional modules over the path algebra of the canonically oriented Euclidean quiver E¢. The
proof (involving induction and symbolic computation with block matrices) was partially generated by a
purposefully developed computer software and is available on arXiv as an appendix. All the representa-
tions listed remain valid over any base field, answering a question raised by Ringel in [27]. The results

presented here were published in the article [17] and its appendix [15].

II.1 Basic notions and definitions

Consider the canonically oriented Euclidean quiver of type Eg, denoted from now on by A(Eg),

having the following shape:

A(Es) :

WE— N E—

1 > 2 > 3 < 4 < 5

Therefore, we have A(E6)0 = {1,...,7} for the set of vertices and A(Eﬁ)] =
{(1,2),(2,3),(4,3),(5,4),(6,3),(7,6)} for the set of arrows.

The Euler and Tits form in this case is

7

(x,y) = Z Xiyi — X1y2 — X2Y3 — X4y3 — X5Y4 — Xe¥3 — X7Y6
i=1

7

2
@) = Z X; — X1Xp — X2X3 — X4X3 — X5X4 — XeX3 — X7X6
i=1

Note that the Tits form is independent of the orientation of the quiver and it is positive semi-definite
with radical Zd, where 6 = (1,2,3,2,1,2,1).

II.2 Proving the field independent tree module property

In this part we describe the method used to prove the tree module property for every representation

given in the lists in Section I1.3 both from the theoretical and practical perspective. The method presented
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here is general (in the sense that it could be applied to any tame quiver), so as stated before, Q denotes
an arbitrary tame quiver and k an arbitrary field.
We will use the “field independent” qualifier in relation to representations and short exact sequences

in the following precise manner:
Definition I1.2.1. Let M € mod kQ be an (exceptional) indecomposable module. We say that:

(1) The module M is field independent (exceptional) indecomposable if in the corresponding repre-
sentation M = (M;, M) all the elements in the matrices M, are either O or 1 and for any field k’
if we consider a module M’" € mod k’Q such that dimM = dimM’ and every matrix M, from the
corresponding representation M’ = (M’ l’ , M) is formally the same as M, (for all arrows «), then

M’ is also (exceptional) indecomposable in mod &k’ Q.

(2) The module M has the field independent tree property if it is a tree module in mod kQ and it is also
a field independent (exceptional) indecomposable module (i.e. if we consider the corresponding
representation with formally the same matrices over any other field k’, we still get an exceptional

indecomposable tree module in mod &’ Q).
(3) A short exact sequence of the form

PN N

D\
=)

> X

is field independent (with X, Y,Z € mod kQ) if all the elements in the matrices of the represen-
tations X, Y and Z are either O or 1, all the elements in the matrices f; and g; of the embedding

f = (fdieg, respectively the projection g = (g;)iep, are either O or 1 or —1 and in any field k¥’ the

sequence 0 > Y’ / v 7 —S 5 x/ > 0 is also exact, where X', Y’,Z" € mod k' Q,

ff:Y »-272,g :27Z — X correspondinorderto X, Y, Z, f : Y — Z, g : Z — X with the

respective dimension vectors unchanged and with all matrices (both from the representations and

from the morphisms) being formally the same when considering them over &k’ instead of k.

The following proposition and lemmas constitute the theoretical elements of the technique used to

prove the formulas in Section I1.3 in a field independent way:

Lemma IL1.2.2. For a module M € mod kQ we have M is exceptional indecomposable if and only if
dimy End(M) = 1 and dimM # 6.

Proposition I1.2.3. Let X, Y, X', Y’ € mod kQ be indecomposable modules. If M € mod kQ such that

(a) there is an exceptional Z € mod kQ such that (X,Y) and (X', Y’) are Schofield pairs associated to
Z)

(b) there exist two short exact sequences
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and

) XX orYzY,
(d) dimg Ext'(X,Y) = dimg Ext' (X", Y") = 1
then M is exceptional indecomposable.

Lemma I1.24. Let X,Y,Z € modkQ and f = (f)icoy, & = (8iico, families of k-linear
maps fi Yy, — Z;, g  Zi —— X, Then there is a short exact sequence
0 > Y / v Z 3 X > 0 if and only if the following conditions hold (we identify the

maps f; and g; with their matrices in the canonical basis):

(a) the matrices f; (respectively g;) have maximal column (respectively row) ranks,
(®) fi Yo = Zofs) and guayZa = Xa&s(a), for all @ € Oy,

(©) gifi =0, forallie Q,,

(d) dimZ = dimX + dimY.

LemmalIl.2.5. IfX,Y € mod kQ are indecomposable modules such that X is regular and Y is preprojec-
tive, or X is preinjective and Y is regular or both of them are preprojectives (or preinjectives) and there
is a path in the Auslander—Reiten quiver from the vertex corresponding to Y to the vertex corresponding
t0 X, then dimy Ext!' (X, Y) = —(dimX, dimY).

We are now ready to describe the process of proving the formulas from Section II.3.

The process of proving the field independent tree property

Suppose we have formulas defining families of matrices (MS,"))CVEQ1 depending on some n € N. The
elements of the matrices MC(:’) are either O or 1, so they can be considered over an arbitrary field k. We
want to prove that the representation of the quiver Q given as M = M™ = (ME"), Mf," ) ) has the field
independent tree property (where the dimension of each k-space ME") is in accordance with the column
and row sizes of the matrices M, thus the formulas also determine dimM). Suppose that dimM is
such that it coincides with the dimension vector of an exceptional indecomposable (see Lemma 11.2.2).
Suppose also that the number of elements equal to 1 in the matrices Mf,") is exactly £(M)—1. So, in order
to prove the field independent tree module property, we need only to show that M is field independent

indecomposable. We may use one of the following lines of reasoning:

(1) Prove that dimy End(M) = 1 in any field k and use Lemma I1.2.2. This may be done by writing
the matrix A of the homogeneous system of linear equations defining End(M) and showing that
the corank of A is one (i.e. the solution space is one dimensional). In order to compute the rank

of A, it must be echelonized (brought to row echelon form) using elementary operations on rows
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and/or columns in a “field independent way”. This means that every single elementary operation
used in the process of echelonizing A must be such that the elements in the resulting matrix are

either 0, 1 or —1 and the result is exactly the same if performed in any field k. For example if in

1 -1
the case of the matrix L | ] we perform the elementary row operation r, « r, — rq, then we

1 _1 In<r—r; 1 _1 _1 r<ry—ri 1 _1 . .
—_— —_— if performed in
1 1 0 2 1 0 0

Z,. Hence it has different ranks if considered over different fields. A crucial element of this proof

get if performed in R, or

is to ensure something like this never happens, but the result of every single elementary operation

performed is formally the same matrix, independently of the field it is considered in.

(2) Perform an induction on n, making use of Proposition 11.2.3. First prove the formula for the
starting values of n using method (1) above (typically for n = 0, but the structure of the block
matrices depending on n might require to make additional proofs for small values of n). Then
suppose the formula gives field independent exceptional indecomposables M™) = (ME"’), ME,"’) )
for all n” < n. Find two pairs of modules (X, Y) and (X’, Y’) conforming to all requirements of
Proposition I1.2.3, such that any of these four representations is obtained either using formula M)
for some n’ < n (or some permuted version of it) or some other formulas proved already to give
field independent exceptional indecomposables. If the quiver Q presents some symmetries, then
a permuted version of the formula M®) = (1\7[5",), Mfii) may also be used in the induction step,

’

where (ME",))ieQO = (M((:(Ii)))ieQO and (M;i)j)(,‘_, eor = (Mif(i))_w(j))(i_) jeo, for some permutation o.
One has to construct here the two field independent short exact sequences of the form 0 — ¥ —
M®™ — X — 0and0 — Y’ — M"™ — X’ — 0in order to show their existence. Once the matrices
of the morphisms are constructed, Lemma I1.2.4 can be used to prove that indeed these form short
exact sequences in any field k. We emphasize that conditions (a), (b) and (c) from Lemma I11.2.4
must be verified in a “field independent way’’: the rank of the matrices must be checked using field
independent echelonization as explained before, and the result of the matrix arithmetic operations

used in (b) and (c) must be formally the same, independently of the underlying field.

(3) Perform a direct proof, making use of Proposition 11.2.3. Use two pairs of modules (X, Y) and
(X’,Y’) conforming to all requirements of Proposition II.2.3, such that any of these four repre-
sentations are obtained by some formulas showed already to give field independent exceptional
indecomposables, and prove the existence of the two field independent short exact sequences
0-Y—>M" 5 X—-0and0 - Y — M® — X’ — 0 by constructing them using Lemma

I1.2.4 in the “field independent way”.

The proof process described is extremely cumbersome, time-consuming and error-prone if per-
formed by a human, therefore we have implemented a proof assistant software to help us in carrying
it out. The proof assistant can perform any of the steps (1), (2) or (3) based on some input given in a
IXTEX file. The input data consists of the formulas (M((y"))aeQ1 defining the representations and the choice

for the short exact sequences required in (2) and (3), together with the families of matrices defining
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the morphisms. All this data must be given in a IZTEX document with a well-defined structure, in or-
der for the proof assistant to be able to parse it and extract the relevant information. The matrices are
given either as “usual matrices” (of fixed size, with elements equal to either 1, —1 or 0), or symbolic
block-matrices of variable size, depending on the parameter n € N. Every block-matrix is built using the
following three types of blocks: zero block of size n; X n;, the identity block I, and a block denoted by
E,, having ones on the secondary diagonal and zeros everywhere else (note that E2 = I, in every field).
We have used the document processor LyX to edit the input document and export it to IXTEX (in this way
ensuring a syntactically correct IZIEX file).

These are the steps performed by the software:

e It reads and stores the data M = (M;”), Mé")) defining every representation of M.

e Computes the total number of elements equal to 1 in the matrices Mé") and compares it against

£(M™) to ensure their number is exactly £(M™) — 1.

o If instructed to perform along method (1), it computes the matrix A of the homogeneous system
of linear equations defining End(M®) and shows that it can be brought to echelon form by per-
forming exactly the same elementary operations resulting in exactly the same matrix (formally)
if considered in any field. In this way it ensures that the corank of A is one independently of the
field. Note that it can perform in this mode only with formulas where »n has any given concrete

value.

o Ifinstructed (and given sufficient data) it performs all checks required by methods (2) or (3) based
on Proposition I1.2.3. First it checks in the list provided in [39] to see that both pairs (X, Y) and
(X', Y’) are Schofield pairs associated to the exceptional indecomposable Z € mod kQ, such that
dimZ = dimM®, then verifies conditions (c) and (d) from Proposition I11.2.3. It is ensured that
the requirements of Lemma I1.2.5 are met and condition (d) is validated. Finally, it ensures the

existence of two short exact sequences of the foorm 0 —— Y L} M L} X —>0

f g

and 0 S Y s M

f’, g and g’ and showing that every elementary operation and block-matrix arithmetic may be

> X’ > 0 by reading the matrices of the morphisms f,

performed in a field independent way in order to fulfill every requirement of Lemma I1.2.4.

Every single operation performed by the proof assistant software is written to an output IZTgX document
(this is the rather lengthy generated appendix, [15]). Everything (including the elementary operations
and the details of computing the block matrix sums and products) is output a detailed step-by-step
fashion as if written “by hand”. In this way one does not have to believe in the correctness of the
implementation, because the complete proof is “on paper” and every single step may be crosschecked

and verified by a human mathematician.

II.2.1 Notations

The matrices given in Section II.3 are written using blocks of various sizes. The row and column

size of blocks are given by expressions of the form an + b, where n € N is a parameter, a is a given
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non-negative integer, b is a given integer. Every matrix here is composed either of identity blocks or
rectangular zero blocks. We denote the identity block simply by 1 and the zero block by 0. The row
and column sizes will be written as “decorations” along the border of the matrix, like in the following

example:
2n+2 2n+2

m+2 | 1

n+l

2n+2 1
n

where this matrix is of size (6n+5) X (4n+4) and is composed of two identity blocks (each having 2n+2
rows and columns) and six zero blocks with various compatible sizes.
The matrices may be given using arithmetic expressions containing symbolic block-matrices and

identifiers referencing other matrices. Possible operations are: addition, direct sum defined as A ® B =

A
and a special kind of “sum” denoted by & which adds the right hand side matrix into the upper

right corner of left hand side matrix. Formally: if A € M, ,(k) and B € M, (k) are matrices such that

m <mandn <n,thenABB=A+

B 0 B
0], where [0 0} € M, (k) is obtained by adding as many

zero columns to the left of B and as many zero rows beneath it to make the resulting matrix of the same
size as the matrix A. This operation is useful to insert nonzero elements into the upper right part of a
matrix obtained by direct sum.

Representations are given as families having similar block-matrices. For example P(6n + 4,5) de-
notes such a family of representations (where n € N). Sometimes one needs the previous or next value
of n when writing matrices in terms of others, therefore we need to substitute n. Substitution is denoted
like P(6n + 4,5)[n +— n — 1], which in this case is the module P(6n — 2, 5) for any fixed value of n.

For a representation Z = (Z;, Z,) we only give the matrices Z,. For a module Z and an arrow a € Q;
we denote the matrix Z, by MZ. In the case when we give all the matrices “by value” a representation

will be written like this (with d; € N for i € Q¢ and with the matrices Mg in this specific order):

dimZ = (d\, dy, d3, ds. ds, ds, d7)
Z 7 7 7 7 7
Z= (Ml_’z’ M2—>3’ M4—>3’ M5—>4’ M6—>3a M7—>6)'

There is another notation, when writing the matrices with expressions using the operations & and ,
referencing other matrices of representations. In this case there are always two other representations Y,
X and a specific arrow @’ such that the matrices of Z can be given as M? = MY & MY for all @ # o/,
and M%, = (M Yo Mff) @ M for a matrix M containing exactly one element equal to 1 and all the other

elements being zero. Therefore we give the representation Z in the following form (specifying the matrix
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M):

dimZ = (d1, da, d3, ds, ds, ds, d7)
VA Y X
M4 =M, & M, fora # o’
MZ = (MY, © MY )@ M.

For small values of n we may give some representations concretely (the general formula may work

only forn > 0 or n > 1 in some cases).

II.3 Tree representations of the quiver A(Eg)

In this section we list the formulas describing the matrices of the representations corresponding to
exceptional modules: the preprojective indecomposables (Subsection 11.3.1), the preinjective indecom-
posables (Section 11.3.2) and the regular non-homogeneous indecomposables with dimension vector
below ¢ (Subsection 11.3.3). For convenience, at the beginning of each of the following subsections,
we present a graphical representation of the corresponding part of the Auslander—Reiten quiver. Blue
arrows show the existence of a so-called irreducible monomorphism, while red arrows represent irre-
ducible epimorphisms between suitable indecomposable modules (for details see [3]).

In the case of preprojectives and preinjectives the representations can be grouped in families of the
form P(6n +r, i) respectively I(6n +r,i), wherei € {1,...,7}and r € {0,...,5}. Representations belong-
ing to the same family have similar dimension vectors and matrices, depending only on the parameter
n € N. The matrices listed here are rigorously proved to be correct in the appendix to this article ([15])

using the method described in Subsection I1.2.

I1.3.1 The preprojective indecomposable representations

The preprojective indecomposable modules correspond to the vertices of the preprojective part of
the Auslander—Reiten quiver, as shown in Figure II.1.

Due to the symmetry of the quiver A(Eg) we give only the families of representations of the
form P(m,1), P(m,2) and P(m,3). For all the other representations we can use the permutations
o =(1,5)2,4)and T = (1, 7)(2, 6) to write them in terms of P(m, 1), P(m, 2) and P(m, 3) in the following
way (m > 0):

dimP(m, 5) = (do()) and dimP(m, 7) = (d«(;))

ieAEe)o icAEg)o °

where dimP(m, 1) = (d);cp&,),»

dl_mP(ma 4) = (da'(i))ieA(E(,)o and dl_l’l’lP(m, 6) = (dT(i))ieA(E(,)o s

where dimP(m, 2) = (d;) for the dimension vectors, respectively

i€AEs)o

P(m,5) = (Motyo(p) and P(m,7) = (Mr(yr()

(i j)eAEo )1 (i—j)eAEe)1

10



Chapter II. Tree representations of the quiver Es

OIHHJ OIw 1/( ) 0/( b}

00110 01211 12710

/\/\/\/

l/\\(ul
01210

3

0 Pl B 2 1
13531

0/«')4) 0/M41 l/(’#w llu#»

(Jl)ll(l 01211 123]0 12431

\VAVAVA

(lhnw 0/( l/(’w 0/( ,5)

(][)]ll (P]l()l) l]Z]O ()122]

The preprojective part of the Auslander—Reiten quiver A(Es)

where P(m, 1) = (Mi*j>(i—>j)eA(ﬁE76)1’

P(m,4) —( 0'(1)—>0'(])) and P(m, 6) —( r(z)—w(]))

(i—j)eA(Ee) (i—j)eAEe)1 °

where P(m,2) = (Mi_> j)(i—)j)eA(Eﬁ)l for the matrices.
In what follows we list the tree representations for preprojective families of the form P(m, 1), P(m, 2)

and P(m, 3):

dimP(6n,1) =(n+1,2n+ 1,3n+ 1,2n,n,2n,n)

n+1 2n+1 2n 2n n 2n n
n+l | 1 2n+1 | 1 2n 1 n+1 n|l n+1 n

Peon, 1) = , : " U S

n n n+l 2n 1 n|l 2n 1 n|l

dimP6n +1,1) = (n,2n,3n+1,2n+ 1,n,2n+ 1,n)

n 2n 2n 2n+1 n 2n+1 n

n|1| 2n |1 n+l1 2n+1 | 1| n 1{ n n+l

P6n+1,1) = ( , + , ) s ) )

n|l n+l 2n 1 n n+l1 2n+1 | 1 n 1

11



IL.3. Tree representations of the quiver A(Eﬁ)

dimP6n+2,1)=m,2n+1,3n+2,2n+1,n+1,2n+1,n+1)
nl|l
P(6n+2,1)=(n 1],

1

2n+1 2n+1 2n+1 n+1 2n+1 n+1
1 n+l 2n+1 | 1| n+1 | 1| n+l n
+ 9 9 9 b
2n+1 | 1| n+l n n+1 | 1| n+1| 1

dimP6n+3,1)=mn+1,2n+2,3n+2,2n+1,n,2n+ 1,n)

2n+1

n+l1

n
n+l 2n+2 2n+1 n 2n+1 2n+1

1
n+1 n 2n+1 | 1 n 1 2n+1 | 1 n+1 !
P(6n+3,1):( : : : , ; ol )
n+l | 1 2n+2 | 1 n+l1 n+1 n+1 2n+1 | 1

1

dimPO6n+4,1)=m+1,2n+ 1,3n+3,2n+2,n+ 1,2n+2,n+ 1)

n 1
n+1 2n+1 2n+2 2n+2 n |1 2n+2 n+1
n+l | 1 2n+1 | 1 n+2 | 1 n+l1 1 1 n+l n+l
P(on+4,1) = , : n , , , )
n n+2 n+l wme2 [ 1| 1 w42 | 1| ne1 |1
n|l

dimP6n+5,1)=m,2n+2,3n+3,2n+2,n+ 1,2n+2,n+ 1)
n
n|l

P(6n+5,1):(2 ,

2n+2 2n+2 2n+2 n+1 2n+2 n+l
1 n+l1 2n+2 | 1| n+1 | 1| n+l n+l1
+ 9 b b b
2n+2 | 1| n+l n+l m+2 | 1| n+1 |1

dimP(6n,2) = 2n,4n + 1,6n + 1,4n,2n,4n,2n)
P(0,2) = (0,]1],0.0,0,0)

M5(6n,2) — M5(6n+5,1)[m—>n—1] ® M(l;(6n,l)’ for a # (7 N 6)
1 n—1

2n+2

n+1

P(61.2) _ (2 7P(6n+5,D)[n>n—1] P6n,1)\ o, 11
M7—>6 - (M7—>6 ® M7—>6 ) H 1

}, n>0
1

dimP6n+1,2) =2n+1,4n+1,6n+2,4n+ 1,2n,4n + 1, 2n)

vl

MEOTLD _ g POnD) @ g POn+LD) oo 2 (7 S5 6)

12



Chapter II. Tree representations of the quiver Es

P(6n+1,2) _
M7—>6

dimP(6n +2,2) =
_ M5(6n+1,1) ®M5(6n+2,1)’ for @ # (7 — 6)

M§(6n+2,2)

P(6n+2,2)
M7—>6

dimP(6n +3,2) =

P@3,2) =

P(6n+3.2) _
M(I

P(6n+3,2) _
M7—>6

dimP(6n +4,2) =
— M§(6n+3,1) @M£(6n+4,1)’ for a ;é (7 N 6)

Mi’((m +4,2)

P(6n+4,2) _
M7—>6

dimP(6n + 5,2) =
_ M5(6n+3,5) ® M5(6n,7)[n»—>n+1]’ fora # (1 - 2)

M5(6n+5,2)

M]P(6n+5,2)
-2

dimP(6n,3) =
P(0,3) =
= MEOHSDIon=] g g POLD  gor o 2 (7 2 6)

M§(6n,3)

P(6n,1) P(6n+1,1)
(M7—>6 e9]‘47—%) )EE ! 1 ’

Cn,dn+1,6n+3,4n+2,2n+1,4n+2,2n+ 1)

— (MP(611+1 ,1) ® MP(6n+2 1)) s

7—6 T—6

Cn+1,4n+3,6n+4,4n+2,2n+1,4n+2,2n+ 1)

| ll 0 o] [o 0] 0 1]
0‘010’00[ 10,H
00 0 0 1’1
Mo o 1 0 0
P(6n+2 1) &M P(6n+3 1)’ for a # (7 N 6)
1 n—1
n—1
= (Mo My @y |1 0] n>0

2n+2,4n+3,6n+5,4n+3,2n+1,4n+3,2n+ 1)

n 1

n

P(6n+3,1) P(6n+4,1)
(M7—)6 © M7—>6 ) 1 1

n

Cn+1,4n+3,6n+6,4n+4,2n+2,4n+4,2n+2)

1 n

n

P(61+3,5) P(6n,T)[n—n+1]
(M 1—-2 eM, ., ) 11

n

(3n,6n,9n + 1, 6n,3n, 6n, 3n)
(0,0,0,0,0,0)

13



IL.3. Tree representations of the quiver A(Eﬁ)

n—1 1
n—1
M) — (St g pyPonD) g | il n>0
3n
dimP6n +1,3) = 3n,6n+ 1,97+ 2,6n + 1,3n,6n + 1,3n)
1{ 10 1
P(1,3) =10, |.| {,0,| [.0
0] |1 1
M5(6n+1,3) _ M5(6n,2) @ M5(6n+1,1)’ for a # (7 — 6)
1 n—1
3n—1
P(6n+13) _ [ ;P(61,2) P(6n+1,1)
My = (M7 %P o My e 1 |1 , n>0

n

dimP6n+2,3)=GBrn+1,6n+2,9n+4,6n+2,3n+1,6n+2,3n+1)

1 010 O 0 1
11 {0 O] |1 Of |1] [0 1} |1
P(2,3): N ) ) ) 9
0] 10 O] [0 1| (0] |1 Of (O
0 1] 10 1 0 1

M5(6n+2,3) — M§(6”+1*2) ® M§(6n+2,1), for @ # (7 — 6)

1 n

3n

P(6n+2,3) _ P(6n+1,2) P(6n+2,1)
My —(M7_)6 ® M) )E':!l 1

n

dimP(6n+3,3)=GBrn+1,6n+3,9n+5,6n+3,3n+1,6n+3,3n+1)

0 0 Off1 0 O 1 00
1 0 010 O Of (0] |0 O 1f |1
P3,3)=1(0f,]0 1 0},|0 0 Of,[1|,]0 1 0Of,|1
0] {0 0 Of |0 1 O] [1] |0 O 1] [1
0 0 1/ |0 0 1] 0 0 0
M5(6n+3,3) _ M5(6n+2,2) ® M(I;’(6n+3,1)’ for a # (7 — 6)
1 n—1
3n
M = (2 o e |1 | w0
n+l

dimP(6n +4,3) = 3n+2,6n+4,9n+7,6n+4,3n+2,6n+4,3n+2)
MEO43) _ POn+32) oy POnd) g £ (7> 6)
a a a ’

14



Chapter II. Tree representations of the quiver Es

n 1
3n+1
P(6n+4.3) _ (1 JP(61+3,2) P(6n+4.1)
M; ¢ (M7 6 OM; ) ! 1
n

dimP(6n +5,3) = 3n+2,6n+5,9n+8,6n+5,3n+2,6n +5,3n +2)

M5(6"+5’3) _ M§(6n+3,5) o M5(6n+5,4)’ fora # (2 — 3)
1 4n+3

P(6n+53) _ P(6n+3,5) P(6n+5.4) 3n+1
M5 = (M5 @ My ) Oy

I1.3.2 The preinjective indecomposable modules

The preinjective indecomposable modules correspond to the vertices of the preinjective part of the

Auslander—Reiten quiver, as shown in Figure I1.2.

0/4 lI(‘I» OI(IH OIvUM

1110 00111 01000 10000

VAVAVAY,

1 I(1 0 10,

()I]l] 11000

=3
S
)
~

1 1(0,7)
0
00000

0 (1,6)
- — —
rrini

llx]

24%42 23332 12221 titi
1 1 12,4 1 11,4 v 0 7(0,4)
N ittt I et B e i 0
1233 12211 11110 00011
0 /(3,5) r 1 1(2,5) r 0 /(1,5) r 0 /(0,5)
S —mmmmm—— - - - TN L T TN i e
01111 11100 00010 00001

The preinjective part of the Auslander—Reiten quiver
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IL.3. Tree representations of the quiver A(Eﬁ)

Due to the symmetry of the quiver A(Eg) we give only the families of representations of the form
I(m, 1), I(m,2) and I(m, 3). For all the other representations we can use the permutations o = (1, 5)(2,4)
and 7 = (1,7)(2, 6) to write them in terms of I(m, 1), I(m, 2) and I(mn, 3) in the following way (m > 0):

dimI(m, 5) = (do(;)) and dimI(m, 7) = (d(;))

ieA(Eg)o ieA(Eg)o °

where dim/(m, 1) = (dj);cp &),
@I(m, 4) = (dcr(i))ieA(ﬁa)o and @I(m’ 0 = (dT(i))iEA(E())O ’

where dim/(m, 2) = (d;),. AEoo for the dimension vectors, respectively

1(m,5) = (Mot)oo()) and [(m, 7) = (Mx)-r(5)

(i~ j)eAEs)1 (i~ ))eA@o)1

where I(m, 1) = (Mi_)j)(i—ﬂ')GA(Eb)l ’

1(m,4) = (Moo and [(m, 6) = (M)

(i~ )HEAEe) (i~ )eAEe)1

where I(m,2) = (M,-_) j) for the matrices.

(i~ )EAEs)1

In what follows we list the tree representations for preprojective families of the form I(m, 1), I(m, 2)
and I(m, 3):

dim/(6n,1) = (n + 1,2n,3n,2n,n,2n, n)
1(0,1) = (0,0,0, (1) 0,9)

2n 2n 2n n 2n n
n-111
2n |1 n |1 n|1]| n n
I(6n,1):(2 1|, + , , , ; ) n>0
n n |1 n n n |1 n|l
n-111
dim/(6n + 1,1) = (n,2n + 1,3n,2n,n,2n, n)
1(1,1) = (0,0,0,0,0,0) | 1
n—
n 1 2n-1
2n+1 1 1
1 1 1
2n+1 | 1 n—1
I(6n+l,1)=(n 1. [ } , ,
n—1 1 1
n 2n—1 1
n—1 1
1 n—1
2n 1 2n-1
2n | 1 n+l 1 1
s ) n>0
n 2n—1 1| n-1 1
n—1 1



Chapter II. Tree representations of the quiver Es

dim/(6n +2,1) = (n,2n,3n+1,2n+1,n+1,2n+1,n+ 1)

n 2n 2n 2n+1 n+l 2n+1 n+l1

nllf 2n |1 n+l | 1| nt1 | 1] n n
I@n+2J):( : , , : : )
n| 1| n+t 1] n n 2n+1 | 1| n+1] 1

dim/(6n+3,1)=(n+1,2n+1,3n+1,2n+ 1,n,2n+ 1,n)

0= ((1]-[1].[11.0.[1]0

s
1

n+1
+
2n

n—1 2 2n+1 1 2n
1
n+2 2n+1 | 1 n+l
I(6n+3,1)=(n+1 1{+ ) + >
n—-111 n 2n 1
n—1
1 n—1
1 2n
2n+1 1 n
1)1
n+l | 1] 1 1 n+l
2 b n b )7 n > O
n n—1 1 n 1
2n 1
n

dim/(bn+4,1)=n+1,2n+2,3n+2,2n+1,n+ 1,2n+1,n+ 1)

1 n
n+1 2n+2 2n+1 n+1 2n+1 2n+1
111
nel | 1] 2042 1| n+l n 2n+1 | 1 n+l
CCS U o S 1 S 1 S 1 % 1
n+1 n 2n+1 | 1| n+l | 1| n+l 2n+1 | 1
n 1
dim/(bn+5,1) = (n,2n+ 1,3n+2,2n+2,n+ 1,2n+2,n+ 1)
1] [1 o] [o] [1 o] [1
1(5,1) =10, R ) ) ,
»1 0O 1f (1] 10 1] |0
1 n
n 1 2n+1
2n+1 1 2n 2n+2 1|1 n+1
1 1 1
2n+1 | 1 n+2 m+2 |1 1|1 n+1
I@n+5J)=(n 1, + } [], o : l}}
n+l1 2n 1 n n 1 n+1 | 1
n|1 2n+1 1
n

n>0

dim/(6n,2) = 2n + 1,4n + 1, 6n,4n, 2n,4n, 2n)
1(0,2) = ([1].0.0.0,0,0)
Mé(6n’2) - M(Iy(6n+1,1) ® Mé(Gn,l)’ for « # (5 N 4)

17



IL.3. Tree representations of the quiver A(Eﬁ)

1(6n,2) _ 1(6n+1,1) 1(6n,1) 1 1
M5—>4 - (M5—>4 © M5—>4 ) & el { :i’ n>0

dim/(6n +1,2) = 2n,4n+ 1,6n+ 1,4n+ 1,2n+ 1,4n+ 1,2n+ 1)

1.2 = O [i]-[1. (1. [1]-[1)
Mé(6n+1,2) - M(IY(6"+3’7) ® Mé[y(6n,5), fora # (1 — 2)
1 n—1

1

16n+1,2) _ (2 (6n+3,7) 1(6n,5) 1
M1—>2 - (Ml—)Z ea1”1—)2 )E n

}, n>0

dim/(6n +2,2) =2n+ 1,4n+1,6n+2,4n+2,2n+ 1,4n+2,2n+ 1)

Ca R A

MO _ g3 oy d6me2l) g o 3)
1 2n-1

1

1(6n+2,2) _ 1(6n+3,1) 1(6n+2,1)
My = (M0 o My ) m 1 |1 , n>0

3n—-1

dimI(6n +3,2) = @n+2,4n+3,6n+3,4n+2,2n+ 1,4n+2,2n + 1)
MI(6n+3,2) — MI(6n+5,5) ® MI(6n+2,7) for a # (5 N 4)
a a [e% ’

1 n

1(6n+3,2) _ 1(6n+5.,5) 1(6n+2,7) 1 1
MS—)4 - (MS—)4 ® M5—>4 ) H n { :|

dim/(6n +4,2) =(2n+ 1,4n+3,6n+4,4n+3,2n+2,4n + 3,2n + 2)
MO I OnaS 1) oy JOnedD) g £(5 5 4)
a 07 a s

1 n

16n+42) _ (1 1(6n45.1) o 2 JA6n+41)) = | 1
Mo, = (M5—>4 &My, )E - l ]

dim/(6n +5,2) = (2n+2,4n+3,6n+5,4n+4,2n+2,4n +4,2n + 2)
M(Iy(6n+5,2) - MI(6n+1,5)[m—>n+l] ® M(I](6n+4,7)’ for a # (5 N 4)

a
1 n

16n+5,2) _ (2 AA6n+1,5)[n—n+1] 16n+4.7)\ ., 1 1
M5—>4 (M5—>4 ® M5—>4 ) B il [ }

18



Chapter II. Tree representations of the quiver Es

dim/(6n,3) =Bn+1,6n+ 1,92+ 1,6n+1,3n+1,6n+1,3n+1)

105 = (a]- . o] -[1]. [ [a)

Mf,(6”’3) _ Mé(6n+l,6) o Mé(6n,7)’ fora # (1 — 2)
n—-1 1

16n,3) _ (2 ,(6n+1,6) 1(6n,7) 1 1
M=, —(MHz eM, ., )EE 3n+2{ }’ n>0

diml(6n+1,3) = Bn+1,6n+2,9n+2,6n+2,3n+1,6n+2,3n+1)

Mé(6n+1,3) - Mé(6n+3’l) @M(I,(6n+1’2), for a 7& (6 = 3)
4n 1

[6n+13) _ (4 ,1(6n+3,1) I6n+12)) 1 1
M6—>3 - (M6—>3 ® M6—>3 ) H i { :|

dim/(6n +2,3) =(3n+2,6n+3,9n+4,6n+3,3n+2,6n+3,3n+2)

1 0 0|1 0 O 0 0 O
1 0 1 0 1 0
0 0 1|0 1 O 1 0 0
12,3)=|0 1], , |1 0], (1 1
0O 1 O0f[|0 O O 0 1 0
0 0 0 1 0 1
0 0 Of|0 0 1 0 0 1

Mé(6n+2,3) _ M(Il(6n+3,4) o Mé(6n+2,5)’ for a # (7 — 6)

n 1

16n+2,3) _ (2 1(6n+3,4) 1(6n+2,5) 1 1
M7—>6 - (M7—>6 ® M7—>6 ) B dntl [ }’ n>0

dim/(6n +3,3) =CBn+2,6n+4,9n+5,6n+4,3n+2,6n+4,3n+2)

Mé(6n+3,3) — Mé(6n+5,l) ® Mé(6n+3,2), for a ;é (2 N 3)
4n+2 1

16n+33) _ ( » J1(6n+5,1) 16n+32)) | 1
M, 37 = (M2—>3 oM, ; )53 - [ l

dim/(6n +4,3) =GBn+3,6n+5,9+7,6n+5,3n+3,6n+5,3n+3)
MO pOn45.6) oy IOnH4T) g 425 3)
a (03 (04 >
1

2n
1(6n+4,3) _ 1(6n+5,6) 1(6n+4,7) 1 1
M2—>3 (M2—>3 ® M2—>3 ) B Tn { :i

dim/(6n +5,3) = 3n+3,6n+ 6,9 + 8,61+ 6,3n+3,6n+6,3n + 3)

M(Il(6n+5,3) — M(Il(6n+1,1)[nb—>n+1] @M(IY((»HS,Z)’ for a ;é (7 N 6)
1 2n+l

1 1
MI(6n+5,3) — (MI(6n+l,1)[m—>n+1] ® MI(6n+5,2)) @ [ ]
2n+1

T—6 T—6 7-6
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IL.3. Tree representations of the quiver A(Eﬁ)

I1.3.3 The exceptional regular modules

There are only a finite number of exceptional regular modules. These are the non-homogeneous
indecomposable regulars with dimension vector falling below ¢ = (1,2, 3,2, 1,2, 1), marked with green
in Figures 11.3, 11.4 and IL.5. Note that dimR)(3) = dimR!(3) = dimR’(2) = 6, where [ € {1,2,3},
I e{l1,2}.

Representations of regular simples of A(Eg) are also given in [34], we include them here only for the

sake of completeness:

,,,,,,,,,,,,,,,,

The regular non-homogeneous tube TOA Ee)

dimR(1) = (0,0, 1,1, 1, 1,0),
Rl = 0.0.11].[1].[1].0)

di_mR%(l) =(0,1,1,0,0,1, 1),
& =(0.[1]-0.0.[1].[1)

dimR3(1) = (1,1,1,1,0,0,0)
o) = ([1].[1].[1].0.0.0)

dimR((2) = (0,1,2,1,1,2,1),

RY2) = [0’ m ’ H 1 Ll) ﬂ | H]

20



Chapter II. Tree representations of the quiver Es

dimR3(2) = (1,2,2,1,0, 1, 1),

o o

dimR;(2) = (1,1,2,2,1,1,0),

oLl

1 l(»
//11210

1
/‘(I)

A(Ee)

The regular non-homogeneous tube 77

dimR{(1) = (0,0,1,1,0, 1, 1),

R =00 fi]-[1])

dimR}(1) = (0,1, 1,1, 1,0,0),

&= (.1 [1].[1].0.0)

dimR;(1) = (1,1,1,0,0, 1,0),

& =((1].[11.0.0.[1].0

dimR}(2) = (0,1,2,2,1,1, 1),

co-pf1 L
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IL.3. Tree representations of the quiver A(Eﬁ)

dimR(2) = (1,2,2,1,1,1,0),
of 11 0] |1 1
R2 2 = 5 s 5 s 70

dimR}(2) = (1,1,2,1,0,2, 1),

ﬁ@=@LH{ﬂQE?iH]

The regular non-homogeneous tube TaE

@R}x,(l) =(0,1,1,1,0,1,0),
R =([1].[11.0[1].0)

dimRZ,(1) = (1,1,2,1,1,1, 1),

oo
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Chapter 111

Tree representations of the quiver D

In this chapter we will give a complete and general list of tree representations corresponding to
the exceptional modules over the path algebra of the canonically oriented Euclidean quiver D,,. The
proof (involving induction and symbolic computation with block matrices) was partially generated by a
purposefully developed computer software and is available on arXiv as an appendix. All the representa-
tions listed remain valid over any base field, answering a question raised by Ringel in [27]. The results

presented here were published in the article [16] and its appendix [15].

III.1 Basic notions and definitions

Consider the canonically oriented Euclidean quiver of type D,,, denoted from now on by A(Dg),

having the following shape:

2 3
5 ¢ 6 < - 4 m < m+ 1
1 4
Therefore, we have A(ﬁm)o ={1,...,m,m + 1} and since we have at most one arrow connecting two

different vertices, the set of arrows is the following:

AD 1 ={5—-1), 652, Bom+1), @->m+1), (6-55), (7T—-6), ..., (m+1—>m)

The Tits form in this case is

1 m
GaB,) () = 7 | @31 = 25" + (232 = 05)” + (et = 22307 + (et = 200)° +2 ) (051 = xi1)” .
i=5

Note that this is independent of the orientation of the quiver and it is positive semi-definite with
radical Z6, where 6 = (1,1,1,1,2,...,2).

III.2 Constructing tree representations for A(ﬁm) from trees of A(ﬁé)

In this section we present an explicit method for solving the following problem: given an exceptional

root x in A(ﬁm) where m > 4, construct an (exceptional) tree representation M € rep kA(ﬁm) such that

23



III.2. Constructing tree representations for A(ﬁm) from trees of A(ﬁ(,)

dimM = x. Recall that a positive real root x is exceptional if 9x # 0, or if dx = 0 then x < 8. Throughout
this section we denote the identity matrix by I, (in case n = 0 we take Iy to be the null morphism).

We begin with two lemmas on the form of real roots of the quiver A(D,,), where m > 6.

Lemma II1.2.1. Let x be a real root of the quiver A(D,,). Then x has one of the following forms:
i times

—_— .
o xV = (x1,x0,X3,%4,4, ...,0), where i = m —3;

i times J times
° x(z):(xl,xz,X3,X4,a,...,a,b,...,b), wherei,je N*, i+ j=m—-3anda # b;
i times J times k times
o xO =(x1,x0,x3,%4,@,...,0a,b,...,b,a,...,d), wherei, jjk e N*, i+ j+k=m—3anda # b;
i times J times k times
° x(4):(xl,xz,xg,x4,a,...,a,b,...,b,c,...,c), where i, j,k e N*, i+ j+k=m—3and a,b, c are

pairwise different.
Combining these four possibilities for x we get the following (alternative) form:

Lemma IIL2.2. Let x be a real root of the quiver A(ﬁm). Then x has the form x =

Jj times

i times k times
(x1, x2, X3, X4,4,...,a,b,...,b,c,...,c) with a, b and c¢ not necessarily distinct, i, jk € N* and

i+j+k=m-3.

Let us denote by R,, the set of exceptional roots over A(ﬁm).
For m > 7 we introduce p,, : R, — Rg, where p,,(x) = x* with x € R, constructed according to the
following cases (as specified in Lemma II1.2.1):

i times

. —_— .
e if x = (x1,x2,x3,X4,0,...,a), where i = m — 3, then x’ = (x1, x2, x3, X4, 4, a, a);
CEN Jj times
‘ 1 times o . . )
o if x = (x1,xp,X3,%4,Q,...,a,b,...,b), where i,j € N*, i+ j=m—-3and a # b, then x’ =

(x1, X2, X3, X4,a,a,b) in case i > 2, else x’ = (x1, x2, X3, X4, a, b, b);

i times JUmes g imes

if x = (x1, x2, X3, X4,4,...,a,b,...,b,a,...,a), where i, jjk e N, i+ j+k =m—-3and a # b,

then X" = (x1, x2, X3, X4, a, b, a);

i times JUMes  p times

if x = (x1, %2, X3, x4,4,...,a,b,...,b,c,...,c),where i, ke N*, i+ j+k=m—3and a, b, c are

pairwise different, then x” = (x1, x2, X3, X4, @, b, ¢).

Lemma IIL.2.3. For any m > 7, the previously introduced p,, : R,, = Rg is a well-defined surjective

function. Moreover, defects are also kept (i.e. for all x € R, 6kA(]5m)x = 8kA®6)pm(x)).

In the following drawings the dotted arrows represent zero or more arrows of the form kd<l—kd
d
(d € {a, b, c}), connecting vertices with the same dimension, with suitable identity matrices associated

to them. We can state the following:
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Chapter III. Tree representations of the quiver Dy

Lemma II1.24. Let m > 7, x € R, (as in Lemma 111.2.2), x' = (x1, x2, X3, X4, a, b, c) € Rg such that
Pm(x) = X" and two representations M = (My, M;) € rep kA(ﬁm) and M" = (M, M?) € rep kA(ﬁe,) with

dimM = x and dimM’ = x" having the following matrices:

k2 ko

ke 4.1.‘;... k4 S kb 4.1.};... kP 5 KE 4o k¢

< AN

ko K

and
kxz k)C}

k™ k™
Then M is exceptional if and only if M’ is exceptional.

In what follows, we are going to construct explicitly a function 7}, : R,, — rep kA(D,y) such that
T,,(x) with dim7,(x) = x is a tree representation for any exceptional root x (m > 4). In this context we
treat rep kA(D,,) as a set consisting of only “matrix representations” of , where a “matrix representa-
tion” is just a collection of matrices of compatible dimensions together with induced vector spaces of

the form k*, encoding a representation of Q.

Constructing tree representations of A(ﬁﬁ)

We begin with the m = 6 case, since by construction the lists given in Section III.4 define exactly
such a function Ts. One can take any exceptional root x over A(Dg), identify the corresponding family
of representations (based on dx and the general forms of the dimension vectors) and apply the right

formula for obtaining the matrices of the representations. So we can state the following:

Proposition II1.2.5. For any exceptional root x over A(ﬁé) the listed formulas in Section 111.4 define a

function Tg : Re — rep kA(ﬁ(,) with Te(x) a tree representation.

Constructing tree representations of A(ﬁm), form>7

For the m > 7 case we define T}, : R,,, — rep kA(ﬁm) as follows: for x € R,, let T,,,(x) = M where the
representation M € rep kA(ﬁm) is constructed based on M’ = Tg(p,,(x)) € rep kA(ﬁg); specific matrices
of the representation M are M5_,| = M;—m
other matrices are given based on the possible forms of x (see Lemma II1.2.1):

Ms_p = M_,, M3gns1) = M5, Masnery = M)_,5; the

i times
. —— .
o if x = (x1, x2,X3,X4,4,...,a), where i = m — 3, then M,,,_,(n-1) = Mé—>5’ Mupi1y-m = M;_)6 and

for all other arrows assign identity matrices I,;
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i times J times
o if x = (x1,X2,X3,X4,4,...,a,b,...,b),where i, j € N*, i+ j=m~-3and a # b, then M4,j—3+i) =
Mé—>5’ M(4+i+1)_,(4+,‘) = M§—>6 in case i > 2, else (lfl = 1) M()_,5 = M(/S—>5’ M7_,() = M;—>6 — for all
other arrows assign compatible identity matrices (either 1, or I);
i times j times k times
o if x = (x1,x2,x3,Xx4,4,...,a,b,...,b,a,...,a), where i, jk e N, i+ j+k=m—-3and a # b,

then M(4+i+1)_,(4+,') = Mé—>5’ M(4+,'+j+1)_)(4+i+j) = M;—>6 and compatible identity matrices for all
other arrows;

i times J times k times

o if x = (x1,x2,X3,Xx4,4,...,a,b,...,b,c,...,c), where i, jjk e N, i+ j+k=m—-3and a,b,c
are pairwise different, then Miv1)—»@+i) = M s, Mavivjs)»@+ivj) = M,_ o and compatible

identity matrices for all other arrows.

Proposition I11.2.6. For m > 7 the previously defined function T,, : R,, — rep kAD,,) gives tree
representations for all exceptional roots, i.e. for any x € R, the representation T,,(x) € rep kAD,) is a

tree representation.

Example IIL.2.7. Suppose we need a tree representation for the preprojective indecomposable
P(6,7)A®8) € repkA(ﬁg). We have that di_mP(6,7)A(ﬁg) = (3,3,2,2,5,5,5,4,4) € Rg. We com-
pute its corresponding exceptional root over A(Dg): pg(3,3,2,2,5,5,5,4,4) = (3,3,2,2,5,5,4) € R¢.
Due to Lemma II1.2.3 we know that defects are kept by the function pg, so we have to search
for the corresponding representation among the list of preprojective families in Subsection II1.4.1.
We identify the family P(8n + 4,6) AGe) with dimension vector of the form dimP(8n + 4,6) ABe) =
An+3,4n+3,4n+2,4n+2,8n+ 5,8n + 5,8n + 4), which for n = 0 gives exactly our root. Using the
formula given there, we construct the tree representation of T6(pg(3,3,2,2,5,5,5,4,4)) = P(4,6) AGe)"

As indicated, this representation may be constructed by first forming a direct sum of P(4, 1) ABe) with
P(6,2) ABy) and then inserting the matrix block [ 1 ] into to upper right corner of the matrix associated
to the arrow (5 — 1), thus bringing in an extra element equal to one into the matrix.

Now we are ready to construct our initial representation 7g(3, 3,2,2,5,5,5,4,4) = P(6,7) ABs) using
the described method, by taking the matrices associated to the arrows (5 — 1), (5 — 2), 3 = 7),
4 - 7),(6 — 5 and (7 — 6) from P4, 6)A®6), associating them to the arrows (5 — 1), (5§ — 2),
B3—-9,4 —>9), (7T — 6)respectively (8§ — 7) in P(6,7) ABs) and putting identity matrices on the

remaining arrows:
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Chapter III. Tree representations of the quiver Dy

For the m = 4 and m = 5 cases we first state some analogous lemmas and then the explicit construc-
tion for T4 : Ry — rep kA(ﬁ;) and T5 : Rs — rep kA(ﬁs).
For m = 4 we introduce is : Ry — Rg, where i4(x1, X2, X3, X4,a) = (x1, X2, X3, X4, a,a,a) and for

m = 5 we introduce i5 : Rs — R¢, where i5(x1, x2, X3, X4, a, b) = (x1, X2, X3, X4, a, a, b).

Lemma IIL.2.8. The previously defined is : Ry — Rg and is : Rs — Rg are well-defined injective

functions. Moreover, defects are also kept (i.e. for all x € Ry, (9kA(ﬁ4)x = ékA(ﬁé)M(x) and for all x € Rs,

akA(155)x = 8kA®6)i5(x)).
Lemma II1.2.9. The following statements are true:

(a) Let x = (x1, X2, X3, X4,a) € Ry, ig(x) = X" = (x1, X2, X3, X4, a,a,a) € Rg and two representations

V € repkA(Dy) and V' € rep kA(Dg) such that dimV = x and dimV’ = x" having the following

matrices:
k2 k3
w
o
\7 ka
Ay ’\
v
k* k™
and
kxz kx3
w /
V/ . a Lo a 1o a s
: k* &— kP &+— Kk
Ay
/ k
k* k%4

Then 'V is exceptional if and only if V' is exceptional.

(b) Let x = (x1, x2, X3, X4,a,b) € Rs, i5(x) = x’ = (x1, X2, X3, X4, a, a, b) € R¢ and two representations
Z € rep kA(Ds) and Z' € rep kA(Dg) such that dimZ = x and dimZ’ = x’ having the following

matrices:
kxz kx3
A
Az
V4 k4 ] A kb
A '\
/ Ay
ko s
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and

k2 kX3

VA

k" ks

Then Z is exceptional if and only if Z' is exceptional.

As one can see, the representations V', Z’ € rep kA(ﬁé) are somewhat special, in the sense that they
must have identity matrices associated to arrows connecting vertices of equal dimension on the central
axis of the quiver. Upon inspection of the lists given in Section II1.4 it can be seen that all representations

were constructed to fulfill this requirement. So we can state:

Lemma II1.2.10. All the (exceptional) tree representations in the case A(ﬁg) (listed in Section 111.4)
have identity matrices associated to the arrows on the central axis, which connect vertices of equal

dimension.

Constructing tree representations of A(ﬁ4) and A(ﬁS)

We are now ready to give the functions T4 : Ry — rep kA(ﬁ4) and T5 : Rs — rep kA(ﬁs). For any
x € Ry let T4(x) = V be constructed based on V' = Tg(is(x)) € rep kA(ﬁ6) in the following way:
Vs =Vi s Vsoo =V ,, V355 =V, and V45 = V;_ . Similarly, For any x € Rs let Ts5(x) = Z
be constructed based on Z’ = T(is(x)) € rep kA(ﬁ(,) in the following way: Zs_,; = Z;_)l, Z5_o = Z;_)z,
2356 =2, 7. Z46=2) ;and Zg 5 =7 .

Proposition II1.2.11. Using the previous definitions, the following is true:

(a) The function T4 : R4 — 1ep kA(ﬁ;) gives tree representations for all exceptional roots, i.e. for

any x € Ry the representation T4(x) € rep kA(ﬁ4) is a tree representation.

(b) The function Ts : Rs — rep kA(ﬁ5) gives tree representations for all exceptional roots, i.e. for

any x € Rs the representation Ts(x) € rep kA(ﬁ5) is a tree representation.

Example III.2.12. Suppose we need a tree representation for the preinjective indecomposable
1(6,4) AG,) € Tep kA(ﬁ4). We have that dim/(6,4) ABY = (3,3,3,4,6) € R4. We compute its corre-
sponding exceptional root over A(Dy): i4(3,3,3,4,6) = (3,3,3,4,6,6,6) € Rg. Due to Lemma I11.2.8
we know that defects are kept by the function i4, so we have to search for the corresponding representa-
tion among the list of preinjective families in Subsection I11.4.2. We identify the family 1(8zn + 4, 4) ABe)
— obtained from I(8n + 4, 3) ABs) via the suitable permutation T = (3, 4) as explained there — with dimen-
sion vector of the form dim/(8n + 4, 4)A(ﬂ5c,) =2n+1,2n+1,2n+1,2n+2,4n+2,4n+2,4n+2), which

for n = 1 gives exactly our root. Using the formula given there, we construct the tree representation of
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T6(i4(3,3,3,4,6)) = I(12,6),5,,-

K L L K
1 1
1(12,6), 5, (111 )\k6< L 16 i k6/111
)/ 1 1 \11
k3 ( 11) 11 k4

Now we are ready to construct our initial representation 74(3,3,3,4,6) = 1(6,4) ABY) using the
described method, by taking the matrices associated to the arrows (5 — 1), 6§ — 2), (3 — 7) and
4 — 7) from 1(12,6) ABe) and associating them to the arrows (5 — 1), (§ — 2), (3 — 5), respectively
(4 — 5)in I(6, 4)A®4).

1
1

K (1 b ) ! i : K
1(6.4),5, \ y /
- ﬁ k ”

1
1

II1.3 Proving the field independent tree module property

In this section we give a short overview of the method used to prove the tree module property for
every representation given in the lists in Section II1.4. The method presented here has been used already
in the case of the canonically oriented Eg in Chapter II.

Throughout this section we will use the “field independent” qualifier in relation to representations
and short exact sequences according to Definition I1.2.1.

The technique used to obtain and prove the formulas in Section II1.4 (in a field independent way)
consists of a mixture of computer experimentation using the computer algebra system GAP [2] followed
by a computer aided proof performed by a proof assistant software developed in the purely functional
programming language Clean [1], specifically for this purpose. The proof uses our prior knowledge on
the existence of certain Schofield sequences (see [39]) and it is based on Proposition I1.2.3, proved in
Chapter II.

The formulas for the matrices listed in Section I11.4 were obtained after extensive experimentation
and testing in GAP, working over small finite fields (for details see Remarks 8, 9 and 10 from [39]). Then

the “guessed” formulas were introduced into an input I&IEX document which in turn was processed

29



III.4. Tree representations of the quiver A(ﬁ(,)

by the proof assistant. The computer aided proof is basically an induction on the dimensions of the
representations (detailed in Subsection 1.3 of [15]). For given input data (supposedly) defining short
exact sequences (the two different Schofield sequences required by Proposition 11.2.3) the proof assistant
verifies using Lemma I1.2.4 that indeed, two short exact sequences may be constructed using the given
matrices (in a field independent way). To complete the proof for the tree module property, it also counts
the total number of ones in matrices.

For some more details on the block-matrix arithmetic, rank computation and other steps performed

by the proof assistant software we refer to Section II.2 and to [15].

II1.4 Tree representations of the quiver A(Dg)

In this section we list the formulas describing the matrices of the representations corresponding
to exceptional modules: the preprojective indecomposables (Subsection II1.4.1), the preinjective inde-
composables (Subsection 111.4.2) and the regular non-homogeneous indecomposables with dimension
vector below ¢ (Subsection I11.4.3). For convenience, at the beginning of each of the following subsec-
tions, we present a graphical representation of the corresponding part of the Auslander—Reiten quiver.
Blue arrows show the existence of a so-called irreducible monomorphism, while red arrows represent
irreducible epimorphisms between suitable indecomposable modules (for details see [3]).

In the case of preprojectives and preinjectives the representations can be grouped in families of the
form P(8n +r, i) respectively I(8n +r,i), wherei € {1,...,7}and r € {0,...,7}. Representations belong-
ing to the same family have similar dimension vectors and matrices, depending only on the parameter
n € N. The matrices listed are written using blocks of various sizes, with the same notation as in Sub-
section I1.2.1. Every matrix is composed either of identity blocks or rectangular zero blocks. We denote
the identity block simply by 1 and the zero block by 0. For small values of n» we may give some rep-
resentations concretely, when the general formula only works for n > 0. The formulas for the matrices
listed here are rigorously proved to be correct — i.e. they give a field independent tree representation of
the respective family in the sense of Definition 11.2.1 [17]. The Appendix also contains a more detailed
presentation of some of the representations from the lists (e.g. matrices written out explicitly for small

valuesof n =0,1,2,...).

II1.4.1 The preprojective indecomposable representations

The preprojective indecomposable modules correspond to the vertices of the preprojective part of
the Auslander—Reiten quiver, as shown in Figure III.1 (on the vertices we provide the dimension vectors
in the graphical form corresponding to the shape of D).

Due to the symmetry of the quiver A(Dg) we give only the families of representations of the form
P(s, 1), P(s, 3), P(s,5), P(s,6) and P(s,7). For P(s,2) and P(s,4) we can use the permutations o = (1, 2)
and 7 = (3,4) to write them in terms of P(s, 1) and P(s, 3) in the following way (s > 0):

dimP(s, 2) = (do(i)) , where dimP(s, 1) = (di);cpB,),

i€ADs)o
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0
Iul4w /1]4) /( 4»
1
P D N 4 > 211 ———————————— 721
1 1
U— /(\ 7
111 ———————————— > %22 ———————————— > 4%2
. m/ \m()/ \“ ()/
110 ———————————— = 211 ———————————— > 332
. / \/(I }/ \][ /
100 ———————————— > 210 ———————————— > 221
1
Iml \ M 2) / \ P(2,2)
0
uou ———————————— > 100 ———————————— = o
0
/\(Hv IM ]1 I< ]w
000 ———————————— 100 ———————————— 110

The preprojective part of the Auslander—Reiten quiver A(Dg)

dimP(s,4) = (dT(i))ieA(ﬁﬁ)o , where dimP(s, 3) = (di)ieA(ﬁ(,)o

for the dimension vectors, respectively

P(s,2) = ( ‘T(’)_"T(]))(z—U)EA(D) where P(s, I)Z(Mi*f)(,-ﬁnemﬁn

P(s,4) = ( T(,)_,T(j)) , where P(s,3) =

(i-j)eADe)1 ° (M‘”J')(iﬁj)eA(ﬁﬁ)l

for the matrices.

In what follows we list the tree representations for preprojective families of the form P(s, 1), P(s, 3),
P(s,5), P(s,6) and P(s,7):

dimP(8n, 1) = 2n + 1,2n,2n,2n, 4n,4n, 4n),
P(0,1)=(0,0,0,0,0,0),
m-1 1 1 2n-1

1 1 2n 2n 4n 4n 2’1 21”
P(8n,1)=(2n—1 1 1| |1 1]4[1]4[1]2{1}2[ }) n>0;
. 1 n n

dimP(8n +1,1) = 2n,2n + 1,2n,2n,4n + 1,4n,4n),
2n 1 2n

4n 2n 2n
4n
1 an |1 2n m |1
B y 4n [ 1 :I, 5 );
1 1|1 | 1| 2n
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dimP(8n +2,1) = 2n + 1,2n,2n, 2n dn+ 1,4n + 1,4n),
2n 1
2n 2n 1 4n+1

4n 2n 2n
| 2111 20 n| 1
) 1],2n[1 1 ],4n+1|:1:|7‘: [ }’;[1},;[ ])’

dimP(8n +3,1) = (2n,2n+ 1,2n,2n,4n + 1,4n + 1,4n + 1),

P(8n+2,1)=( :
2n

2n
2n 1 2n 2n
n 2n 1 4n+1 dn+l 9y
P(8I’l+3,1)=(2n[1 1 ],1 ! ,4n+1[1],4n+1[1],2n 1,2n ! );
m |1 1 2n+1
1
dimP(8n+4,1) = (204220 + 1,20+ 1,2+ 1.4n +2,4n+2,4n +2),
2n
2n+1 2n+1
1 1 2n+1 2n+1 4n+2 4n+2
P8n+4,1) (2 1 Lt [T 1] a2 1] 4 2[1]2””{ }2”“[1}).
N = n s 2n+ , 4n+ , 4n+ . . N
21 | 1| 2n+1
1 1
dimP@n+5,1)=2n+1,2n+2,2n+1,2n+ 1,4n+ 3,4n+ 2,4n + 2),
2n+1 1 2n+1 4n+2 2n+1 2n+1
2n+1 2n+1 1 4n+2

Pen+sh=(2e[1 1 0]

2n+1

1 an+2 | 1 2n+1 2n+1
:|’ [ ’ 4n+2 [ 1 ]’ l ] l :|
1 111 2n+1 2n+1

dimP(8n + 6, 1)—(2n+2 2n+1 2n+1,2n+ 1,4n+3,4n+3,4n + 2),

1 2n+1 4n+2 2n+1 2n+1

2n+1 2n+1 1

4n+3
P@n+6,1) ( : 1 [1 1 ] [1] an+2 | 1| 2041 sl
n s = 5 2n+l , 4n+3 s ,
n+l | 1 1 ’ * 1 sl " o]

dimP@n+7,1)=2n+1,2n+2,2n+1,2n+ 1,4n+ 3,4n+ 3,4n + 3),
2n+1

2n+1 1 2n+1 2n+1

2n+1 2n+1 1 4n+3 4n+3 241

P(8n+7,1):(2n+l[1 1 ],; lll ] l],4n+3[1],4n+3[1],2n+1 l,z“;{l});
nt n+

1

dimP8n,3) =2n+1,2n+ 1,2n+ 1,2n,4n+ 1,4n + 1,4n + 1),

P09 = (1. 1)1, [ 1]0)

1 2n-1

1 1

P(8n,3) = ( et | 1 1 ! [1 : ]
1 q 2 1
-1 1 1 -1 1

2n-1 m-11]1

dn+l dntl op-1 |1 2n—1

4n+l[1],4n+l[l],l 1,1 1 ), n > 0;

1 1 1 1
1 1] 1
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dimP8n+1,3) = Qn+1,2n+1,2n,2n+ 1,4n +2,4n + 1,4n + 1),

P(1,3)=[[1 o].[1 1],[3],[1],0,[1]),

2n-1 2n-1 1 1 1 1 -1 1 2n-1 1 1
-1 |1 1 1 1
P(8n+1,3)=( 1 1 ,2n-1 1 1
1 1] 1 1 1
-1 1 -1 1 1
4n 1 2n-1 m-1|1
4n |1 n+l op1 | 1 1 1
1 ,4n+1[1],1 11, 2n-1 ) n>0;
1 1 1 1{ 1 1
1 1 1

dimP@n+2,3)=2n+1,2n+1,2n+1,2n,4n+2,4n + 2,4n + 1),

P(2,3)=([1 o].[1 1],[(1) ?},[(1)],[1],0),

n-1 1 2n-1 1 2 2n-1 2n-1 1 1 1 1
1 1 m-1|1 1
P(8n+2,3):( 2n-1 | 1 1 , 1 1 1
1 1 1 1
-1 1 1 -1 1
dn L o1 m-1]1
4nt2 q4n |1 m-11]1 2n-1
4n+2[1,1 , 1 1] 1 1), n>0;
1 111 1 1 1
1 1] 1

dimP@Bn +3,3)=2n+1,2n+ 1,2n,2n+ 1,4n+2,4n + 2,4n + 2),

P(3,3)=([1 o].[1 1],[(1) ?,Ll) ﬂ,o,{éD,

2n—1 2n-1 1 1 1 1 2n—1 1 2n—1 1 1
-1 1 1 1 1
P@8n+3,3) = ( 1 1 ,2n-1] 1 1
1 1] 1 1 1
2n—1 1 1
-1 1 )
m-11]1
2n—1
1 1
4n+2 4n+2 o1 1
2n—1
a2 [ 1|, dne2 [ 1], 1 1], ), n>0;
o [1 ] [ 1] 1 1
1 1
1
2
1 1]
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dimP(8n+4,3) = 2n+2,2n+2,2n+2,2n+ 1,4n + 3,4n + 3,4n + 3),

1 0 Of {1 0 Of 1 Offo
1 0 Oofft 1 O
P4,3) = , ,(0 1 0f,0 1 O0f,{0 O0f,{1]{,
1] [0 1] [1

0O 0 1110 0 1
0O 0 1[0 O
-1 1 2n-1 1 1 1 1 -1 2n-1 1 1 1 1 1
1 1 -1 | 1 1
m-111 1 1 1 1
P8 +4,3) =( , :
1 1 1 1
1 1 1 1
2n—1 1 1 1 2n—1 1 1
-1 | 1 2-1[1
m-111 2n-1
4n+3 4n+3 1 1 1
411+3[1], 4n+3[1],1 1 , 1 1 ), n>0;
1 1 1
1 1 1 1
1| 1]

dimP(8n +5,3)=2n+2,2n+2,2n+ 1,2n+2,4n+4,4n + 3,4n + 3),

2n+1 2n+1 1 1 i+l 1 2n41 1
m+1 | 1 1 1 1
P@8n+5,3) = s s
1 1| 2n+1]1 1
2n+1 1
4n+2 1 2n+1
n+l | 1
an+2 | 1 An+3 optl ]
1
1 , 4n+3 [1 ], m+l | 11, );
2n
1 1 1
1

dimP(8n +6,3) = @n+2,2n+2,2n+2,2n+ 1,4n +4,4n + 4,4n + 3),

4n+2 1
2n+1 1 2n+1 1 2n+1 2n+1 1 1 2n+2

dn+d 4pi2 | 1

1 1 m+1 | 1 1 2n+1
P(8n+6,3)=( , ,411+4[1], 1 1 ,
m+1 | 1 1 1 1 1

9
2n+2
1 1

2n+1
2n+l | 1 )
9
2n+2

dimP@n+7,3) =2n+2,2n+2,2n+ 1,2n+2,4n+4,4n+ 4,4n + 4),
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2+l 2n+1 1 1 2+l 1 2n+l 1
4n+4 4n+4 2541
P(S +73) (2n+l 1 1 1 1 [1] [1]
n ,J) = s , dn+d , dn+4 , 2n+1
1 1] 2n+1 ] 1 1 ’ " ’
2
m+l 1
2+l | 1
1 1 )
2n+1 ’
1 1
dimP(8n,5) = (4n+ 1,4n + 1,4n,4n,8n + 1, 8n, 8n),
MP(8n,5) - MP(Sn,l) e MP(SI’H],])’ fora’ # (5 — 1)’
4n 1
P(8nS) _ (2 ,P(8m.1) P@8n+1,1) 2n .
MS—»] _(M5—>l 691‘45—>l )EE | 1}’
dimP@n +1,5) = (4n+ 1,4n+ 1,4n,4n,8n + 2,8n + 1, 8n),
MP(8n+1,5) — MP(8n+1,l) ® MP(SI’HZ,I)’ for a # (5 N 2),
4n 1
P(8n+1,5) _ (2 yP8n+1,1) P(8n+2,1) 2n .
M5—>2 - (M5—>2 ® M5—>2 ) B ! 1 :|’
dimP@n +2,5) = @4n+ 1,4n+ 1,4n,4n,8n +2,8n +2,8n + 1),
MP(8n+2,5) — MP(S}’L+2,1) ® MP(8}1+3,1), for a ;é (7 N 6),
4n 1
P(8n+2,5) _ [ 2 ,P(8n+2,1) P@n+3,1)\ . .
M7—>6 - (M7—>6 ® M7—>6 ) B 1 1}’
dimP@n +3,5) =@n+2,4n+2,4n+ 1,4n+1,8n+ 3,8n+ 3,8n + 3),
1 0 Ol |1 O Of |1] |0
1 1 011 O O
P(3,5) = , ,J0 1 0f,]J0 1 of,|o],|1]],
1 0 1110 1 O
0O 0 1110 0 1] (0] [O
MPES = pPES) g pPESS  for o 4 (5 - 2),
4n—1 1 2
2n—1
MIGID) _ (M6 g P 8r39) g I R

1

dimP(8n +4,5)=(4n+3,4n+3,4n+2,4n+2,8n+5,8n + 4,8n + 4),

M(I;(8n+4,5) — M5(8n+4,l) ® M5(8n+5,l)’ for a ;é (5 - l),
4n+2 1

P(8n+4,5) _ [ 5 yP(8n+4.1) P(8n+5,1) 2n+1 .
M) = (Msa ® M, )EB 1 i
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III.4. Tree representations of the quiver A(ﬁ(,)

dimP(8n +5,5)=(4n+3,4n+3,4n+2,4n+2,8n+ 6,8n + 5,8n + 4),

M5(81’l+5,5) — M5(8n+5,l) ® M5(8n+6,l)’ for a ;é (5 — 2)’
4n+2 1

P(81+5,5) _ (1 yP@n+5.1) P@&n+6,1)) ., 21+ )
M, = <M5—>2 e M, ) H 1 i

dimP@n +6,5) =(4n+3,4n+3,4n+2,4n+2,8n+6,8n+ 6,8n +5),

M(};(8n+6,5) - M5(8ﬂ+6,1) e M5(8n+7’1), for a ;é (7 — 6),
4n+2 1

P(8n+6,5) _ [ 2 7P(8n+6,1) P@n+7,1)\ . 42 .
M7—>6 - (M7—>6 © M7—>6 ) H 1 1 ’

dimP(8n+7,5) = (An+4,4n+4,4n+3,4n+ 3,80+ 7,80+ 7,8n + 7),

M5(8n+7,5) — M5(8n+7,2) ® M5(8n,2)[m—>n+1]’ for # (5 N 2),
4n+3 1

1];

dimP(8n,6) = 4n+ 1,4n+ 1,4n,4n,8n+ 1,8n + 1, 8n),

M(};(Sn,ﬁ) — Ms(gn,l) e M5(8n+2’2), for a ;é (5 N 1)’
4n 1

|

dimP(8n+1,6)=(@4n+1,4n+1,4n,4n,8n+2,8n + 1,8n + 1),

M5(8n+1,6) — M5(8n+l,l) ® M5(8n+3,2)’ for a ;é (6 — 5)’
4n 1

|

dimP(8n +2,6) = (4n+2,4n+2,4n+ 1,4n+ 1,8n +3,8n + 3,8n + 2),

PE+T,5) _ (4 yP@n+7.2) P@n2)mn+1]) _ 1
M, = <M5—>2 e M, ) H .

P(8n,6) _ (2 ,P(8m,1) P(8n+2.2) 2n
M5—>l - (M5—>l ® M5—>l ) B !

PE+1,6) _ (1 ,P@n+1,1) P@8n+32)\ . 41
Mq_.s = <M6—>5 © M5 ) H 1

1 o o] [t 1]
1 0 O0lf1 0 O 11 {0
P(2,6) = ) .0 1 0f,]0 1}, |, 8
0 1 Of[0 1 1 0] |1
00 1]]o o
MP(8n+2,6) — MP(Sn,3) ® MP(8n+2,4), for a ;é (5 N 2),
4n 1 1
2n—1
P(8n+2,6) _ P(8n,3) P(8n+2,4) )
Ms-»z+ = <M542 @Ms_,2+ )EE 1 1 , n>0;
1

dimP(8n +3,6) = (4n+2,4n+2,4n+ 1,4n+ 1,8n +4,8n + 3,8n + 3),
MP(8n+3,6) — MP(8n+1,4) e MP(8n+3,3) for a ;é (6 N 5)
@ a ¢4 ’ >
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Chapter III. Tree representations of the quiver Dy

4n 1 1

4n

P(8n+3,6) _ P(8n+1,4) P(8n+3,3) .
M64>5 - (M6~>5 ® M6~>5 ) B 1 1 ’

1

dimP(8n +4,6) = (4n+3,4n +3,4n +2,4n + 2,81 + 5,81 + 5,8n + 4),
MP(8n+4,6) — MP(8n+4,l) e MP(8n+6,2)’ for a ;é (5 N 1)’
4n+2 1

P(8n+4,6) _ ( p yP(8n+4,1) P8n+6,2)\ - 2n+1 .
M) = <M5—>1 © M, )EE 1 i

dimP@8n +5,6) =(4n+3,4n+3,4n+2,4n+2,8n+6,8n+5,8n +5),

M5(8n+5,6) - M§(8n+5,1) e M5(8n+7’2), for a ;é (6 — 5),
4n+2 1

P(8n+5.6) _ [ 2 7P8n+5,1) P(8n+72)\ ., 4n+2 .
Mg s = (M6—>5 © M5 ) B . i

dimP(8n +6,6) = (4n+4,4n+4,4n+3,4n+3,8n+7,8n+7,8n + 06),

M§(8n+6,6) — M§(8n+6,1) ® M§(8n,2)[m—>n+l], for # (5 N 2),
1 4n+3

P(8n+6,6) _ [ 2 7P(81+6,1) P8n,2)[nsn+1] 2n .
M5—>2 - (M5—>2 ® M5—>2 ) B 1 |: 1 ]’

dimP8n+7,6) = (4n+4,4n+4,4n+3,4n+ 3,81+ 8,8n+ 7,81 + 7),
MP(8n+7,6) — MP(8n+5,3) ® MP(8n+7,4)’ for ;é (6 N 5)’
4n+2 1 1

4n+2

P(8n+7,6) _ P(8n+5,3) P(8n+17,4) .
M64>5 - (M6~>5 ® MGHS ) B 1 1 ’

1

dimP(8n,7) = (4n + 1,4n + 1,4n,4n,8n+ 1,8n + 1,8n + 1),

M(};(Snj) — Ms(gn,l) e M5(8n+3’1), for a ;é (5 N 1)’
4n 1

|

dimP@n+1,7) = 4n+2,4n+2,4n+1,4n+ 1,8n+3,8n+ 2,8n + 2),
MPEHLT) _ prPEr+L6) o M(Iﬁ(l), fora # (4 — 7),
1

@) (MP(8n+1,6) eaMR%(I)) - [] };

PBnT) _ ( 4,P8n1) P(8n+3,1) 2n
M5—>l - (M5—>l ® M5—>I ) H h

47 47 47 1
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III.4. Tree representations of the quiver A(ﬁ(,)

dimP@n+2,7)=@n+2,4n+2,4n+ 1,4n+ 1,8n +4,8n+ 3,8n + 2),

R(2
M5(8n+2,7) — M(I:(8n+2,5) ® Mal( )7 fora (3 — 7),
1

P8n+2,7) _ [ 2 ,P(81+2.,5) R} _ 8n .
My 5 _(M3—»7 oM, EEI i

dimP(8n +3,7)=(@n+2,4n+2,4n+ 1,4n+ 1,8n +4,8n + 4,8n + 3),

1 0 0 Of|1 0 O 1

1 0 0 Of|It 1T 0 O0[|0 1 O 00 0 1
P@3,7) = ; , ) .0
0 01 0001 1/]10 0 1 010 1 O 0

0 0 0 1]10 0 1

M(};(8n+3,7) — M5(8n+2,3) e M5(8n+3’3), for a ;é (5 N 1)’
4n 1 1

P8n+3,7) _ (2 ,P(81+2.3) P(8n+33)\ . 2" .
= oo s || s

dimP(8n+4,7)=(4n+3,4n+3,4n+2,4n+2,8n+5,8n + 5,8n +5),

M5(8n+4,7) - M5(8n+4,1) e M5(8n+7,1)’ for ;é (5 — 1)’
4n+2 1

P(8n+4,7) _ [ 5 yP(8n+4.1) P(8n+7,1) 2n+1 .
M) = (Msﬁl ® M, )EB 1 i

dimP(8n +5,7) = (4n+4,4n+4,4n+3,4n+3,8n+7,8n + 6,8n + 06),
MPETST) _ pPOnr56) g M(lf?(l), fora # (4 — 7),
1

P8n+5,7) _ [ 1 7P(8n+5,6) R3(1) 8n-+4 .
M44>7 - (M44>7 © M44>7 ) H 1 1 ’

dimP(8n+6,7)=(4n+4,4n+4,4n+3,4n+3,8n +8,8n +7,8n + 06),
MEP®D _ pPGns66) g pRID o 45, ),
I

P8n+6,7) _ [ 1 7P(81+6,6) R3(1)\ _ 4nt3 .
M, = (M5—>2 &M, ) B 1 i

dimP8n+7,7) = (4n+4,4n+4,4n+3,4n+3,8n + 8,8n + 8,8n + 7),
n+7,7) _ n+7, 8n+2,2)[n—n+1
MEGTD = ppPEmT2) gy pgPEns22lmontl] - for g £ (5 — 1),
1 4n+4

P8n+7.7) _ [ 2 7P8n+7.2) P(8n+2,2)[nsn+1] 2n+1
M) = (M541 ® M, ) & . | .
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Chapter III. Tree representations of the quiver Dy

1(2,3) 1(1,3) 1(0,3)

0 1 T 0 0 T 0
[ B 001 <—————————-—-—= 000
0 0 1 0 0
12.4) I(1,4) 1(0.4)
0 0 T 0 1 T 0 0
011 <4 Nc--------/- 001 <4 Nc---—-—---/~- 000
0 1 0 0 0 1
12,7) / \ 11,7) / \ 10,7) /
0 1 T 0 1 T 0 1
122 4—-=————-—-—————— 012 <4-—-=-——-—-—-—-—-—-—= 001
0 1 1 0 1
/( m/ \ Mm/ \ Mm/
T 0 1 T 0 1
233 A—- - - - - - - 112 4—-=———-— == 011
0 1 0 1
,( _/ \“H)/ \M“ /
T 1 2 T 0
234 4--- - - - - - - —-—-= 223 A—- - - - - - - - - 111
1
1(2,2) / \ 1(1,2) / \ 1(0,2) /
0 1 T
122 4/~ ———-—-—-—--3c- R i N 111
12,1) I(1,1) 100, 1)
0 1 1 T 0
122 4-—-—-—-—-—-——-—-——- 112, 4-—-—-—-—-—-—-—-—-——— 111

The preinjective part of the Auslander—Reiten quiver of A(Dg)

II1.4.2 The preinjective indecomposable modules

The preinjective indecomposable modules correspond to the vertices of the preinjective part of the

Auslander—Reiten quiver, as shown in Figure II1.2.

Due to the symmetry of the quiver A(Dg) we give only the families of representations of the form
1(s, 1), 1(s,3), I(s,5), I(s,6) and I(s,7). For I(s,2) and I(s,4) we can use the permutations o = (1,2)
and 7 = (3,4) to write them in terms of I(s, 1) and I(s, 3) in the following way (s > 0):

dim/(s,2) = (dg(,-))l.eA(ﬁG)O , where dim/(s, 1) = (d,')l.eA(ﬁ(’)0
dim/(s,4) = (dT(i))ieA(ﬁﬁ)o , where dim/(s, 3) = (d,-)l.eA(ﬁﬁ)0

for the dimension vectors, respectively

I(s,2) = (M‘T(i>—"7(j))(i—> HeaDe): where I(s, 1) = (Mi_’j)(i—> HeADe)

I(s,4) = (MT(iHT(f'))(Hj)eA(ﬁﬁn » where I(s,3) = (M"*j)(iaj)e@s)l

for the matrices.
In what follows we list the tree representations for preinjective families of the form I(s, 1), I(s, 3),

1(s,5), I(s,6) and I(s,7):

dim/(8n,1) = (2n+ 1,2n,2n+ 1,2n+ 1,4n+ 1,4n+ 1,4n + 1),
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III.4. Tree representations of the quiver A(ﬁ(,)

m 1 w1
2n 2n+l 2n 2n+l 4n+1 dn+l 25 | 1 om | 1
I8n,1) = ( 2n+1 [ 1 ], 2n [1 ], 4n+l [1 ], 4n+1 [1], |1 , 1 1 );
1 1] 20| 1

dim/(8n+1,1) = 2n,2n+ 1,2n+ 1,2n+ 1,4n+ 1,4n + 1,4n + 2),

1(1,1):(0,[1],[1],[0 1]m ﬂ]

1 1 2n—1 2n 1 2n 2n
4n+1
18n+1,1) (' b e [1]
n N = N , 4n+1 .
2n—1 1 2n 1 "
1 1 2n—2 1
1 2-1 1 4
1 1 1 1
1 1 1
1 4n+l
1 1 1
4n+1[ 1], , ), n>0;
2n—1 1 2n-2 1
2n-1 1 1 1
| |1 1
2n-2 | 1

dim/(8n+2,1)=2n+1,2n,2n+ 1,2n+ 1,4n+ 1,4n + 2,4n + 2),

2n 1
2n+1
2n  2n+l 2n  2n+1 1 4n+1 4n+2
o+l | 1 o | 1
18n+2,1:(2n1 1,2n]1 , dn+1 11, ane2 | 1], s
R Y ER S PO R U P Ve M e
1 1
dim/(8n+3,1) = 2n,2n+1,2n+ 1,2n+ 1,4n+ 2,4n + 2,4n + 2),
2n 1
2n+1
1 2n  2n+1 2n+1 2n+1 4n+2 4n+2
1 | 1] 20| 1
I8n+3,1 =(2n 1 , 2n+1 1|, 4n+2 (11, 4n+2| 1], ,
G C ) S C R ST Ve e
1 1
dim/(8n+4,1)=2n+2,2n+1,2n+2,2n+2,4n+ 3,4n + 3,4n + 3),
2n+1 1 2n+1
2n+1 2n+2 2n+1 2n+2 4n+3 4n+3 opt1 | 1 o+l | 1
I8n+4,1) = ( 242 [ 1], 2n+1 [1 ], 4n+3 [1], 4n+3 [1], m+1 | 1 , 1
1 1 m+1 | 1

dim/(8n+5,1)=2n+1,2n+2,2n+2,2n+2,4n+3,4n+3,4n + 4),
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Chapter III. Tree representations of the quiver Dy

m+l 1
1 2n+2
2n+1 2n+2 2n+1 2n+2 4n+3 1 4n+3
2+l | 1 m+2 | 1
I8n+5,1 =(2nl 1 , 2n+2 1|, 4ne3 [ 1|, 4n+3 11, s );
oy L S K S [ R LT St O S
1 1
dim/(8n+6,1) =2n+2,2n+1,2n+2,2n+2,4n+ 3,4n + 4,4n + 4),
2n+1 1
1 2n+2
2n+1 2n+2 2n+1 2n+2 1 4n+3 4n+4
2+l | 1 m+2 | 1
I8n+6,1 =(2nz 11, 2041 | 1 , 4n+3 1], 4n+a | 1|, R );
e LY St FY o1 U STl St N S
1 1
dim/(8n+7,1)=2n+1,2n+2,2n+2,2n+2,4n+4,4n+ 4,4n + 4),
2n+1 1
2n+2
1 2n+1 2n+2 2n+2 2n+2 4n+4 4n+4
2n+l | 1 m+2 | 1
I8n+7,1 Z(an 1 , 2n+2 11, 4n+a [ 1|, 4n+a | 1], R );
) L S KT S 1 1 St S
1 1
dim/(8n,3) = (2n,2n,2n + 1,2n,4n, 4n, 4n),
1 2n—1 1 2n—1 1
1 1 1 1
2n 2n 2n 2n 4n 4n
2n—1 1 -1 1
181’1,3 =(2n 1,211 1 , 4n 1,411 1, . );
@n3)=(2 [0 tfa[t Olafr]afr] b L |
1 1] w111
dim/(8n + 1,3) = (2n,2n,2n,2n + 1,4n,4n,4n + 1),
1(1,3) = (0,0,0,0,0,{1]),
1 1 1 2n-2 2n-1
1 1 2n—1 2n-1
1 1 4n
1 1 1
I(8n+1,3)=(1 11 , L [1],
2n—1 1
2n-2 1
1 1 222 1
I 2n-1 1
1 1 1
1 n 1 1 1
4n[ 1],1 , 1 ), n>0;
2n-1 1| 2n-2 1
-1 1] 2n2 1
1 1]
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III.4. Tree representations of the quiver A(ﬁ(,)

dim/(8n + 2,3) = (2n,2n,2n+ 1,2n,4n,4n + 1,4n + 1),
12,3) = (0,0,0,[1].[1].0).

2n 2n 2n 4n 4n+1

2n 1
I(8n+2,3):(2n[ 1],2n[1 ],4:1[ 1],4n+1[1 , 2n—1

1
1 1

2n—1
1 1
dim/(8n + 3,3) = 2n,2n,2n,2n+ 1,4n+ 1,4n + 1,4n + 1),
13,3) = (0,0,[1].[1]. 0. [1]).
2n—1
1 1 2n—-1 2n !
2n+1  2n 4n+1 4n+l
I(8n+3,3):(; 1{1 : ],2:1[ 1],4n+1[1],4n+1[1],2n—1 1
" m-11]1

1

dim/(8n+4,3) = @n+1,2n+ 1,20+ 2,2n + 1,4n + 2,4n + 2,4n + 2),

1 2n

1
2n+1 2n+1 2n+1 2n+1 4n+2 4n+2

18n+4,3) = ( wet [0 oz [T O] amn [ 1] [ 1], z X

1

dim/(8n+5,3) =2n+ 1,2n+1,2n+ 1,2n+ 2,4n + 2,4n + 2,4n + 3),

1[o] {1 o

1 o]t o1
15.3)=|[1 ol.[o 1],[0 1H0 o ibleple 1
il o 1

1 1 1 2n—1  2n
1 2n+1  2n

1 1 1 T
I(8n+5,3)=(1 1 . 1},
2n-1 1 )
1 2n-1 1
1 1 1
1 1 1|1
1 4n+2 111 |1
4n+2 [ 1], 1 , 1 1

2n-1 1 2n 1
2n-1 1 2n 1
1 1]
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Chapter III. Tree representations of the quiver Dy

dim/(8n+6,3) = 2n+1,2n+ 1,2n+2,2n+ 1,4n+ 2,4n + 3,4n + 3),

| 1 0 0l[1t o 1
16.3)=|[1 1].[1 o],[0 8 (1)],0 1 ol.|t of.|o]].
o0 1/lo 1] o
2n+1 2n+1 2n+1 2n+1 1 4n+2 4n+3

I8n+6,3) = ( 2n+1 [ 1], 2n+1 [1 ], 4n+2 [ 1], 4n+3 [1],

1 2n 1 2n 1
1 1
1 1 2n—1
1|1 1 1
1 1
2n 1 ,on |1 + , n>0;
4n+2
2n 1 1
1 1] 2|1

dim/(8n+7,3)=2n+1,2n+1,2n+ 1,2n+ 2,4n+ 3,4n + 3,4n + 3),

2n+1
1 1 2n 2n+1

2n+2 2n+l 4n+3 4n+3
1|1 1
18n+17,3) = ( ) [ : ], 2n+1 [ 1 ], 4n+3 [ 1 ], 4n+3 , 2n+1 n

2n+1

dim/(8n,5) = (4n,4n,4n+ 1,4n+ 1,8n + 1,8n + 1,8n + 1),

105 = (0.0.[11.[1][1].[1]).
MIG1S) = pfIGnD) g pglmeT.Dinmn=11 - for o 2 (3 7),
m-1 1

18n,5) _ (1,061 18n+7, Dinn—11) . | 1 .
M= = (Msw & My~ )EE 4n [ ]’ n>0;

dim/(8n+ 1,5) = (4n+ 1,4n+ 1,4n+2,4n+ 2,8n+ 2,8n + 2,8n + 3),

0 o]t o
1 olfo1 1

1(1,5):[0 1],[1 o],[0 1H0 o 11t oLt o)

0 1] 10 1

M(ll(Sn+l,5) — M(ll(Sn+4,4) ® Mé(8n+l,4)’ for ;é (3 N 7)’
1 1 2n—-1

1
1(8n+1,5) _ 1(8n+4.,4) 1(8n+1,4) .
M = (M3 &M ) " [ ] n>0;

dim/(8n+2,5) = (4n+ 1,4n+ 1,4n+2,4n+2,8n+2,8n + 3,8n + 4),

MI(8n+2 5) _ M1(8n+2 1) ® MI(8n+1 1) for a ;é (5 N 1)
4n 1

18n+2,5) _ (1 /(81421 18n+1,1) .
M5—>1 - (M ® M5—>l ) ) l 1 :|’
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III.4. Tree representations of the quiver A(ﬁ(,)

dim/(8n+3,5) = (4n+ 1,4n+ 1,4n +2,4n + 2,81 + 3,80 + 4,8n + 4),

M(IY(SYH—:S’S) — M(ll(gn+3,1) ® M£(8n+2,l)’ for a # (3 - 7)’
1 2n

18143.5) _ (p a3 o yd@ne2hy o b | ] ,
M = (M8 e M) e e [ }’

dim/(8n +4,5) = (4n+2,4n+2,4n+3,4n+ 3,8n+ 5,8n +5,8n +5),

Mé(8n+4,5) — Mé(8n+4’1) ® M£(8n+3,l), for a # (5 N 1),
1 4n+1

I8n+45) (2 Jd@n+d,1) ISna31)) L 1 )
Mg = (M5—>1 ® M, )EE _— [ }’

dim/(8n+5,5) = (@n+3,4n+3,4n+4,4n +4,8n + 6,8n + 6,8n + 7),

M{II(8n+5,5) — M(11(8n+5,1) @M{IY(8H+4’1), for a # (3 N 7)’
1 2n+1

18n+5.5) _ (1 ,1(8n+5.,1) 18n+4,1) 1 1 .
M34>7 - (M34>7 ® M34>7 ) B 4ns3 I :|’

dim/(8n +6,5) = (4n+3,4n+3,4n+4,4n +4,8n 4+ 6,8n + 7,8n + 8),
Ml(8n+6,5) — Ml(8n+6,1) ® M](8n+5,l)’ for a # (4 BN 7)’

1 2nel
181+65) _ (pgn+6.1) o yd@nesy - L | ] ,
M = (MY e M) e i l }’

dim/(8n +7,5) = (4n+3,4n+3,4n+4,4n+4,8n+ 7,8n + 8,8n + 8),

M£(8n+7’5) — Mcly(8”+7’1) @M(I)[(Sn+6,l)’ for a ;é (3 N 7),
1 2n+1

18n+7.5) _ ( ,1(8n+7,1) 1(8n+6,1) 1 1 .
M=o = (M3—>7 &M )EE ines [ }’

dim/(8n,6) = (4n,4n,4n + 1,4n+ 1,8n,8n+ 1,8n + 1),

Mrll/(gn,ﬁ) — M([l/(8n+2,4) ® Mé(gn’3), f()r a ;é (3 - 7)’
2n 1

1}.
dim/(8n + 1,6) = (4n,4n,4n+ 1,4n+ 1,8n + 1,8n + 1,8n + 2),

I(1,6)=(0,0,[1],[O 1],[0 H]

1
M;(Sl’l+],6) — M(ll(8n+],l) @ Mé(8n+7,2)[an—1], fOI‘ a # (5 N 2),

181.6) _ [ 1 ,1(8n+2.4) 1(81,3) 1
M34>7 - (M34>7 ® M34>7 ) H an
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Chapter III. Tree representations of the quiver Dy

I8n+1.6) _ (3 L1 oy d@n472)0mon-11) - 1|1 ,
M = (M @ My e . [ ]’ n>0;

dim/(8n+2,6) = (4n+ 1,4n+ 1,4n+2,4n + 2,81 + 2,81 + 3,8n + 3),

M;(8n+2,6) — M(Il(gl’l+2,2) ® M(Il(8n,l)’ for a # (3 BN 7)’
2n 1

18n+2,6) _ (2 s1(8n+2.2) 1(8n,1) 1 Il
M34>7 - (M3~>7 ®M34)7 )E3 dntl I :|’

dim/(8n+3,6) = (4n+ 1,4n+ 1,4n+2,4n+2,8n+3,8n+3,8n + 4),

0 o] |1
1 0 Olf1 O O O
1 0] |1
13.6)=|o 1 of.Jo o 1].J]o0 1 of.jo 1 0 1, ,
0 0f |0
0 0 1[0 0 0 1
0 1] 10
M(ll(8n+3,6) _ M(ll(Sn+5,4) o Mé(8n+3,3)’ fora # (5 — 1),
1 1 4n—1
18n+3,6) _ (1 ,1(8n+5.4) 1(8n+3,3) 1 1 .
MS—AJr _(MS—A+ QBMS—AJr )EEZn ] n>0;

dim/(8n+4,6) = (4n+2,4n+2,4n+3,4n +3,8n+4,8n + 5,8n + 5),

M(11(8n+4,6) — M(II(8n+6,3) ® M(IY(8H+4’4), for a # (3 N 7)’
1 2n

1 };

dim/(8n +5,6) = (4n+2,4n+2,4n+3,4n+ 3,8n+ 5,8n +5,8n + 6),

Mé(8n+5,6) — Mé(8n+5,2) ® M£(8n+3,l), for a # (5 — 1),
1 4n+1

1 1
W Bn56) _ ( M52 g M1(8n+3,1)) - [ } :
2n+1

I8n+4,6) _ ( poI(81+63) oy p oI(8n+44)) |
My = (M3—>7 O M;_; )EE .

n

5-1 5-1 5-1

dim/(8n+6,6) = (4n+3,4n+3,4n+4,4n+ 4,81+ 6,80 + 7,8n + 7),

Mlll(gl’l+6,6) — M(ll(8n+6,2) ® M£(8n+4,l)’ for a # (3 - 7)’
1 2n+l

18n+6,6) _ [ 1 ,71(81n+6.2) 18n+4,1) 1 1 .
M34>7 - (M34>7 ® M34>7 ) B 4ns3 I :|’

dim/(8n+7,6) = (4n+3,4n+3,4n+4,4n +4,8n+7,8n + 7,8n + 8),

Mrll/(8n+7,6) — M(ll/(8n+7,2) ® M(IY(&H—S’I), for a ;é (3 N 7)’
1 2n+1

18n+7.6) _ (2 ,1(8n+72) 1(8n+5,1) 1 1 .
M=o = (M3—>7 &M ; )EE ines [ }’
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III.4. Tree representations of the quiver A(ﬁ(,)

dim/(8n,7) = (4n,4n,4n + 1,4n + 1,8n,8n,8n + 1),
100.7) = (0,0,0,0.[1].[1]).

M(Iy(SnJ) — Mé(811,1) ® M(It(SnJrS,l)[m—mfl], for ?é (4 N 7),
| 2n-1

18n7) _ (1 ,068n1) 18n+5,)[non—11\ . 47 )
M~ = (M4—>7 eM,",; )EE | L ] n>0;

dim/(8n + 1,7) = (4n,4n,4n+ 1,4n+ 1,8n,8n + 1,8n + 2),

ImnzbqaplLM{m,

MLII(SI’L+],7) — Mé(8n+],l) @ M‘ll(8n+6,l)[m—>n—l], fOI‘a # (5 N 2),
4n+2 1

1

I8n+1,7) _ (2 71(8n+1,1) 18n+6,1)[n—n—1] .
MY = (M8 © ML, JEE 1|, n>0;

2n-3

dim/(8n +2,7) = (4n,4n,4n+ 1,4n+ 1,8n + 1,8n + 2,8n + 2),

o )

M(Iy(8n+2,7) — M(IY(SVH—Z’D @M(Iy(8n+7,l)[m—>n—l]’ for ar # (5 N 1)’
4n—1 1

1@%:@&@1}

_ 2n
Mg(j;:ﬂﬁ) _ (M§(inl+2,l) o Mg(in]+7,1)[m—>n 1]) & [ ]’ n>0:
1 1

dim/(8n+3,7) = (4n+1,4n+1,4n+2,4n+ 2,8n + 3,8n + 3,8n + 3),

Mé(8n+3’7) — MLly(8n+3,1) @M(IZ(Sn,l)’ for a + (5 —2),
4n 1

|

dim/(8n+4,7) = (4n+2,4n+2,4n+3,4n+ 3,8n+4,8n+ 4,8n +5),
MIGHAT) gl g I Gnelh  por o 2 (3 7),

2n 1
I8n+4.7) _ (3 d@n+41) o d@ntL DY o ] L
M = (S e M) e ini2 l }’

dim/(8n+5,7) = (4n+2,4n+2,4n+3,4n+ 3,8n+4,8n +5,8n + 6),

M(Il/(8n+5,7) — M(Iy(8n+6,4) ® Mi(8i1+5,4)’ for a # (3 N 7)’
1 1 2n

18n+3,7) _ { n,0(8n+3,1) 181 o, 2"
My=y " = (Msﬁz &M, )EE 1

1

1(8n+5,7) _ 1(8n+6,4) 1(8n+5.4) .
M3—>7 - (M3—>7 ® M3—>7 ) B 1 1 ’

4n+1
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dim/(8n+6,7) = (4n+2,4n+2,4n+3,4n + 3,8n + 5,8n + 6,8n + 6),

Mlll(gl’l+6,7) — M(ll(8n+6,1) ® M£(8n+3’]), fOr a # (3 - 7)’
1 2n

1

1@n+6.7) _ (2 y1(8n+6,1) 1@n+3,1) )
M= = (M3_>7 ®M; )EE 1 1 ;

4n+2

dim/(8n+7,7) = (@n+3,4n+3,4n+4,4n+4,8n+7,8n+7,8n +7),

Mé(8n+7’7) — M(1r(8n+7,1) ®M£(8n+4,1)’ for a ;é (3 N 7),
1 2n+1

18n+7,7) _ 1(8n+17,1) 1(8n+4,1) 1 1
M34>7 - (M34>7 ® M34>7 ) B 4ns3 I :|

I11.4.3 The exceptional regular modules

There are only a finite number of exceptional regular modules. These are the non-homogeneous
indecomposable regulars with dimension vector falling below ¢ = (1,1, 1, 1,2, 2, 2), marked with green
in Figure II1.6. Note that di_mR6(2) = di_lel'(4) = di_me)o(Z) =0,where [ € {1,2},I' € {1,2,3,4}.

Representations of regular simples of A(Dg) are also given in [34], we include them here only for

the sake of completeness:

dimR!,(1) = (0,1,0,1,1,1, 1),

R =(0.[1]- ][]0, [1):

dimR2,(1) = (1,0, 1,0,1, 1, 1),

2= (.01 [11.[1].0:

dimRy(1) = (0,1,1,0, 1, 1, 1),

= 0.1 1] [ [1].):

dimRj(1) = (1,0,0,1,1,1,1),

®n = ((a]-0.[i].[11.o.[1):

dimR{(1) = (0,0,0,0,0,0, 1),
Ri(1) = (0,0,0,0,0,0);

@R}(Z) =(,1,1,1,1,1,2),
"o =[] )
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III.4. Tree representations of the quiver A(156)

A(Dg) A(Ds)

The regular non-homogeneous tube 7, The regular non-homogeneous tube 7,

R%,(3) RL(3) R%,(3) R2(3) RY3) R2(3)

= 1 o 1
1 2 T 2 I T ] 2 T T

sas? LTt T L 2004 T N
2 1

\,\,./ \,\[,/ \,\,1(,/ \ /

/ \,\”/ \. / \,M,/ \

AD
The regular non-homogeneous tube 77 ©s)

R3(5) R}(5) RI(5) R2(5) Mu
1,1 7777j1777 h 17777j1777 . 17777j1777 7777:j777 !
| |
: \\\\ //// \\\\ //// \\\\ //// \\\\ //// |

| Mu) Mu» R4

T e O AP I
| |
| |
| |
| I |
| //// \\\\ //// \\\\ //// x\\\ //// \\\\ w

qul Rhn 23) RI(3) R{3)
,,,,,,,,,,,,,,,,,,,,,,,,,,, N o

\,N/ \,“,/ \,m/ \R(,,/

|
|
|
|
|
|
!
!
|
|
|
2l

NG N N

Q001 - Mt s Y0 T %0 %501°
0 0 0" %% 0% % 0 0

Regular non-homogeneous tubes in the case of A(ﬁ6)

dimR!(3) = (1,1,1,1,2,1,2),
o f i o i)
! ’ "lo]” 1) (1])

dimR3(1) = (1,1,1,1,1,1,1

1 ),
&= (][ [-D] a1y

@ﬁ@:@lﬂZlU

M@:ﬁl : ﬂl] ﬂ[ﬂ
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Chapter III. Tree representations of the quiver Dy

dimR3(3) = (1,1,1,1,2,2, 1),

R%(3)=([1 o].[1 1],[(1) ﬂm[l][l]]

dimR;(1) = (0,0,0,0,1,0,0),
R3(1) = (0,0,0,0,0,0);

dimR}(2) = (0,0,0,0,1,1,0),
R}(2) = (0.0.[1].0.0.0);

dimR}(3) = (0,0,0,0, 1, 1, 1),
R(3) = (0.0.[1].[1].0.,0):

dimR?(1) = (0,0,0,0,0, 1,0),
R}(1) = (0,0,0,0,0,0);

dimR{(2) = (0,0,0,0,0,1, 1),
R}(2) = (0,0,0,[1],0,0);

dimR}(3) = (1,1,1,1,1,2,2),

a1 1)
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Chapter 1V

On the combinatorial nature of tree repre-

sentations of Euclidean quivers

As we have mentioned earlier, Ringel proved that every exceptional module has a tree representation,
but one of the steps in his proof involves a choice of basis, which seems to depend on the underlying
field. He posed the question (see Problems 1. and 2. from Section 9. of [27]) whether there exist tree
representations that are independent of this choice of basis, hence being field independent. This problem
remains open in general, but as we have seen in Chapters II and III in some particular cases it has been
settled: the tree representations for the canonically oriented Euclidean quivers EG and ﬁm listed in the
previous chapter are indeed field independent, thus giving an affirmative answer to Ringel’s question in
these cases.

We recall that the representations from the previous two chapters were obtained by experimentation
in Z, and Z3, and were not specifically constructed to be field independent. This is probably not a lucky
coincidence, and begs the question whether every tree representation is field independent or not.

In this chapter, based on the article [18] we verify computationally this question in the case of
Euclidean quivers of type D4, Ds and E¢ with dimension vector bounded by the minimal radical vector
of the quiver. This includes a large class of exceptional representations, in particular all the regular

non-homogeneous exceptionals.

IV.1 Computational findings and conjectures

In the following let k£ be an arbitrary field, O a Euclidean quiver, and x an exceptional root over Q.
We introduce the following notation for the set of all tree representations with dimension vector x over
k:

Ti(x) ={ M €repkQ | dimM = x and M is a tree representation }.

Proposition IV.1.1. Let Q denote a canonically oriented Euclidean quiver of type Dy, Ds or Be. Let
X be an exceptional root over Q, smaller than the minimal radical 6. If we regard the matrices of the
representations as formal 2-dimensional arrays of the symbols 0 and 1, then the set T(x) has the same

elements over any field, that is Ti(x) = Ty (x) for any two fields k and k'
As a result of the previous proposition we formulate the following conjecture:

Conjecture IV.1.2. Let x be an exceptional root over an arbitrary Euclidean quiver Q smaller than the

minimal radical vector d. If we regard the matrices of the representations as formal 2-dimensional arrays
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Chapter IV. On the combinatorial nature of tree representations of Euclidean quivers

of the symbols 0 and 1, then the set Ty(x) has the same elements over any field, that is Ti(x) = Ty (x) for
any two fields k and k.

In the case of the (computationally verified) quivers we could omit the index k and denote the set
only as T'(x).

Let z be an exceptional root of the quiver Q and Z € T(z) a tree representation. We define the set
S (z), which will contain the pairs of dimension vectors of every (non-special) Schofield pair belonging

to Z. More precisely:

S(2) = { (x,y) | x,y are exceptional roots of Q and (¥, X) is a Schofield
pair belonging to Z, where Z € T(z), Y € T(y) and
X € T(x) with dimX = x, dimY =y, dimZ =z}

Note that while the representations X, Y,Z € mod kQ exist within the context of a base field k, the
conditions stated in Proposition 7 from [39] depend only on the value of the roots (dimension vectors),
hence the set S (z) may be used in a field independent context.

If the root z is smaller than the minimal radical vector ¢, then we have only so-called non-special
Schofield sequences of the form 0 — X — Z — Y — 0 (see Propositions 7 and 9 from [39]) and the set

S (z) may be given in the following way:

S(z) ={ (x,y) | x,y are exceptional roots of Q, x+y =12z, {(x,y) =0}

In what follows we define a set of representations constructed using Schofield pairs. Let x and y be

exceptional roots of the quiver Q and consider arbitrary tree representations X € T(x) and Y € T(y). We
aij
Xy’
in the upper right block of the matrix M, ):

construct a new representation R, as follows (@ € Q) and i, j being row respectively column indices

)

where for the upper right block EZj is true that Ei,j = (0 fora # a and Efj contains exactly one non-zero

X, EJ
0 Y,

Ril; = (M,, Ma)vEQO = [(XV 57 Yv)vEQo,[
ate

entry 1 in the ith row and jth column and it is zero elsewhere. Using this notaion we introduce the

following set Ex(x,y) € mod kQ:

Ex(x,y) = { R}j | @ € Q1, i, j are row resp. column indices,

X € Te(x), Y € Tuy), Ry € Te(x+) )
aij
XY
Section 6 of [27]. As mentioned there, the position of the single nonzero entry specified by «, i and j

For given tree representations X and Y, the representation R, is the construction given by Ringel in

involves a choice of basis and could very well depend on the base field k. To our surprise, however, this
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seems not to be the case:

Proposition IV.1.3. Let Q denote a canonically oriented Euclidean quiver of type Dy, Ds or Be. Let
x and y be exceptional roots over Q, smaller than the minimal radical . If we regard the matrices of
the representations as formal 2-dimensional arrays of the symbols 0 and 1, then the set Ei(x,y) has the

same elements over any field, that is Ex(x,y) = Ey(x,y) for any two fields k and k’.

Based on our findings we conjecture that Proposition IV.1.3 holds for arbitrary tame quivers and
exceptional roots. In the case of the (computationally verified) quivers we could omit the index k and
denote the set only as E(x,y).

Further advancing with our “computational inquiry” into the problem of field independence we may
ask for a method to construct the set of tree representations, other than the “exhaustive search” we
have performed. Ringel in his proof used Schofield induction to construct tree representations (see
Section 6. of [27]), and we may ask the question whether there are other methods for obtaining them, or
does his construction result in every possible tree representation. Permuting the basis vectors is a field

independent operation, so we introduce the following:

Definition IV.1.4. Let M = (M;, M,) and N = (N;, N,) be representations of a quiver Q. Then we call
them permutation-similar, provided there exists a family of permutation matrices {A; | i € Qp} such that

the following diagram is commutative for every arrow « € Q;:

M,
M; 5 M;

lA,. 2

Na
Ni —= N;

Let Z € T(z) be a tree representation, we denote by n(Z) the set of all tree representations that are
permutation-similar to Z.
Using the notations introduced above, we state the following proposition, giving a method to induc-

tively construct the sets of tree representations:

Proposition IV.1.5. Let z be an exceptional root of a caconically oriented Euclidean quiver of type Ds,

55 or Eﬁ, such that z < 6. Then we have

ro= |J =@

(x.y)€S ()
ZeE(x,y)

We conjecture that Proposition IV.1.5 also holds true for every exceptional root of any Euclidean

quiver.
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