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Statistical universalities in socio-economic systems

ABSTRACT

Data mining and analysis of some socio-economic processes allowed the observa-
tion of statistical universalities and a theoretical description by models borrowed from
statistical physics. Income and wealth distribution in modern and past societies were
investigated and modeled. Interesting scaling laws for the Internet were also revealed
and modeled.

Using exhaustive data for multiple years regarding the income in Cluj county we
observed a scaling probability density function. By following the dynamics of the
personal incomes an evolutionary model, the Local Growth and Global Reset model
(LGGR) was proposed for a realistic description of the observed statistics. The univer-
sality of the observed probability density function was checked for other countries as
well.

A similar approach was applied to describe wealth distribution in modern soci-
eties. Our method allowed a unified description of the probability density function for
all wealth categories, and also a successful description of the negative wealth (debt)
regime. A consistent modeling of wealth distribution for many countries with different
economies were given.

For completing our studies on wealth distribution agricultural and taxation records
were analyzed in order to estimate the distribution of wealth in a well defined geo-
graphic area, Sâncraiu commune (Cluj county, Romania). Different periods of the com-
mune’s economic history was analyzed and modeled. We observed a Gaussian like
distribution of wealth in the communist period, and a typical heavy-tailed wealth dis-
tribution for the year 2021, 32 years after the abolishment of the communist regime in
Romania. The LGGR approach allowed again a good description for the distribution
of wealth in each period, with kernel functions for the growth and reset rates that are
consistent with the economic policies of the investigated periods. Socio-economic in-
equality measurements were investigated and compared successfully with the model
results.

Finally, the last study presented in the thesis deals with the evolution of the In-
ternet’s wiring topology. We uncovered interesting scaling laws and offered a simple
and economically realistic model, that produces graphs with similar properties to the
Internet on a router level. This model is capable of reproducing the degree distribution
observed in simple experiments along with the scaling that is observed for the number
of intermediary router points as a function of the physical distance between the routers
in the wired Internet.

This thesis confirms again the usability of simple statistical physics models in un-
derstanding universalities in complex socio-economic phenomena.
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Introduction

Abundant data sources available for us and handled by today’s powerful computers
allow us to reveal statistical universalities in many interdisciplinary areas of study [1].
These statistical observations can be analyzed and understood with the methods of
statistical physics.

The most basic of such a statistical universality even pre-dates the computerised
age. The famous Gaussian distribution is observed in many unrelated phenomena,
from the distribution of the chest girth of soldiers [2], to the distribution of elapsed
times between cyber attacks against our Departments file-server. The Central Limit
Theorem states that if a random variable is the sum of multiple independent random
variables it’s distribution will be a Gaussian one [3]. From this point of view the uni-
versal nature of the Gaussian distribution is clear, phenomena influenced by random
underlying factors follow such a distribution.

Another example of generally known statistical universities is the Exponential dis-
tribution. It’s universality lies in the fact that it is characteristic to many processes that
are memoryless. As such it is a prime way to describe waiting times for events that
happen with a constant rate, like elapsed time for a device’s component to fail [3], or
distribution of elapsed time for a single radioactive atoms to decay [4].

At the center of the work presented in this thesis lies the power-law. Many com-
plex and unrelated phenomena [11] produces distributions that converges towards a
power-law for great values.

ρPL(x) ∝ x−a (1.1)

Notable examples of phenomena presenting power-law like distributions (Eq. 1.1.)
are the citation distribution of scientific articles, the "share" distribution of Facebook
posts [5], the distribution of energy released by earthquakes (Gutenberg and Richter
law) [6], the distribution of city population sizes [7], travel speeds on transportation
networks [8] or the famous observation of Pareto the distribution of the wealth [9].

As pure power-law like distributions cannot be normalised on the interval [0, ∞)
the experimentally observed distributions are usually described with a functions that
converge towards a power-law. Examples for such functions are: the Beta-Prime distri-
bution, Tsallis-Pareto Type 2. (Lomax) distribution to name a few.

Heavy-tailed distributions are detected by careful analysis of data relating to real
world phenomena. We usually use the histogram method, with different binning meth-
ods. Alternatively one can construct the cumulative probability density distributions
as these also present a power-law like shape. Pareto originally used cumulative curves
to describe the wealth distribution in his studies [9].

The framework for studying power-laws are found in statistical physics. Power-
law functions are usually characteristic for critical phenomena that are around phase
transitions, when a relevant quantity of the system diverges as a function of another
quantity [10].
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It seems from the observations that power-laws are embedded into the complex
systems. This is understood through the concept of Self Organized Criticality (SOC), a
statistically stable dynamic state towards which many systems tend [11]. In such view
many socio-economic systems can be viewed as complex systems [12].

A challenging possibility for collecting experimental data is that such data are elec-
tronically available regarding social and economic systems, by the state and private in-
stitutions. This allows for data mining that is necessary to reveal statistical properties,
and the underlying processes guiding these systems. In this work we intend to fur-
ther investigate the generality of the power-law type distributions in socio-economic
systems, considering specific problems and models that could further confirm their
universality.

In the second and third chapters of this thesis we describe studies on wealth and in-
come distribution in well-delimited human societies [13,14], describe a novel wealth es-
timation methodology, valid for small homogeneous communities, and explain the ex-
perimentally observed distributions using a recently proposed master equation based
model [15].

The fourth chapter is related to the scaling properties of the Internet as a physical
network [16]. We aim to explain by a simple wiring model some intriguing scaling laws
observed experimentally.
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Statistical universalities for
income and wealth distributions

Wealth and income are in the constant focus of many socio-economic studies as their
distribution affects every scale of our life, from the level of individuals to the society as
a whole.

It is known, ever since the famous discovery of Vilfredo Pareto, at the end of the
19th century [9], that the cumulative distributions (Eq. 2.1.) of wealth and income are
heavy-tailed ones.

P(X > x) ∼ x−a (2.1)

The power-law like distribution was observed through wealth proxies in historical data
referring to building areas in ancient Egypt [17] or in the number of serfs owned by
nobles in medieval Hungary [18].

For income we refer to the money received for work, or extracted from investments
[19], while for wealth to the quantity of valuables a person posses [20]. The measures of
both income and wealth are described as similar heavy-tailed distribution. It also must
be noted that wealth and income are not as strongly related as one would expect [21].

Data mining

Our experimental studies of income imply an exhaustive social security database
from 2001 to 2009 in Cluj county, Romania [22] extended with Hungarian tax data,
public income datasets from surveys for United States of America [23] and Finland [24]
from the statistics yearbook in case of Russia [25] and public tax data for Australia [26]
and Japan [27].

The data regarding the wealth was obtained from a single source, the World In-
equality Database [28] regarding the wealth in the United States, Russia and France
estimated with complex methodology [29].

General form of wealth and income distributions

The shape of income and wealth distribution was studied extensively in the last
few decades in econo-physics [30]. It is usually considered to be a probability density
distribution (p.d.f) with a power-law tail, and an exponential mid-range. We study
these as regions in the p.d.f, with an added region for the case of very low or nega-
tive values. We present these on Fig. 2.1. Researchers in the field of econo-physics
applied the methods of statistical physics for a deeper understanding of this character-
istic shape. [30–33].

Building a proper and realistic model

In our approach we consider that a good model for wealth or income distribution
has to be founded on realistic assumptions. The resulting p.d.f. should converge to-
wards a power-law in case of the large values. It should accommodate negative wealth
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Figure 2.1: A schematic illustration, representing the three regions defined in the wealth and
income distribution function.

values too to explain debt. The distribution should be continuous on the whole interval
of the wealth or income values.

2.1 The master equation approach, local growth and global
reset model

Our studies are based on the master-equation approach [15]. This evolution equation is
based on a Local Growth between consecutive states and a Global Reset to a new state,
hence the abbreviation of LGGR. The equation of evolution for the likelihoods Pk(t)
(the probability of a constituent of the system to own k-quanta) can be written as:

dPk(t)
dt

= δk,0λ(t)− λkPk(t) + νk−1Pk−1(t)− νkPk(t) (2.2)

In Eq. 2.2. the term νk presents the growth rate from state with k owned units to state
with k + 1 units, while λk represents the reset rate to the state where k = 0. The process
is presented on Fig. 2.2.

0
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νk-1Pk-1

νkPk

λ

Figure 2.2: Visualisation of the LGGR process between the states described in Eq.2.2.
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We generalized the evolution equation for the case of continuous states, and calcu-
late the form of the stationary p.d.f [15, 36]:

ρs(y) = ρs(0)
ν(0)
ν(y)

e−
∫ y

0
λ(z)
ν(z) dz (2.3)

2.1.1 Application of the LGGR for income distribution

The exhaustive databases for Cluj county, Romania were used to study the dynamics
of the income. The income of Individual employees was followed through the yearly
databases to describe the dynamics. By observing the yearly growth of the salaries
(Fig.2.3) we concluded for the growth rate ν(y) a form of a linearly increasing function
(Eq.2.4.).
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Figure 2.3: A: The growth rate as a function of the mean income. On the X-axis we have the
average salary of the k-th employee group, in RON and the Y-axis is the average yearly income
change for the k-th group (∆ki). B: Plot of the experimentally determined reset rates. On the X-
axis we have the k-th employee group as Income(RON), and on the Y-axis we have the average
reset rate for the k-th group λ(y). The black line represents the fited λ(y) function. The red
bars are the standard deviation from the mean value.

ν(y) = β(y + h) (2.4)

By following the number of incomers and the retirees from the workforce in a given
income range we computed experimentally the reset-rate λ(y) (Fig.2.3). The reset rate
can be approximated in the form given by Eq. 2.5. This "smart" reset-rate is negative
for low income while positive for large values.

λ(y) = S− a
y + c

(2.5)

With the experimentally observed kernel functions we obtain the form of the p.d.f. for
the income values scaled by the mean:

yρs(y) = (
m− n
n− 1

)m−n Γ(m)

Γ(m− n)Γ(n)
(1 +

y
y

m− n
n− 1

)−m(
y
y
)m−n−1 (2.6)

Rescaling the income distribution data to the mean income of the respective year,
the data points collapse on a single curve. The collapsed data can be described with the
Eq. 2.6, which is a Beta Prime distribution. For Cluj county the distribution is found in
the simple form:

yρs(y) = 12
y
y
(1 +

y
y
)−5 (2.7)
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The same experimental distributions were constructed for Hungary and for Japan (Fig.
2.7). With the condition n = m− 2 we can fit these with a single m parameter.
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Figure 2.4: A: The experimental probability density for the income rescaled with the yearly
mean, for Cluj county. The fit is the black line, and is given by Eq. 2.7. B:Yearly experimental
income distributions rescaled with the yearly mean, for Cluj county, Japan and Hungary. For
Cluj county m = 5, for Japan m = 3.7 and for Hungary m = 4.7.

2.1.2 Application to wealth distribution

Similarly with income we normalized the wealth values with the yearly mean r = R
R

.
The resulting distributions collapse. An example is presented for USA in Fig. 2.5.

Figure 2.5: The rescaled probability density function for wealth distribution r = R
R

in the case
of USA. The averaged p.d.f. for the presented years is denoted as a black line. a.) The lower
end of the distribution (below the average), the negative wealth region (debt) can be presented
using a log-normal scale. b.) The probability density function for the positive part of wealth on
a log-log scale.
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Linear growth rate for the wealth dynamics

The growth process was studied for 22 wealthy individual from the yearly com-
piled Forbes billionaires list [34] for the years 2001-2019. A linear preferential growth,
was observed, similar to the one in the case of income (Eq. 2.4). Intuitively we assume
the Reset rate in the same form here as the one used in modelling income distribution
(Eq.2.5)

Considering the condition c = h in Eq. 2.4 and Eq. 2.5 allows wealth to grow on
the interval [−h, ∞), and the reset can introduce individuals with negative wealth. We
enter these rates into Eq. 2.3, and calculate the stationary p.d.f of wealth as Eq. 2.8.

ρs(y) =
aS

Γ(S)
e−

a
h+y (h + y)−1−S (2.8)

In Eq. 2.8 we rescale with the mean wealth, and use the notation r = y
y for the wealth

variable. With the further notations κ = a
h(S−1) − 1 and y = κh, the p.d.f of the wealth

scaled with the mean is found in the form of Eq. 2.9.

ρ(r) =
κ(κ + 1)S(S− 1)S

Γ(S)
e−(κ+1) S−1

1+κr (1 + κr)−1−S (2.9)

The scaling with the mean changes the domain on which the wealth distribution func-
tion is defined:

[−h, ∞)→ [−1
κ

, ∞) (2.10)

Comparison with the experimental results

We use the previously established p.d.f (Eq. 2.9) to describe the experimentally
obtained, averaged and rescaled wealth. We present averaged trends for wealth distri-
bution in the United States of America, and Russia together on Fig. 2.6. The best fitting
parameters are S = 1.4 and κ = 6.5. The fit qualitatively describes the negative wealth
region along with the heavy-tail.

Figure 2.6: The probability density function for the distribution of the rescaled wealth for USA
and Russia. The p.d.f.s averaged for different years are plotted with the symbols. The trends for
USA and Russia are rather similar and can be described by our LGGR-model, by choosing the
parameters S = 1.4 and κ = 6.5 in Eq. 2.9. A: Region of low and negative income is presented
on log-normal scale. B: Region of positive income on a log-log scale.
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Our model can be compared with the famous Mezard & Bouchaud [35] (MB) ap-
proach (based on wealth exchange between all agents and a multiplicative random
growth process). The MB approach offers a one parameter fit:

ρ(r) =
kk

Γ(k)
e−

k
r r−2−k (2.11)

On Fig. 2.7 the LGGR and MB model is compared with experimental data. Both models

10−2 10−1 100 101 102 103

r

10−7

10−5

10−3

10−1

101

ρ
(r
)

France
MB
LGGR

Legend:

Figure 2.7: The application of the LGGR and the MB model for the case of France. The fitting
parameters in this case are κ = 7, S = 1.68 for the LGGR, and k = 0.86 for the MB model.

produce the same power-law tail for the distribution, with a similar exponent: −2.68,
therefore both of these methods describe the rich part of the distribution well. The MB
approach is only valid on [0, ∞). The p.d.f. obtained from the LGGR approach in this
case implies the existance of a negligible amount of negative wealth Fneg ∝ 0.063 for
κ = 7 and S = 1.68, and describes better the lower region of the wealth distribution.

2.2 Conclusion and discussion

Experiments and theoretical modeling revealed interesting stylised facts for income
and wealth. By rescaling income and wealth with their mean values, intriguing univer-
salities are revealed in the distribution function. A remarkable similarity is observed
in the wealth distributions for United States and Russia, which might well be a pure
statistical coincidence.

The exhaustive data allowed us to observe the guiding principles of income dy-
namics. We described a part of the observed dynamics with a linearly increasing
growth rate (also called the Matthew principle formulated as "rich gets richer"). The
reseting dynamics observable in the system is well described with a smartly chosen
reset rate that is supported by the data.

These kernel functions for the LGGR modelling approach allowed to construct
a realistic p.d.f. for income. The same rates were used in the case of wealth, after
modifying the parameters to allow for negative values in the distribution. The simple
and intuitive assumptions used in our model produced qualitatively good fits for the
rescaled income and wealth distributions.

The shortcoming of the LGGR model is that it does not account for inflation or
economic growth, a phenomenon which is observed in the experimental data.
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A case study for wealth
estimation and modelling

It is likely that biases are introduced while the wealth is estimated with the methods
used to create the WID data [37], used for comparison previously. As a consequence
some of our results presented in the previous section might also be influenced by these
biases.

To our knowledge the literature lacks long term historical studies built upon ex-
haustive wealth datasets. One may also be interested in the wealth distribution of eco-
nomic systems, other than the free market economy. In our studies we aimed to fill in
this yet uncharted territory of econophysics.

Exhaustive wealth data from agricultural records and taxa-
tion databases

We constructed an exhaustive and realistic wealth dataset, spanning different economic
conditions. The local authorities of Sâncraiu (a commune from Cluj county, Romania)
allowed us to access the agricultural surveys of 1961 and 1989 , along with the tax-
ation database of the year 2021 in an anonymised manner. The digitalistation of the
agricultural records has been done by our team.

Commune Sâncraiu consisits of five villages and is found in a hilly basin South of
the town Huedin. An administrative map of the commune is presented in Fig. 3.1.

Although, the land is suitable for agriculture only to a limited extent, historically
the locals led a prominently agricultural lifestyle. In such a society, it can be assumed
that the bulk of the wealth consists of the lands and animals along with the houses,
barns and auxiliary buildings that are owned.

3.1 Wealth estimation methodology

The agricultural records for 1961 and 1989 contain the agricultural valuables owned
by each household of the commune by categories. These categories for example are:
the size of land owned, of house owned, of auxiliary buildings, number of livestock by
type, etc. To estimate the wealth owned by a single household W we used the weighted
wi sum of the valuable categories Ci from the agricultural records:

W = ∑ Ciwi (3.1)
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Figure 3.1: Administrative map of Sâncraiu commune, presenting the land parcels, and village
territory. Provided by the local authorities.

The weighting factors describe the relative value of the different wealth categories.
By the summation of the weighted valuable categories a unified wealth measure is cre-
ated, which may be considered as a kind of "currency". We will refer to this unified
wealth measure, or "currency" as "wealth units" (w.u.). The valuable categories docu-
mented in the agricultural records do change through the years, and as a direct conse-
quence their corresponding value expressed in w.u. changes as well.

Due to the agricultural nature of the area, in the years 1961 and 1989 we might
consider that the agricultural records documents realistically the bulk of the household
wealth. For the year 2021 we use anonimised taxation records to estimate the individual
wealth. It has to be noted that the agricultural and taxation records do not contain
information regarding the debt (negative wealth) owned by individuals. The wealth is
estimated with the same methodology for 2021, but with different valuable categories
(value of the buildings, and land areas owned by a taxpayer).

A chosen weight parameter set may overestimate the value of certain valuable
categories, leaving the other categories underestimated. A realistic wealth estimation
is done by considering multiple different and realistic weight parameter sets. For each
year 10 different weight sets were considered, that allowed to construct error-bars in
our wealth distribution.

The share of different valuable categories in the total wealth is strongly influenced
by the value of the weight parameters. Different composition of the total wealth allows
to account for the influence of the errors in the estimation of the wealth of the individ-
uals. In the thesis the effect of the parameter choices are detailed and summarized in
some dedicated tables.

The individual household wealths were calculated, with each weight set for the
years 1961, 1989, 2021. By using the histogram method, with a fixed number of bins
nb = 30, we calculate the distribution of the differently weighted household wealth
ρ(W). The effect of the different weight sets causes the middle of the bins to shift along
the x-axis as well, resulting in the determination of error bars in both directions, not
only on the y-axis. The range of deviations from the mean values are presented as bars
placed on the averaged value. This technique allows to present simultaneously the
spread in the different wealth distributions originating from the different weight sets.
We show these results in Fig. 3.2. This method of plotting reveals a clear trend with
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Figure 3.2: Normalized probability density function of the estimated wealth for year 1961 (A),
1989 (B), and 2021 on a log-log plot (C). The bars on the points represent the uncertainty rising
from the different weight sets. The continuous line is the fit obtained by our model.

the relevant uncertainty. The shape is not affected significantly by the different weight
sets, although the exact location of the datapoints do shift. We will come back to this
observation in a later section.

3.2 Theoretical approach for the observed distributions

The LGGR modelling framework can provide a theoretical description for the underly-
ing dynamics of wealth distribution in the different economic conditions.

Private wealth under the communist regime? - Constant growth rate and a linear
reset rate

The socio-economic effects of the communist policy can be accounted with proper
growth and reset rates. The wealth of the household grows slowly. This growth is in-
dependent of the wealth of the household and can be described with constant growth
rate ν(x) = g. It describes a controlled growth in wealth for each element of the society.

The assumption that every member of the society should have roughly close amount
of wealth can be also accounted with the reset rate as it controls the overgrowth of the
privately owned wealth. We can define an ideal amount of private wealth, that should
be enforced to regulate the wealth for the whole society. This is described with a simple
linear function λ(x) = x− s. With these rates the stationary p.d.f. of the wealth in this
case is given as:

ρscom(x) =

√
2

gπ
[1 + erf(

s√
2g

)]−1e
−x(x−2s)

2g (3.2)

We present the fit ρscomm along with the experimental results on Fig. 3.2. for 1961 and
1989. The fit parameters together with the experimentally obtained means, and the
theoretical ones are listed in Table. 3.1. It is interesting to note that the value of the

Year. g s R2 xtheo xexp
1961 1.91 0.82 0.98 1.459 w.u. [1.36; 1.49] w.u.
1989 0.75 1.22 0.93 1.359 w.u. [1.199; 1.391] w.u.

Table 3.1: The best fit parameters from Eq.3.2 for the years 1961 and 1989, and the resulting
average wealth from theory xtheo, and the interval of xexp suggested by the experimental data
with various weight-parameter sets.
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average wealth and the value of the reset parameter - s are quite similar, especially in
the case of 1989.

The rich gets richer dynamics - Linearly increasing growth rate and a constant reset
rate.

For modelling the dynamics of wealth as a stationary situation in 2021, we re-consider
the approach used in Chapter. 2 for the free-market economy in modern societies. In
this case however there are no individuals with debt (negative wealth) in the commune.
We chose the linearly increasing growth rate ν(x) = x + α, describing the preferential
nature of the economic interactions. A simple constant reset rate is considered λ(x) =
λ. For the studied small society, this means that resetting has the same probability in
every state independently of the owned wealth. We obtain a compact solution of the
dynamical evolution in the stationary limit [15]:

ρscap =
λ

α
(1 +

x
α
)−1−λ (3.3)

This particular distribution is the well known Tsallis-Pareto (also known as Lomax type
2. distribution) which is the generally expected distribution in systems with preferen-
tial growth dynamics. We present the fit ρscap in comparison with the experimental
results on Fig.3.2. The fit parameters along with the experimentally obtained mean,
and the theoretical one are presented in Table. 3.2.

Year. λ α R2 xtheo xexp
2021 5.3 2.1 0.91 0.488 w.u. [0.297; 0.682] w.u.

Table 3.2: The parameters chosen for the Tsallis-Pareto fit from Eq. 3.3. for the data from
2021, and the resulting average wealth from theory xtheo, and the interval of xexp given by the
different weight parameter sets.

Sample sizes: in 1961 a total of 1133 individual households, in 1989 some 921
households and the tax records of 2021 counted 1595 individual taxpayers.

3.3 Observed inequalities

We calculated the value of the most well known inequality measures based on the ex-
perimental and theoretical results. In Table 3.3 we summarise the Gini coefficient G [38],
Pareto-point Pp (the Pp share of society that owns the 1− Pp share of wealth) comparing
the experimental values and the ones offered by our model. The inequality visualising
tool, the Lorenz-curve (the cumulative fraction of wealth F(x) as a function of the cu-
mulative share of society that owns it C(x)) [39] is presented in Fig. 3.3.

Year G Pp
Theoretical Experimental Theoretical Experimental

1961 0.378 [0.377;0.379] 0.367 [0.366;0.368]
1989 0.312 [0.304;0.315] 0.391 [0.390;0.395]
2021 0.552 [0.543;0.579] 0.298 [0.282;0.299]

Table 3.3: The Gini coefficient and Pareto point for the years 1961, 1989 and 2021. The ex-
perimental values are calculated from the wealth estimations, while the theoretical values are
obtained from the theoretical fits of the LGGR predictions.
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Figure 3.3: The Lorenz curves for 1961, 1989 and 2021, from the experimentally estimated
wealth are indicated by a shaded region (the spread produced by the weight parameters). Our
theoretical estimate obtained with the LGGR model is indicated by the continuous line.

The inequality metrics show a decrease in wealth inequality form 1961 to 1989. As it
is expected, the free market economy led to an increased inequality by the year 2021.
These changes are reflected through the resulting p.d.f.s from the LGGR model.

3.4 Discussion and conclusion

The observed wealth distributions are representative for three different socio-economic
periods of Romania. In the year 1961 the communist government enforced full collec-
tivization, the existing wealth structures in this year are the result of the Land reforms
of 1921 and 1945. The year 1989 is the last year of the communist regime in Romania,
where collectivization largely reduced the private wealth. The last studied year 2021,
is 32 years after the end of communism and after the transition to a capitalistic free-
market economy. For the years 1961 and 1989 the experimentally estimated p.d.f. of
wealth is quite different from the one we observed in modern societies, and follows a
Gaussian-like shape. For year 2021, the wealth distribution has the characteristic Pareto
tail.

The use of different weight sets was crucial for the estimation of the total wealth, as
we have no information regarding the exact market values of the valuable categories.
This method of superimposing multiple estimations allowed us to draw qualitative
conclusions regarding the shape of the wealth distribution. Remarkably it did not alter
the qualitative trends of the distribution. This stability of the observed shape of the
p.d.f. might be the consequence of the fact that the economy of 1961 and in part 1989
was based on the agriculture. There is a direct relation between the existing valuables,
since land area determines the amount of other owned goods as well. In the years befor
1989 free trade of land was non-existent and most of household income was invested in
the most valuable and still private object, the house. This is observed in the data as the
total private house area in 1961 was 44273m2 which grew to 65396m2 in 1989. By 2021
the local economy is not dominated by agriculture anymore, new sources of income,
that creates wealth, appeared such as tourism, and services. This introduces a greater
spread in the experimental mean wealth, resulting in the widening of the error-bars on
the plot. This is probably a result of the reduced number of categories in the taxation
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record, and the diversification of the local economy. In simplified terms the valuable
categories became de-coupled from the value of the land.

The LGGR approximation and the justification of the rates

By considering proper kernel functions in the growth and reset rate for the LGGR
model we reproduced successfully the p.d.f. of wealth for both 1961 and 1989. The
dynamics achieved by the considered characteristic processes is a simplified picture for
the economic situation under the communist regime. We observe the decreasing of the
inequalities from 1961 up to 1989 as a decrease of the parameters g and the increasing
reset rate s (see Table 3.1). The distribution function peaks at s desired wealth value,
the greater the value of s the maximum of the distribution gets closer to the average
value of the wealth, reducing the inequality in the system.

We assume that by 2021 the guiding principle of wealth accumulation is the pref-
erential growth (Matthew principle), described as a linear growth rate (discussed in the
previous Chapter in detail). The fact that none of the inhabitants of the village had debt
allowed us to choose a simple constant reset rate. This approach resulted in a Tsallis-
Pareto distribution. The tail exponent "a" for the power-law like trend obtained for the
Sâncraiu commune can be compared with the ones obtained in modern societies on a
country level. This is done in Table 3.4.

Wealth
Data source

Power-law
exponent a

Wealth data France
(2000-2014) 2.68

Wealth data USA
(2000-2016)
and Russia
(2000-2015)

2.4

Sâncraiu commune
Tax data (2021) 6.3

Table 3.4: The power-law tail exponents of wealth distribution for USA, France and Russia
as discussed in Chapter. 2, compared with the tail exponent of the 2021 wealth distribution
obtained from the taxation data in Sâncraiu commune in 2021.

The tail exponent for the case of Sâncraiu commune is higher (meaning lower inequal-
ities) than the one observed at country levels. The difference may be explained by the
relatively small size of the commune and lack of the very rich category.

This chapter considered a novel "bottom-up" approach for wealth estimation from
simple proxies. Furthermore, we provided economically justifiable kernel functions for
the LGGR model, to describe the wealth distribution under different economic situa-
tions. The theoretical results reflect the quantitative experimental observations such as
the shape of the p.d.f, the mean wealth and inequality metrics.

We emphasize that the authors of this work, does not take side or subscribe to any
political policy or ideology that might be connected to this work. We limit ourselves
to simply present the facts as they were observed from the agricultural and taxation
records.
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Modelling the wiring topology of
the Internet

The Internet is based on a physically wired network that interconnects the computers
of our modern world. It has been shown that the number of Internet connections a city
has is related to socio-economic factors like the GDP [40].

The aim of this chapter is to present an interesting dynamical scaling law and a
simple agent based model that takes into account realistic assumptions to generate a
graph similar to the real Internet.

The Internet

The Internet is a physically existing infrastructure that interconnects computer net-
works [41]. At the lowest level [42] we consider that it operates by computers sending
packets of data towards another computers through routers connected via cables.

4.1 Relevant topological and dynamical properties of the
Internet

The Internet as a complex system presents several interesting scaling properties. We
have unveiled a novel power law like scaling [16] between the Round-Trip-Time (RTT)
of a Ping request [43, 44], and the geographic distance between two computers. The
Ping request measures the time to access a remote device on the Internet. A data pack-
age is sent towards a remote device, than sent back by it. The sending computer mea-
sures the elapsed time in milliseconds. In the study 24700 remote devices were "Pinged"
over the Internet, distributed all around the Globe. The results were averaged.

We reconsidered this study by using the Traceroute tool as well. The "Traceroute" is
similar to "Ping", but includes extra features. As the name reveals it traces a route from
the staring point towards the destination, by returning a package from every router
along the way [45]. We get an RTT for each step of the route. The IPv4 Routed/24
Topology Dataset provided by CAIDA [46] for the year 2017 was used. The Traceroute
allowed creating a graph from a reduced section of the Internet with V = 43992 vertices
C = 191005 connections, with an average degree c = 8.68. The RTTs were extracted
from this dataset.

The Traceroute experiment allows us to study the scaling of the RTT with the num-
ber of intermediate routers ("steps").

The RTT scaling as a function of distance (l) and as a function of the number of
intermediary router "steps" (S) are shown on Fig. 4.1.
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Figure 4.1: A:Averaged RTT (ms) plotted as a function of distance l (km). The results from the
Ping and Traceroute methods are presented. The RTT ∝

√
l proportionality holds. B: Averaged

RTT (ms) as a function of the number of intermediary "steps" on routers S obtained from the
Traceroute data. Two fits were considered, the dashed line is a linear fit, the continuous red line
is a power-law fit with an exponent 3

4 . The coefficient of determination for the power law fit
R2 = 0.98 is higher than the one obtained for a linear one.

It is possible to combine the results of the Traceroute experiment with the result of
the Ping experiment. These scalings are presented in Fig. 4.1. The observations can be
summarised as:

RTT ∝ S
3
4

RTT ∝ l
1
2

(4.1)

From Eq. 4.1. one will obtain the scaling of the number of intermediate routers (S) as a
function of the geographic distance (l):

S ∝ l
2
3 (4.2)

4.2 Modelling the Internet topology

In order to understand the previously presented observations, we created a simple
agent based model for the Internet. In our network based model, the vertices of the
graph are the routers attached to the cities while the connections between the vertices
represent the cable connections between the cities. Due to the direct proportionality
between the GDP of a city and their population, we consider the later as the measure
of the cities connectedness to the Internet. In the model the cities are point like and are
placed with random coordinates in a simple Eucledian space, with a realistic weight
Pi representing its population. The Pi population follows a Tsallis-Pareto distribution
with a scaling exponent of a = −2. Each city has an imaginary circular area of cov-
erage (maximum extent of possible connections) with a radius proportional with the
square-root of the population of the city: Ri = σ

√
Pi. We take each possible pair of

vertices and calculate a connectivity factor kij =
Ri+Rj

lij
, where lij is the geographical

distance between the nodes i and j. If kij > 1 a connection is placed between these
cities. This graph building process is presented schematically in Fig. 4.2. In our study
we considered only the largest connected component of the generated networks (giant
component), and studied its properties.
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Figure 4.2: Schematic representation of the model. The red dots represent the verticies, the
green circles are the area of coverage, and the blue lines are the established connections.

Properties of the model graphs

We found that for σ = 0.4 the average vertex degree of the whole generated system
was c ∼ 8, a value very close to the one observed in the experiments. For fixed vertex
numbers M = 2400 and M = 8000 and σ = 0.4, with an ensamble of 100 graphs
we studied than the averaged properties of the generated graphs. The properties of
the graphs generated by our model, and those reveled from the Traceroute data fell in
between the values found in the literature [47] as shown in Table. 4.1.

Methods Properties

Number
of

Vertices
(V)

Number
of

Connections
(C)

Average
degree

c

Maximal
degree

of a vartex
Cm

degree
distribution

exponent
γ

f (c) ∝ c−1−γ

SKITTER [47] 9204 28959 6.29 2070 1.25
BGP [47] 17446 40805 4.68 2498 1.16
WHOOIS [47] 7485 56949 15.22 1079 -
Traceroute 43992 191005 8.68 10474 1.23
model,
M=2400 1946 12607 12.95 1382 1.52

model,
M=8000 6679 49748 14.88 4254 1.60

Table 4.1: Properties of the Internet graph, with different mapping methods as found in the
literature [47]. We compare these results with the properties of the subgraph mapped by the
considered Traceroute experiment and the averaged properties obtained by our model.

The degree distribution p(c) for the generated graphs (averaged from the ensam-
ble) and for a subsection of the Internet (obtained from the Traceroute data) were com-
pared. The Internet is considered to be a scale-free network [47, 48], its characteristic
degree distribution is heavy-tailed. A Tsallis-Pareto distribution (or Lomax 2.) distri-
bution offers a good fit, considering the average degree c = 8.68 obtained from the
Traceroute experiment:

p(c) =
γ

c(γ− 1)
(1 +

c
c(γ− 1)

)−γ−1 (4.3)
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In Fig. 4.3 we plotted the degree distribution of the graph as observed from the Tracer-
oute experiment along with the degree distributions of the graphs created by our model.
The model results for different system sizes collapse while the distribution obtained
from the Traceroute experiment is slightly different. The graphs generated by our
model have thus similar topological properties to the Internet network.

Tracroute results

Model, M = 2400

Model, M = 8000

Fit

p
(c

)

c

Figure 4.3: The degree distributions in case of the graphs revealed from the Traceroute experi-
ments, and the generated graphs given by our model for M = 2400 and M = 8000 vertices. The
dashed red line is the fitted Tsallis-Pareto distribution with parameters c = 8.68 and γ = 1.23.
Source: [16]

4.3 Scaling for the information propagation process

The scaling law from Eq. 4.2. can be verified both by the Traceroute experiment, and for
the result of our model. The number of visited routers ("hops" or intermediate "steps")
as a function of the distance l is shown in Fig. 4.4. In order to compare the results
obtained from the model with the results of the Traceroute experiment, the real world
distances were rescaled to fit a 1 X 1 square, where simulations have been done.

S

l

Legend:

Model with M = 8000

Model with M = 2400

Traceroute results

S ∝ l
2
3 fit

Figure 4.4: Averaged number of "steps" S plotted against the physical distance l between
the source and destination, on a log-log scale. The presented results are from the Traceroute
experiment where the real 2D geographic space is rescaled on a 1 X 1 square, and from the
model where we considered two different number of nodes. The fit reveals the S ∝ l

2
3 scaling.

Source: [16]
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Since the shortest path calculation on the graph is analogous to the minimization
of the intermediate steps (by the routing policies) during data transfer on the internet,
the comparison of the experimental results and the results of the model is feasible.

4.4 Conclusion

In this chapter we presented a simple agent based model for the topology of the Inter-
net wiring embedded in the real 2D geographical space. We were capable to generate
graphs that capture the essential properties of the Internet topology on a router level.

We also revealed interesting scaling laws between the averaged travel time of in-
formation and the geographical distance. Our model successfully reproduced the non
trivial scaling, between the number of intermediate routers S and the physical distance
(between the source and destination) l: S ∝ l

2
3 that was revealed by experiments.

On can also note a few shortcomings of our model. The main problem is that it
does not take into account a realistic geography: physical or political boundaries that
could have an effect on the wiring topology. Also this approach does not consider
weighted connections, meaning that the bandwidths of the real Internet connections
are not captured. As a consequence, in the modelled network we cannot identify the
high bandwidth Internet backbone, that assures high speed connections at long ranges
with low delay [49, 50].

We may conclude however, that this simple approach captures qualitative proper-
ties of the Internet, and may be considered as a good first step towards better under-
standing of the Internet as a network.
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Conclusion

"PSYCHOHISTORY–...Gaal Dornick, using nonmathematical concepts, has defined psychohis-
tory to be that branch of mathematics which deals with the reactions of human conglomerates
to fixed social and economic stimuli.... ... Implicit in all these definitions is the assumption that
the human conglomerate being dealt with is sufficiently large for valid statistical treatment." -
Isaac Asimov [51]

The above quote described the definition of "psychohistory" a fictional scientific
field, the centerpiece of Asimov’s famous Foundation trilogy. These words in a certain
way encapsulate the contents of our work. It is safe to say that individuals may seem
to act in random ways, dictated by some mysterious internal logic. A large number of
individuals imply an even larger number of possible choices and interactions, therefore
the individuals create a complex system of individuals, called society.

Back than it was in the realm of science-fiction to have such a deep understand-
ing of our society. With the current state of our ever more digitalised world, capturing
more and more aspects of our lives, limitless possibilities open up to understand the
complexity of our society. These findings stir our curiosity to create models, and ex-
plain these phenomena. In the essence of our thinking the individuals are analogous to
the particles of a gas, while our society is the bulk to which statistics apply. We draw
conclusions regarding our society in the same manner as the Boltzmann distribution
describes the energy of the particles in the gas.

Starting from the way of thinking described above at first we looked at the distri-
bution of income for the county of Cluj (Romania), which not surprisingly follows a
heavy tailed distribution. The exhaustive nature of the database allowed us to under-
stand the internal dynamics of the income of the workforce. We found a preferential
growth in income, simply formulated as the Matthew principle. We understood that
employees on average enter the workforce with low income, and exit with larger in-
come. We formulated these findings in a mathematical way, choosing the form of the
kernel functions for the growth and reset rates in a simple evolutionary model, the Lo-
cal Growth and Global Reset model. Using this approach we theoretically describe the
stationary probabilty distribution of income. The form of income distributions proved
to be appropriate to describe the distribution of income in different countries with dif-
ferent parameters.

By following our way of thinking, from observations on the level of the individ-
uals, we arrived to conclusions on the level of the system that are consistent with the
empirical observations regarding the whole system. We observed an interesting univer-
sality, namely the fact that by rescaling the income with the mean, for a given region or
country, the distributions for different years collapse to a master curve.

We studied the distribution of wealth in modern societies with non-exhaustive
data. We observed that the mean rescaled probability distribution of wealth for a given
country in multiple years collapsed just like in the case of income. Using the LGGR
approach we describe the distribution of wealth. The kernel functions are similar to the
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ones used in the case of income, but with a slight modification to allow the existence of
negative wealth. Our results are comparable to other approaches from the literature.

In our next study we proposed a simple wealth estimation method based on ex-
haustive records obtained for Sâncraiu commune. It requires that in a given restricted
geographical area we know the owned valuables of each household, that are relevant
from socio-economic point of view. If the valuables are categorised in pre-defined cat-
egories than we can weight these valuables (basically transforming their value into a
hypothetical currency) and calculate their linear combination to obtain the wealth of
a household. We discovered that such an estimation method produces stable wealth
distributions for widely different weight sets (wealth compositions) suggesting a de-
pendence between the valuable categories. This dependence was more articulated for
the agricultural society, and became less significant in the modern diversified economy
of the same commune. According to our knowledge, this wealth estimation approach
is novel.

In this study we discovered a Gaussian-like p.d.f. for wealth for an agrarian so-
ciety during the communist period. After 32 years of the abolishment of communism
the well known Tsallis-Pareto distribution (characteristic for the free market economy)
emerged. The LGGR method was able to describe distributions from different periods
with kernel functions that are justifiable by the economical policy of the communist
and capitalist periods.

We computed and discussed some widely used inequality measures calculated
from the estimated wealth data and from the model. We also followed the evolution of
these inequality measures for Sâncraiu commune through periods with different socio-
economic conditions.

In the final chapter we deal with a somewhat different topic, but we follow a sim-
ilar research and modelling methodology. We study the Internet as a wired physical
network embedded in the physical space. This study is connected to our main topic
of wealth and incomes, through the GDP of the cities that influences the growth of
the Internet as a network. Using only assumptions based on city size distribution we
created an agent-based model, that is capable to generate an Internet-like graph with
similar properties. Our model was capable to reproduce a novel scaling between the
information spreading time and the geographical distance.

This work fulfilled its original aim as we identified characteristic distributions in
socio-economic systems. By approaching these from the direction of complex systems
we applied modelling methods to give theoretical explanations to our observations.
Our work is only a first attempt in the modelling direction, since we overlook many
aspects of the systems in order to obtain a simple description of the observed scaling
laws.

For the future we consider important to understand also the subtle connections
of our model parameters to the relevant socio-economic parameters. In such manner
it would be possible to advertise our work in the social science community, attract-
ing their interest towards the powerful modelling methodologies developed lately by
econo-physics.
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