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Introduction

Lie group concept was first introduced by the Norwegian mathematician Sophus
Lie in his "Theorie der Gruppen Transformations", published in 1881, which deals
with the study of the transformation groups of the Euclidean space R". In the
first phase the research was continued by his students Sophus Lie in the first or
second generation. These include the F. Engel, W. Killing, L. Maurer, F. Schur,
sounding name in Lie group theory. W. Killing succeeds in this first phase even a
classification of simple Lie groups, indeed incomplete, omitting exceptional cases.
Complete resolution does later in 1891, Elie Cartan in his famous doctoral thesis.
Here he repeats many of the previous results, completing them and showing them
rigorously. H. Weyl has the merit of having first introduced the notion of Lie algebra,
which was an extremely important step in "streamlining" the whole theory of Lie
groups. Exponential acts as an intermediary directly in this association, so is a very
important tool in the study of Lie groups. It is natural to ask the question: who is
the image of a Lie group exponentialei?

Inventors groups and Lie algebras (from Sophus Lie) viewed these groups as
symmetry groups of topological or geometric objects. Lie algebras are seen as as-
sociated infinitesimal symmetry transformations of Lie groups. For example, the
rotation group SO(n) is the group that preserves orientation isometric Euclidean
space E™. Lie algebra so(n,R) containing square matrices of order n, antisymmet-
ric, with real elements is the set corresponding infinitesimal rotations. Geometric
connection between a Lie group and Lie algebra corresponding Lie algebra is that

it can be regarded as the tangent space to the identity of the Lie group. There is an



application defined on the tangent space of the Lie group with Lie algebra values,
called exponential application. Lie algebra can be considered as the linearization of
Lie group (with identity element). These concepts have a practical effect for group
matrix case presented in this paper. Geometry and mechanics were "partners" close
since the founding masters age (Kepler, Newton, Euler, Maupertuis, Lagrange, Pois-
son, KGJ Jacobi, Hamilton, Liouville) and then their followers (Noether, Lyapunov,
GD Birkhoff, Poincaré, Cartan ). In more recent times, the essential work of Arnold,
Kirilov, Kostant, Moser, Smale, Sourian have reinforced this trend. Geometrically
in mechanics has proven to be a phenomenal success in very different domains to
bind both within and across borders mathematical disciplines.

This paper falls into this issue and it is structured in four chapters as follows:

Chapter 1, entitled The exponential map and the classical Lie groups, con-
sists of five sections. This chapter is mainly monographic and introduces some
of the fundamental concepts necessary to develop the next chapter. The first sec-
tion, The exponential map, introduces its definition, that is well-defined, concrete
examples and demonstrates some important properties. Application allows us to
linearize exponential certain algebraic properties of matrices. The second section,
The classical matrices Lie groups, Lie groups enter GL(n,R) (general real linear
group), SL(n,R) (special linear group), O(n) (orthogonal group), SO(n) (the spe-
cial orthogonal or rotation group), their corresponding algebras gl(n,R), si(n,R),
u(n), so(n) and associated exponential applications. The third section, The spe-
cial orthogonal group SO(n) and the Lie algebra so(n) shows that the application
is well-defined associated exponential and surjective. If n = 3 we have an expli-
cit formula for the application that is exponential formula Rodrigues (1840). The
fourth section, Hermitian matrices and other special complex matrices introduces Lie
groups GL(n,C) (general linear group complex), SL(n,C) (complex linear panel),
U(n) (group unit), SU(n) (special unitary group), corresponding algebras gl(n, C),
sl(n,C), u(n), SU(n), and very little applications are well-defined and surjective

more application least exp : sl(n,C) — SL(n,C) is not surjective. It also presents



some results about matrices hermitiene. The last section of this chapter, The special
Euclidean group SE(n) and the Lie algebra se(n) studies the group SFE(n) of or-
thogonal transformations induced affine applications, also called rigid motions, and
application corresponding Lie. In this case, the application exponential is surjective.
The SE(2)and SE(3) play groups a fundamental role in robotics, dynamics and
motion planning.

Chapter 2, Exponential Lie groups are presented following two issues of particu-
lar importance: Problem 1. Find conditions for Lie group G so that the application
exponential is surjective and Problem 2. Determine the image of E(G) = exp(g)
application exponential. J. Dixmier has considered for the first time the problem of
determining the application image rezolubile exponential Lie groups that are simply
connected. Only in some special cases we have G = E (G), and groups with this
property are called exponential Lie groups. A monograph is devoted exponential Lie
groups [76]. Compact and connected Lie groups are exponential. Section 2.2 intro-
duces multiplicative and additive decompositions Jordan. They play an important
role in investigating surjectivitatii exponential application. Section 2.3 presents no-
tions of regularity. For Lie algebras there are two completely different notions of
regularity, one related to representation and a deputy exponentially related to the
application. Regular Lie group is considered to represent deputy. That both con-
cepts of regularity of Lie algebras are related to regularity of application group data
elements exponentially. In the fourth section, given that the issue of surjectivity ap-
plication exponential Lie group pre-image leads to group elements, it is important
to determine the pre-images ad-semisimple elements and Ad-unipotente. The fifth
section presents examples of Lie groups SL(2,R), GL(2,C) and SO(3). Section 2.6,
Weakly exponential Lie groups and strongly exponential Lie groups introduces the
notions of weak Lie group exponential, exponential and strongly exponential . The
last section of this chapter, The compact and connected Lie groups are exponential,
has two different demonstrations fundamental result gives a class of exponential

groups The first demonstration is taken after T. Brocker, T. tom Dieck [13] and D.



Andrica, LN. Cagu [3]. The idea of the second demonstration is given by T. Tao [74]
and it is described in R. -A. Rohan [67].

Thus Chapter 3, entitled The problem of determining the application exponen-
tial image starts with an issue of: What conditions must satisfy the polynomial f to
be surjective function f? Shown for K = R and f a polynomial of degree seem that
the operator f is not surjective. When f is of odd degree, the problem is difficult
and remains open to the general form. There were obtained examples of polynomials
f € R[X] of odd degree for which f is surjective. Results of this type belong to L.
Mare which followed working methods of W.E. Roth’s article.

Although if K = R problem that is very difficult to initially started, we have
satisfactory results for K = C. Starting from a set of general results of S. Rad-
ulescu and D. Andrica for when f is holomorphic in C obtain a characterization
theorem of polynomials f € C[z] with the property that f is surjective (i.e. equation
f(X) = A is the solution for any A € M, (C). Finally will be presented several
examples of polynomials f € C[X] satisfying the conditions of the theorem, so for
that f is surjective.We follow the presentation from D. Andrica, R.-A. Rohan [6]
including important results on surjectivity, Hamiltion theorem, Cayley, Hermite-
Lagrange interpolation theorem and examples. The second section , The image of
the exponential map for the GL(n,R) group will solve the problem of determin-
ing the application image real exponential general linear group. Further Lie groups
Ok (n) are presented in Section 3.3. The last section of this chapter, Rodrigues-like
formulas introduces classical formulas for SO(n), n = 2 and n = 3. Further, for the
group G'L(n,R), the problem of determining a formula explicit application expo-
nential exp(X) is reduced to the problem of determining the coefficients of aq (X),
a; (X),..., ap—1 (X). We call this general problem the Rodrigues problem and the
coefficients ag (X), a1 (X), ..., a,—1 (X) the Rodrigues coefficients of application ex-
ponential relation matrix X € M, (R). There are presented results from the article
D. Andrica si R.-A. Rohan [7] and furtheremore we will indicate a new method for

determining the Rodrigues coefficientsag (X), a1 (X), ..., a,—1 (X) form the formula



(3.4.2). The main result cand be found in Theorem 3.4.4. Then, in the subsection
3.4.3, The determination of the Rodrigues coeffcients using the Putzer method, there
is presented a new explicit formula for the problem (3.4.8). This is particularly useful
if the matrix A can not be diagonalizatd, where the Jordan canonical form of the
matrix can not be determined. Comparing Putzer’s method, the result from The-
orem 3.4.4 is simpler when the eigenvalues A1, ..., \, of the matrix X are pairwise
distinct, because in that case you have to solve only linear system (3.4.5). Putzer’s
method is better if we multiplicity of the eigenvalues of the matrix X. The exponen-
tial map exp : s0(n) — SO(n) is defined by the formula 3.4.1, because is given by the
restriction exp |son) of the exponential map exp : gl(n, R) —GL(n, R). We know that
for every compact and connected Lie group the exponential map is surjective(see
T.Brocker, T.tom Dieck [13], D.Andrica, I.N.Casu [3] for the standard proof or R.-
A.Rohan [67] for a proof based on a new idea given by T.Tao), meaning that every
compact and connected Lie group is exponential (see M.Wiistner [76]). Because the
group SO(n) is compact we have that the exponential map exp : so(n) — SO(n)
is surjective. The surjectobity of the exponential map of the group SO(n) offers the
possibility to describe the Euclidean space rotations R"(more details in [67]). In the
subsection 3.4.5 we determine the Rodrigues coefficients and the Rodrigues formu-
las for the SE(n) group, when n = 2 and n = 3. The subsection 3.4.6 determines
the Rodrigues coefficients for the O(2,1) group. In D.Andrica, R.-A.Rohan [6] the
Putzer’s method was used. Furthermore, we will use the result obtained D.Andrica,
R.-A.Rohan [7] contained in Thorem 3.4.4.

Chapter 4, Results for the Geometric Mechanics, makes the connection between
geometry and mechanics. The section The description of the SO(n) group using the

Hamilton-Cayley form introduces the Cayley transformation for this group,
Rodrigues fromulas for the Cayley transformation(Theorem 4.1.1) and the Cay-
ley transformation SE(n), when n = 2 and n = 3. (Theorem 4.1.3). Furthermore,
the formula (4.2.2) presents an explicit parametrization parametrizare for the group

SO(3). The conclusion of the section 4.3, The analitical form of SO(n) group ele-



ments, is that every rotation matrix can be expressed like in the formula 4.3.1.
Rodrigues formulas for the Lorentz group SO(3, 1) are presented in the section 4.4.
The last section, Motion of a charged particle in a constant electromagnetic field,
determines the movement of a particle with weight m which conduces an eletrical
charge e in an electromagnetic constant field F. In this direction we need to solve
the Lorentz equations.

Key words: Lie group, Lie algebra, the exponential map of a Lie group, ex-
ponential Lie group, Rodrigues formula, Rodrigues coefficients, the general liniar
group GL(n,R), the special orthogonal group SO(n), the special Euclidean group
SE(n), Euclidean izometry, the Hamilton-Cayley form, Cayley transformation, the
Lorentz group SO(3,1).
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Chapter 1

The exponential map and the

classical Lie groups

1.1 The exponential map

Given an n X n(real or complex) matrix A = (a;;), we define the exponential

map e of A, or exp A, as the sum of series

AP AP
SRR i Sy

p>1 p>0

letting A° = I,,. The problen is, why it is well-defined?

Lemma 1.1.1 Let A = (a;;) be a (real or complex) n x n matriz, and let

ag’) 11 <i,j< n}

u:max{

If AP = (ag’)) then
(p)

< (np)”
for all1 <i,j <n. As a consequence, the n’® series
(p)

as
2

p=>0

10



converge absolutely, and the matrix

18 a well-defined matriz.

Lemma 1.1.2 Let A gi U be (real or complex) matrices, and assume that U is
wnwertible. Then

1 _
EUAU — UeAU 1.

Lemma 1.1.3 Given any complex n X n matrix A, there is an invertible matriz P

and an upper triangular matriz T' such that
A=PT'P.

Remark 1.1.4 If E is a Hermitian space, the proof of Lemma 1.1.3 can be easily
adapted to provethat there is an orthonormal basis (uq, . . . , u,) with respect to which
the matrix of f is upper triangular. In terms of matrices, this means that there is
a unitary matrix U and an upper triangular matrix 7" such that A = UTU~!. This
is usually known as Schur’s lemma. Using this result, we can immediately rederive
the fact that if A is a Hermitian matrix, then there is a unitary matrix U and a real

diagonal matrix D such that A = UDU™.

Lemma 1.1.5 Given any complex n X n matriz A, A1, ..., \, are the eigenvalues
of A, then e, ... e are the eigenvalues of e?. Furthermore, if u is an eigenvector

of A for \;, then u is an eigenvector of e? for eMi.

Lemma 1.1.6 Given any two complex n X n matrices, A si B, if AB = BA, then

1.2 Classical matrices Lie groups

The group GL(n,R) is called the general liniar real group and its subgroup
SL(n,R) is called the special liniar group. The group O(n) of the orthogonal matrices

11



is called the orthogonal group, and its subgroup SO(n) it is called the special ortho-
gonal group (or the rotations group). The vector space of real n x n matrices with
null trace is denoted by sl(n,R), and the vector space of real n x n skew symmetric

matrices is denoted by so(n).

Remark 1.2.1 The notation sl(n, R) and so(n) is rather strange and deserves some
explanation.The groups GL(n,R), SL(n,R), O(n) are SO(n) are more than just
groups. They are also topological groups, which means that they are topological
spaces (viewed as subspaces of ]R”2) and that the multiplication and the inverse
operations are continuous (in fact, smooth). Furthermore, they are smooth real
manifolds. Such objects are called Lie groups. The real vector spaces sl(n,R) and
s0(n) are what is called Lie algebras. However, we have not de ned the algebra
structure on sl(n,R) si so(n) yet. The algebra structure is given by what is called

the Lie bracket, which is defined as
[A, B = AB — BA.

Lie algebras are associated with Lie groups. What is going on is that the Lie
algebra of a Lie group is its tangent space at the identity, i.e., the space of all
tangent vectors at the identity (in this case, I,,). In some sense, the Lie algebra
achieves a "linearization" of the Lie group. The exponential map is a map from the

Lie algebra to the Lie group, for example,
exp : s0(n) — SO(n)

and

exp : sl(n,R) — SL(n,R).

The exponential map often allows a parametrization of the Lie group elements by
simpler objects, the Lie algebra elements.
The properties of the exponential map play an important role in studying a Lie

group. For example, it is clear that the map
exp : gl(n,R) — GL(n,R).

12



is well-de ned, but since every matrix of the form e has a positive determinant, exp

is notsurjective. Similarly, since
det (eA) =™

the map
exp : sl(n,R) — SL(n, R)

is well-defined.

We showed in the Section 1.1 that this map is neither surjective. We will see in

the Section 1.3 that the map
exp : s0(n) — SO(n)

is well-defined and surjective.
The map
exp : o(n) — O(n)

is well-defined, but it is not surjective since there is a matrix from O(n)such that

the value of the determinant is equat to —1.

1.3 The special orthogonal group SO(n) and the
Lie algebra so(n)

Theorem 1.3.1 The exponential map
exp : s0(n) — SO(n)
s well-defined and surjective.

For the case when n = 3 (and A is a skew symmetric matrix) it is possible to

work out an explicit formula for e#. For any 3 x 3 real skew symmetric matrix

0 —c¢c b
A — C 0 —Q y
-b a 0



letting 0 = v a? 4+ b2 + ¢? and

a? ab ac

B=1|ab b bc|,

ac bc

awe have the following result known as Rodrigues’s formula (1840).

Lemma 1.3.2 The exponential map exp : s0(3) — SO(3) is given by

e = (cosf) Is + sn;@A + a _9(;08 G)B,

or

in 6 1 —cosf
eA:(COSH)Ig—i-Sln A—l—( cos 9)

0 9? A7,

if 0 #0, and €% = I.

B

Lemma 1.3.3 For any symmetric matrix B, the matriz e® is symmetric and pos-

itie defined. For any symmetric and positive defined matrix A there exist a unique

symmetric matriz B suct that A = eP.

1.4 Hermitian matrices and other special com-
plex matrices

The set of complex invertible n x n matrices forms a group under multiplication,
denoted by GL(n,C). The subset of GL(n,C) consisting of those matrices having
determinant +1 is a subgroup of GL(n,C), denoted by SL(n, C). It is also easy to
check that the set of complex n X n unitary matrices forms a group under multi-
plication, denoted by U(n). The subset of U(n) consisting of those matrices having
determinant +1 is a subgroup of U(n), denoted by SU(n). We can also check that
the set of complex n x n matrices with null trace forms a real vector space under
addition, and similarly for the set of skew Hermitian matrices and the set of skew

Hermitian matrices with null trace

14



Definition 1.4.1 The group GL(n,C) is called the special liniar complex group and
its subgroup SL(n,C) is called the special liniar complex group. The group U(n) of
unitary matrices is called the unitary group si and its subgroup SU(n) it is called
the special unitary group. The real vector space of complex n X n matrices with
null trace is denoted by sl(n, C), the real vector space of skew Hermitian matrices

is denoted by u(n), and the real vector space u(n) N sl(n,C) is denoted by su(n).

Remark 1.4.2 (1)As in the real case, the groups GL(n,C), SL(n,C), U(n) and
SU(n) are also topological groups (viewed as subspaces of R?"”), and in fact, smooth
real manifolds. Such objects are called (real) Lie groups. The real vector spaces
sl(n, C), u(n) and su(n) are Lie algebras associated with SL(n,C), U(n) and SU(n).
The algebra structure is given by the Lie bracket, which is defined as

[A, B] = AB — BA.

(2)It is also possible to de ne complex Lie groups, which means that they are to-
pological groups and smooth complex manifolds. It turns out that GL(n,C) and

SL(n, C) are complex manifolds, but not U(n) and SU(n).
Theorem 1.4.3 The exponential maps
exp : u(n) — U(n) and exp : su(n) — SU(n)

are well-defined and surjective.

1.5 The special Euclidean group SE(n) and the
Lie algebra se(n)

In the next section we study the group SE(n) of a ne maps induced by orthogonal
transformations, also called rigid motions, and its Lie algebra. We will show that the
exponential map is surjective. The groups SF(2) and SFE(3) play play a fundamental

role in robotics, dynamics, and motion planning.

15



Definition 1.5.1 Definition 1.5.2 The set of afine maps p of R", defined such
that
p(X)=RX+U,

where R is a rotation matrix (R € SO(n)) and U is some vector in R”, is a
group under composition called the group of direct afine isometries, or rigid motions,

denoted by SE(n).

Every rigid motion can be represented by the (n+ 1) x (n + 1) matrix

R U
0 1)
in the sense that
p(X) R U X
1 0 1 1

if and only if
p(X)=RX +U.

Definition 1.5.3 The vector space of real(n 4+ 1) x (n + 1) matrices of the form

A:

Y

0 0

where (2 is a skwe symmetric matrix and U is a vector R", denoted by se(n).

Remark 1.5.4 The group SE(n) is a Lie group, and its Lie algebra is denoted by

se(n).
Lemma 1.5.5 Given any (n+ 1) X (n + 1) matriz of the form

QU
A= ,
0 0
where 2 is a skwe symmetric matriz and U is a vector R"™, we have
QF QU
0 0

16



where Q° = I,,. As a consequence we obtain

e VU
e = ,
0 1
where
1
V:h+§: OF.
|
= (k+1)!

Theorem 1.5.6 The exponential map
exp : s¢(n) — SE(n)
18 well-defined and surjective.

When n = 3, given a skew symmetrice matrix

0 —c b
Q — C 0 —a ’
-b a 0

and if § # 0 (using the fact that Q° = —62Q), then we obtain

) 1
€Q=]3+Sm99+( (:039)Qz

0 6*
and
1 —cos® 6 —sinf
V:IS+( 02 )Q—|—< 63 )QQ

17



Chapter 2

Exponential Lie groups

2.1 The exponential map for a Lie group

Let G be a Lie group with its Lie algebra g. It is well known that the exponential
map exp : g — G is defined by exp(X) = (1), where X € g and vy is the
one-parameter subgroup of GG induced by X. Recall the following properties of the
exponential map:

1) For any ¢t € R and for any X € g we have vy (t) = exp(tX);

2) For any s,t € R and for any X € g, we have exp(sX) exp(tX) = exp(s+1t)X;

3) For any ¢t € R and for any X € g, we have exp(—tX) = (exptX)™;

4) exp : g — G is a smooth mapping, it is a local diffeomorphism at 0 € L(G)
and exp(0) = e, where e is the unity element of the group G;

5) The image exp(g) of the exponential map generates the connected component
G, of the unity e € G}

6) If f: Gy — Go if a morphism of Lie groups and f, : g1 — g» is the induced
morphism of Lie algebras by f, then f oexp, = exp,of..



As we can note from the previous property 5, the following problems are of special
importance:

Problem 1. Find conditions on the group G such that the exponential map is
surjective.

Problem 2. Determine the image E(G) of the exponential map.

J. Dixmier has proposed first time the Problem 2 for resoluble Lie groups. Con-
cerning Problem 1, only in few special situations we have G = E(G), i.e. the sur-
jectivity of the exponential map. A Lie group satisfying this property is called ex-

ponential.

2.2 Jordan decompositions

In aceast paragraf se vor introduce descompunerile Jordan multiplicative si adit-
ive. Acestea joaca un rol important in investigarea surjectivitatii aplicatiei expo-

nentiale.

Definition 2.2.1 Fie k un corp de caracteristica 0 si V' un k—spatiu vectorial finit
dimensonial. Un element s € End (V) se numesgte semisimplu dacd pentru orice
subspatiu s—invariant W C V' exista un subspatiu s—invariant U C V' astfel incat
V =Wa&U. Un element n € End (V') se numeste nilpotent daca existd m € N astfel
incat n™ = 0. Un element v € GL (V') se numeste unipotent daca elementul v — 1

este nilpotent.

Theorem 2.2.2 (i) Fiek un corp de caracteristica 0 si V unk—spatiu vectorial finit
dimensonial. Pentru fiecare element v € End (V), exista x5 € End (V') semisimplu
gt x, € GL (V) nilpotent care satisfac relatia rsx, = r,x5 $i avem r = Ty + Tp,.
Aceasta descompunere este unica.

(17) Fie V' un spatiu vectorial finit dimensional cu elemente reale sau compleze.
Pentru orice element g € GL (V) exista g € GL (V') semisimplu gi g, € GL (V)

nilpotent astfel incdt g = 959, = gugs- Aceasta descompunere este unica.
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Aceste descompuneri se numesc descompunerile Jordan aditive, respectiv multi-
plicative. In teoria grupurilor Lie este uzual si se scrie GL (V) in loc de End (V),

daca in plus inzestram grupul End (V') cu paranteza Lie [z,y] := zy — yz.

Definition 2.2.3 Pentru grupurile Lie abstracte, un element ¢ € G se numeste
Ad-semisimplu dacd subgrupul Ad(g) este semisimplu in GL (g). Se numeste Ad-
unipotent dacd subgrupul Ad(g) este unipotent in GL (g). Similar, intr-o algebra Lie
g abstracta finit dimensionald, un element x € G se numeste ad-semisimplu daca
ad(z) este semisimplu in gl (V). Elementul x € G se numeste ad-nilpotent daca

ad(x) este nilpotent.

Lemma 2.2.4 Fie V un spatiu vectorial finit dimensional peste R sau C. Daca
elementul x € GL (V) este semisimplu, atunci expx este semisimplu in GL (V).
Daca elementul v € GL (V) este nilpotent, atunci exp x este unipotent in GL (V).
Mai mult daca elementul y € GL(V), avand descompunerea Jordan aditiva y =
Ys + Yn, [Us, Yn] = 0, atunci expys este semisimplu gi expy, este partea unipotenta

a descompunerii Jordan multuplicative a lui expy.

2.3 Regular elements

In ceea ce urmeazi vor fi prezentate notiuni legate de regularitate. Pentru al-
gebre Lie exista doua notiuni legate de regularitate total diferite; una legata de
reprezentarea adjuncta si una legata de aplicatia exponentiald. Pentru grupuri Lie
regularitatea este considerata fata de reprezentarea adjuncta. Rezulta ca ambele
concepte de regularitate ale algebrelor Lie sunt legate de regularitatea grupurilor de

elemente date de aplicatia exponentiala.

Definition 2.3.1 Fie g o algebra Lie finit dimensionala cu elemente reale sau com-
plexe.

(7) Un element z al algebrei Lie g se numeste regular daca nil-spatiul

g :={ycg:(IneN) cuad(x)"y =0}
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are dimensiune minima.

Multimea tuturor elementelor regulare ale algebrei g se noteaza cu reg(g).

(71) Fie G un grup Lie. Un element x al unei algebre Lie g se numeste ezp-regular
dac# aplicatia exponentialdl este regulard in z. In caz contrar elementul se numeste
exp-singular. Multimea tuturor elementelor exp-regulare se noteaza cu reg exp si
multimea tuturor elementelor exp-singulare se noteaza cu sing exp.

(737) Un element g al unui grup Lie G' se numeste regular daca unispatiul
g' == {y € g:(3n € N)(Ad(g) —id)"y = 0}

are dimensiune minim4.

Multimea tuturor elementelor regulare se noteaza cu Re g(G).
Lema 5 din [34] redd urmétorul rezultat:

Lemma 2.3.2 Daca G este un grup Lie si x,y € g cu expxr = expy, unde T este

un element exp-reqular, atunci avem [x,y] =0 gi exp(z —y) = 1.

2.4 Pre-images of Ad-unipotent and Ad-
semisimple elements

Avéand in vedere ca problema referitoare la surjectivitatea aplicatiei exponentiale
a unui grup Lie conduce la pre-imaginea elementelor grupului, este important de
determinat pre-imaginile elementelor Ad-semisimple si Ad-unipotente.

In cele ce urmeazi V defineste un spatiu vectorial finit dimensional cu elemente
reale sau complexe.

Fie grupul Lie liniar GL(V) si algebra Lie corespunzitoare GL(V'). Pentru
un element p € N, se definesc multimile n, = {z € GL(V):2? =0} si N, =
{9 € GL(V):g=1+uwx,2 € n,}. Atunci aplicatia exp |,, : n, — N, este bijectiva,
iar inversa ei .

log: g H;(—I)M%(Q -1k

Ca si o consecinta se obtine rezultatul urmator:
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Lemma 2.4.1 Fie G C GL(V) un subgrup analitic gi se presupune ci pentru ele-
mentele nilpotente x,y € g are loc relatia expx = expy. Atunci x = y. Ca si caz

particular, 0 este singurul element nilpotent al algebrei g fatd de exp '(1).

Fie G un grup Lie cu elemente reale sau complexe. Se noteaza cu S multimea
tuturor elementelor semisimple ale grupului G si cu s multimea tututor elementelor

semisimple ale algebrei g.
Lemma 2.4.2 Fie G C GL(V) un grup analitic. Atunci exp=*(S) = s.

Se noteazd cu S4¢ multimea tuturor elementelor Ad-semisimple ale grupului G

si cu §%¢ multimea tuturor elementelor ad-semisimple ale algebrei g. Astfel se obtine:

Corollary 2.4.3 Fie G un grup Lie conexr cu elemente reale. Atunci s =

exp1(S49).

Mai multe informatii pot fi gasite in [77].

2.5 Examples

Mai jos sunt prezentate exemple care ilustreaza unele aspecte aparute in studiul
surjectivitatii aplicatiei exponentiale.

Se considera grupul liniar Lie SL(2,R) si algebra Lie corespunzatoare sl(2,R)
(mai multe detalii despre acest grup se gisesc in paragraful 1.2).

Pentru grupul GL(2,C) avem o altd situatie. Orice element g al grupului

GL(2,C) este conjugat cu matricea

A0
' sau cu matricea , unde A\, A, Ay € C.
0 X 0

Se poate observa ca ambele elemente sunt imagini exponentiale ale elementelor al-
gebrei gl(n, C).
Urmatorul grup considerat ca si exemplu este grupul special liniar SL(2, R). Fie

un patrat definit de baza canonica de vectori a lui R?. Dac se doreste transformarea
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patratului intr-un dreptunghi definit de vectorii de componente (—2,0) si (0, —%),

acest lucru poate fi facut cu ajutorul unei transformari a grupului SL(2, R).

2.6 Weakly exponential Lie groups and strongly
exponential Lie groups

Definition 2.6.1 Un grup Lie GG cu elemente reale sau complexe se numeste slab
exponential daca imaginea exponentiala este densa in grupul G. Se numeste expo-
nential daca aplicatia exponentiala este surjectiva si se numeste tare exponential

daca aplicatia exponentiala este un difeormorfism.

Daca G este un grup Lie atunci unu-componenta, adicd componenta conexa a
unitatii, este un subgrup normal al lui G si se noteaza cu GGg. Subgrupul comutator
al lui G se noteaza cu G'. Se considera ca un grup Lie conect este simplu(semisimplu)
daca algebra Lie corespunzitoare este simpla(semisimpla). Daca g este o algebra Lie
finit dimensionald si v este o subalgebra atunci t se numeste reductiva daca g este
un t-modul semisimplu fata de ad. Similar, un subgrup R al unui grup Lie G se
numeste reductiv in G daca g este un R-modul semisimplu fata de Ad.

O subalgebra p a unei algebre Lie reale g se numegte compact inzestrata daca
e este compactd in Aut(g). Dacil un element = este continut intr-o subalgebrs
compact inzestrata atunci se numeste compact. O subalgebra compact inzestrata
maximala este o algebra compact inzestrata care este maximala cu aceasta pro-
prietate. Doua subalgebre compact inzestrate maximale sunt conjugate. Multimea
tuturor elementelor compacte ale lui g este reuniunea tuturor subalgebrelor com-
pact inzestrate maximale gi se noteaza cu compg. Un subgrup K al unui grup Lie
G real se numeste compact inzestrat daci Ad(K) este compact in Aut(g). In orice
grup Lie conex exista subgrupuri compact inzestrate maximale si care sunt conexe.
Evident, sugrupurile compact inzestrate au algebre Lie compact inzestrate. Deoarece
subalgebrele compact inzestrate sunt si algebre Lie compacte, adica exista un grup

Lie compact a carui algebra Lie este izomorfa la acea algebra Lie, atunci aplicatia
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exponentiald a unui grup Lie compact inzestrat conex este surjectiva. Asadar, sub-
grupurile compact inzestrate maximale sunt de asemenea conjugate.

Fie go algebra Lie si S o submultime a lui g. Multimea

((S) :={y € G : [y, 5] =0}

se numeste centralizatorul lui S.

Daca S este, in plus, o subalgebra, atunci

ng(S):={yeg:[y,5] CS}

se numeste normalizatorul lui S.
Atat (4(S) cat si ng(S) sunt subalgebre ale lui g.
Centralizatorul (4(.S) se numeste centrul lui g si se noteaza cu ((g) sau pe scurt (.
Fie un grup Lie G (nu neapéarat conex) si g algebra Lie corespunzitoare. Fie S
o submultime a lui g.

Multimea

Za(S) :={g € G: (Vx € G)Ad(g)(s) = x}

se numeste centralizatorul lui S in G.

Daca in plus S este o subalgebra a lui g, atunci
Ng(S) :={g € G: Ad(g).S C S}

se numeste normalizatorul lui S in G.

Daca U este o submultime a lui GG, atunci se poate considera centralizatorul
Zag(U) ={9€G: (YueU)gu=ug}.

Centralizatorul Zg(U) se numeste centrul lui G si se noteazd cu Z(G) sau mai
simplu 7.

Daca U este un subgrup, atunci
Ng(U) = {g €eG:qgUg = U}

noteaza ca de obicei normalizatorul lui U.

Are loc urméatorul rezultat:
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Lemma 2.6.2 Fie G un grup Lie real, g algebra Lie corespunzatoare si S
o submultime a lui g. Atunci algebra Lie L(Zg(S)) a lui Zg(S) coincide cu
L(Za(S)o) = (4(S). Daca, in plus, S este o subalgebra, atunci L(Ng(S)) este egala
cu L(Ng(S)o) = ng(S). Mai mult, are loc relatia L(Z) = L(Zp) = (.

2.7 The exponential map of quotient groups

Grupurile factor ale grupurilor exponentiale (respectiv slab exponentiale) sunt
exponentiale (respectiv slab exponentiale). In schimb, daci grupul cat G/Z, este
exponential atunci un calcul scurt arata ca si grupul G este exponential. Pentru a

demonstra ca grupul G este exponential se presupune ca centrul lui G este discret.

Lemma 2.7.1 Fie G un grup Lie conex si N un subgrup analitic normal. Atunci

are loc incluziunea exp(z +mn) C expz - N, oricare ar fi x € g.
Pentru demonstratie este folositor urméatorul rezultat:

Lemma 2.7.2 Daca G este un grup Lie, g algebra Lie corespunzatoare, N un sub-
grup analitic normal, gi daca elementele a,b € g satisfac [a,b] € n, atunci are loc

exp(a +b) € expaexpb- N.

Lemma 2.7.3 Fie G un grup Lie real conex, N un subgrup normal analitic care
contine grupul G', B O N wun subgrup analitic al lui G $i w un spatiu vectorial

complementar al lui n in b. Atunci B =exp w- N.

2.8 The compact and connected Lie groups are
exponential

Theorem 2.8.1 Any compact and connected Lie group is exponential.
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When n = 2, a skew-symmetric matrix B € s0(2) can be written as B = 0J,

where
0 -1
J =
1 0
and from the Hamilton-Cayley relation J? = —I, and the series expansion of sin

and cos @ it is easy to show that:

sin 0
0

When n = 3, a real skew-symmetric matrix B € s0(3) is of the form:

e? = e = (cos )1, + (sin6).J = (cos )1, +

B. (2.8.1)

0 —c b
B = c 0 -—a
-b a 0

and letting 6 = Va2 + b2 + ¢ = 1||B|| with || B|| the Frobenius norm of matrices,

we have the well-known formula due to Rodrigues (see the subsection 3.4.4):

sin 0 1 — cos 932

f =L+ =B+ - (2.8.2)
with e® = I3 when B = 0.
2.8.1 The Euclidean isometries
Consider the Euclidean space R” with the well-known Euclidean norm |-||. An

1sometry of R™ is a map f : R® — R", preserving the distances, that is for every

x,y € R™ the following relation holds

1) = F@)ll = llz = wll- (2.8.3)

According to the Ulam theorem, every isometry of R™ with f(0) = 0, is a linear
map of the form f(x) = Rz, with R € O(n), the orthogonal group. If det R = 1,
that is R € SO(n), then the isometry f preserves the orientation. Otherwise, we say

that f reverses the orientation. The problem to describe geometrically the Fuclidean
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isometries is reduced in this way to the interpretation of the matrices in O(n) or
SO(n).

Using the surjectivity of the exponential map, exp : so(n) — SO(n), we can
describe the isometries of R™ preserving the orientation.

When n = 2, from the previous alternative proof from the section 2.6, we have

R € SO(2) if and only if R is a rotation matrix, i.e.
cosf) —sind
sinf cos#d

where the rotation angle 6 is defined by the equation 2 cos = tr(R).
When n = 3, then R € SO(3) if and only if (see the subsection 3.4.4)

inf 1 cosf
R:h+$ZB+ gﬁB%

where the angle 6 is defined by the equation 1 + 2cosf = tr(R), that is § =

tr(R)—
arccos —;—

(2.8.4)

5 L if 0 # 0. Hence, when 0 # 7, B is the skew-symmetric matrix uniquely

defined by the equation
0

B =
2sinf
If 6 = 0, then R = I3, and the isometry f is the identity map of R3. If # = 7, then

(R—R").

we can find the matrix B as in the discussion in the previous section.

Assuming that

0 —c b
B=|¢ 0 -al,
-b a 0

then formula 2.8.4 expresses a rotation in R® of axis defined by the vector ¥'(a, b, c)
and angle 6.

If the isometry of R?® reverses the orientation, then det R = —1. Because
det(—R) = (=1)3det R = (=1)(—1) = 1, it follows that the isometry g of R3,
defined by g(z) = (—R)z, preserves the orientation. In this case we obtain the
representation formula

in 0 1 —cosf
R:_[S_sug 5_ 0(;08 B,
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with the same geometric interpretation. In this way all isometries of the space R3

are completely described.

Remark 2.8.2 In the paper [25] the following description of the matrices R €
SO(n) for n > 4 is given : If {1 71 ... ¢ =%} is the set of distinct ei-
genvalues of R different from 1, where 2p < n and 0 < 0; < 7, then there are p
skew-symmetric matrices By, - - - , B, such that B;B; = B;B; = O,,,i # j, B} = —B;,

for all 7,7 with 1 <i,5 <p, and

R=1I,+) [(sin6;)B;+ (1 - cosf;)B;]].

i=1
This result gives an implicit description of the Euclidean isometries of the space R™

when n > 4, in terms of 2p parameters 01,--- ,0,, By, -, B,.
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Chapter 3

The problem of determining the

image of the exponential map

3.1 Results on the surjectivity of certain matrices
maps

Let M, (K) be the algebra of the square matrices with entrees in the commutative
field K (K =R or K = C). Consider the convergent power series with coefficients
in K, > ~oamz™, 2 € K. Let

o0

f(z) = Zamzm,z € K.

m=0

For n > 2 and for X € M,(K) we know that the series ) *°_,a, X™ is also
convergent and we denote its sum by ]?(X ).

The following problem is important.

Problem 1. What are the conditions on function f such that the operator f 18

surjective ?

If f is a holomorphic function in C and let the set
M={zeC:f(2)=0}
For a matrix A € M, (C) we consider o (A) the spectrum of matriz A.
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Theorem 3.1.1 If o (A) C f(C\M) then A € Im f.

Lemma 3.1.2 Let f, g be two holomorphic functions in C cu f~1(0) C ¢~ (0). If
A € M, (C) has the property that o (f(A)) = {0} then g" (A) = O,.

Lemma 3.1.3 If f € C[X], gradf =n > 2, then we have:

1) L (y) € M <= y € C\f (C\M)

2) fF1y) CM, [ (gp) S M =y =y
(C\M) = C <= Vy € C the equation f (x) =y has at least one simple root
(C\M) = C\{z} <= Vy € C the equation f(x) = y has mutiplicative

Theorem 3.1.4 Let f € C[X] of degree > 2. The following statements are equival-

ent:

Theorem 1 1) for any y € C the equation f (x) =y has at least one simple root;
2) the map f : M,(C) — M,(C) is surjective.

Example 3.1.5 The map f : M,(C) — M,(C), f(X) = X™, is not surjective,
where m > 2. Indeed, the equation 2™ = 0 has 0 as a multiple root of order m, do

the resulted property from Theorem 3.1.4.
Example 3.1.6 Let f € C[X], grad f > 2, a € C,
ffla)y=a(x—o)" . (x—2)" a;>1,5=1,...,r

and x,...,2. distinct. If a; > r — 1, Vj € {1,...,7}, then for every y € C the
equation f (x) = y has at least one simple root.

In this case the condition from Theorem 3.1.8 it is easy to verify.
Example 3.1.7 Let f € C[X],
f=(X=21) (X = 32) (X — z3)

and

2 2 2
x] + 25 + 35 # 1179 + Tox3 + 1173,
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has the property from Theorem 3.1.8. Indeed, we have
f'(x) = 32% — 2 (21 + 22 + 23) T + 2179 + ToT3 + 1173

and A # 0. Then f’ has only simple roots, meaning f — y has at least one simple

root, Vy € C.

Theorem 3.1.8 Let f € C[X], grad f =n > 2. Dacia € C, a # 0,
ffl@)y=a(x—o)" . (x—2)" a;>1,7=1,...,r

gt pentru orice submultime L a lui {1,...,r} avem

d (lta) #r—1,

JEL

atunci pentru orice y € C ecuatia f () =y are cel putin o radacina simpla in C.
Example 3.1.9 Fie f € C[X],

f=X—21) (X —22) (X — x3)

2 2 2
Ty + x5 + x5 F 1109 + TaTs + 123,

are proprietatea din Teorema 3.1.8. Intr-adevir, daci tinem seama de relatiile lui

Viete, avem
f'(z) = 32% — 2 (21 + 29 + 23) T + 2179 + ToT3 + 1173

si A # 0, conform ipotezei ficute initial. Atunci f are radéacinile simple, adica f —y

are cel putin o radacina simpla, Vy € C.

Remark 3.1.10 Toate rezultatele obtinute ramén valabile daca C se inlocuieste cu
un corp algebric inchis K si, acolo unde este cazul, in loc de f olomorfa in C se

presupune ca f este polinomiala.
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Vom adopta in continuare urmatoarele notatii: daca A € M, (C) se noteazd cu

pa polinomul caracteristic al lui A, adica polinomul
pa (t) =det (tI, — A),

si cu 0 (A) multimea valorilor proprii ale matricei A (adica radécinile polinomului

pa)- Se presupun cunoscute urmatoarele rezultate:

Theorem 3.1.11 (Hamilton-Cayley) Pentru orice matrice A € M,(C) avem

P (A) = O,,, adic orice matrice satisface ecuatia sa caracteristica.

Theorem 3.1.12 (de interpolare Lagrange-Hermite) Fiind date n € N*, a;, €
R, k£ = 1,2,...,n numere reale distincte, r, € N, k = 1,2,....n s b,(f) € R,

i=0,....m%, k=1,2,...,n, exista un polinom P € R[X] astfel incdt
PD(a)=b" k=1,2,....ni=0,.. . r,.
Theorem 3.1.13 Fie f € C[X] st A € M,(C),
o(A)=A{a,...,as}.

Daca pentru orice i € {1,2,..., s} ecuatia f (x) = o are cel putin o radacina simpla

atunci A € Im ]7

Corollary 3.1.14 Daca f € C[X] are proprietatea ca Vo € C, ecuatia f () = «

are cel putin o radacing simpld atunci f : M, (C) — M,(C) este surjectiv.

Theorem 3.1.15 Daci f € C[X] are proprietatea ci f : M,(C) — M,(C) este

surjectiva, atunci Vo € C, ecuatia f (x) = « are cel putin o radacing simpla.
Lemma 3.1.16 Pentru p € N impar, consideram polinomul f € C[X], unde

11, 1
fp—l—i-ﬁX—FiX +...+HX :
Atunci f; : M, (C) — M, (C) este surjectivi.
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Theorem 3.1.17 a) Pentrun = 2 saun = 3, polinomul f € R[X]| are proprietatea
ci f: Myp(R) — M,(R) este surjectivi dacd gi numai daci ¥y € R ecuatia f (z) =
are cel putin o radacina stmpla in R.

b) Pentru n > 4, polinomul f € R[X] are proprietatea ca f: M,(R) — M,(R)
este surjectiva daca g1 numai daca au loc simultan:

(1) Vi € R ecuatia f (x) = pu are cel putin o radacina simpla in R;

(77) Y € C ecuatia f (x) = p are cel putin o radacing simpla.

Theorem 3.1.18 Fie f : C — C o functie olomorfa, n € N,n > 2 gi A € M,(C),
o(A) = {aq,...,as} spectrul punctual al operatorului A. Daca pentru orice j €

{1,2,...,s}, ecuatia f (2) = a; are cel pulin o radacina simpla atunci A € Im f
Corollary 3.1.19 Aplicatia exp = exp : M,,(C) — GL(n,C) este surjectiva.

Theorem 3.1.20 Fie f (z) = iakxk o serie de puteri cu coeficienti reali §i raza
de convergenta oo, n € N, n > 5.:0
I.n € {2,3}. Atunci f : M,(R) — M,(R) e surjectiv daci gi numai dacé au loc:
(1) Y € R ecuatia f (z) = p are cel putin o radacina reald simpla.
(i) f(C) =C.
IT.n> 4. Atunci f : M,(R) — M,(R) e surjectiv dact si numai daci au loc:
(1) Y € R ecuatia f (x) = p are cel putin o radacina reald simpla.

(17)" YV € R ecuatia f (2) = p are cel putin o radacina simpla in C.

Studiul imaginii exponentialei in acest caz este si el mult mai complicat si un
rezultat transant ca cel din Corolarul 3.1.17 nu mai are loc. O prima constatare este

ca are loc incluziunea:
exp (M,(R)) C GL" (n,R) = {A € GL (n,R) : det A > 0},

deci grupul GL (n,R) nu este exponential.
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3.2 The image of the exponential map for the
GL(n,R) group

In aceasta sectiune se va rezolva problema determinarii imaginii aplicatiei expo-

nentiale pentru grupul liniar general real G = GL(n, R).

Lemma 3.2.1 Daci A € GL"(n,R) i o(A) C R% U (C\R), atunci A €
exp(M,(R)).

Theorem 3.2.2 Se considerd matricea A € GLT(n,R). Atunci A € exp(M,(R))
daca g1 numai daca blocurile corespunzatoare valorilor proprii negative din descom-

punerea sa Jordan apar cu multiplicitate para.

Theorem 3.2.3 Fie A € GL(n,R). Atunci A € exp(M,(R)) daca si numai daca
exista B € GL(n,R) astfel incit A = B>.

Corollary 3.2.4 Fie A € SL(n,R). Atunci A € exp(SL(n,R)) daca i numai daca
exista B € SL(n,R) astfel incit A= B?.

Corollary 3.2.5 Fie X € M,(R), n > 2. Atunci ezista ¥ € M,(R) astfel ca
X2+ 1,=Y2%

Corollary 3.2.6 Pentru orice X € SL(2,R) exista A €SL(2,R) astfel incit X =
A% sau —X = A%

Remark 3.2.7 1) Topologia multimii £(G) este deosbit de interesanta. In general,
E(G) nu este nici deschisa si nici inchisa in G. Un exemplu in acest sens este dat
de grupul Lie SL(2,R). Pentru a arata ca multimea E(SL(2,R)) nu este deschisa

se considera matricea

-1 0 0 =«
= exp
0 -1 —m 0
. . -1 e : .
Pe de alta parte, pentru orice ¢ > 0, matricea nu apartine lui
0 -1

E(SL(2,R)) deoarce numirul blocurilor corespunzitoare valorii proprii —1 este egal
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cu 1.(Teorema 2.1.2). Se observa cd E(SL(2,R)) nu este nici inchisd. Pentru aceasta

se considera matricea

€ SL(2, R\ E(SL(2,R))
0 -1

si avem ca pentru orice € > (

-1 -1
€ E(SL(2,R)),
e —1

deci daca E(SL(2,R)) ar fi inchisa, atunci am avea

1 -1
li € E(SL(2,R)),
S (SL(2,R))

ceea ce este imposibil.
2) Interiorul si frontiera lui F(GL(n,R)) au fost determinate si s-a ardtat ca:
i) A € intE(GL(n,R)) daca si numai dacd A nu are valori proprii negative;
i1) A este punct de frontiera pentru E(GL(n,R)) dacd si numai dacd A ¢
intE(GL(n,R)) si blocurile corespunzétoare valorilor proprii negative din descom-

punerea Jordan a lui A apar cu multiplicitate para.

3.3 The Lie groups Ox(n)
Fie K € M,(R) o matrice inversabild si simetricd. Se considerd multimea
Ok(n)={Ae M,(R): "AKA=K}.

Se observi ci (Og(n),-) este un subgrup al lui GL(n,R). Intr-adevir, daci A, B €

Ok (n), atunci putem scrie
Y(AB)K(AB) = 'B'AKAB = 'B('AKA)B = 'BKB = K,
adicd AB € Ok (n). Mai mult, dacd A € Og(n) avem
HAHYKA™ = (TA)T'KA' = KAAT = K,
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deci A7 € Og(n).
Se remarca faptul ca pentru K € M,(R) se poate defini forma biliniard fr :

R"™ x R", prin fx(z,y) = ‘xKy. Pentru A € Og(n) avem
fi(Az, Ay) = "(Ax)K(Ay) = "2('AKA)y = "wKy = fx(x,y),

prin umare multimea Ok (n) este formata din toate matricele inversabile A cu pro-
prietatea cd forma fx este invariantd, adicd fx(Ax, Ay) = fr(z,y).

Reamintim c& matricele K, K’ € M,(R) sunt echivalente, adicd K ~ K’, daci
existd U €GL(n,R) cu proprietatea cd K’ =! UKU. In acest caz O (n) ~ O (n).
Intr-adevir, grupul GL(n,R) actioneazi pe M,(R) prin UA =! UAU si Ok(n)
este grupul de izotropie coresounzator matricei K. Din K ~ K’ rezulta faptul ca
matricele K si K’ au aceeasi orbitd in raport cu actiunea consideratd, deci in mod
necesar O (n) ~ O, (n). De fapt aceste subgrupuri sunt conjugate in GL(n,R).

Folosind teorema lui Sylvester, rezulta faptul ca matricea K este echivalenta cu
o matrice diagonala de forma

diag(1,...,1,—1,...,—1),
r n—r
unde r reprezintd siganatura lui K. In acest caz grupul O K (n) se mai noteaza i cu
O(r,n —r) si el este perfect determinat de signatura sa r.

Evident O(r,n —r) = O(n —r,7), deci prezinta importanta doar situatia r < 7.
Numaérul r este un invariant al grupului O(r,n — r).

Grupul O(1,3) se numegte grupul Lorentz gi poartd un rol important in teoria

relativitatii speciale.

Theorem 3.3.1 Pentru orice matrice inversabild gi simetrica K € M,(R), Og(n)

este un grup Lie de dimensiune "("T_l) cu algebra Lie o (n) = K - AS,(R).

Dacid A € SOk (n), din relatia "AK A = K prin trecere la determinanti obtinem
det* A = 1, deci det A = 41. Prin urmare grupul Lie O (n) are doui componente

conexe, anume

O} (n)={A€Og(n):det A=1}
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s
O (n) ={A€Ok(n):det A=—1}.
Subcomponenta conexd a unititii O%(n) se mai noteazd cu SOg(n) si este un

subgrup al grupului Ok (n) de dimensiune @

3.4 Rodrigues-like formulas

3.4.1 Classical formulas for SO(n), n =2 and n =3

Fie SO(3) grupul special ortogonal al matricilor de ordin 3, cu elemente reale,

ortogonale si avind determinantul egal cu 1, adica
SO(3) := {A € M3(R)|A'A = I3,det A = 1} .

Conform rezultatelor din paragraful 3.3 rezultd ca grupul SO(3) are o structura de

grup Lie si dim SO(3) = 3.

Proposition 3.4.1 Algebra Lie (so(3),[-,-]) poate fi identificata in mod canonic cu

algebra Lie (R3, x), unde ” X 7 este produsul vectorial clasic.

Pentru cazul n = 2, s-a demonstrat deja formula (paragraful 2.8, formula 2.8.1)
sin 6
0

In cazul n = 3, prezentim demonstratia clasicd a formulei lui Rodrigues (1840). O

exp(B) = (cos ) + B.

prezentare usor diferita a fost data in Lema 1.3.2.

Proposition 3.4.2 (Rodrigues) Cu notatiile de mai sus, aplicatia exponentiald
exp : 50(3) — SO(3),

satisface relatia

: s vl
N sin[fv|| . 1 sin-5t
exp(v) = I3 + ol v+§( TR

2

Proposition 3.4.3 The exponential maop
exp : $0(3) — SO(3)

is surjective, so the group SO(3) is exponential.
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3.4.2 The determination problem of the Rodrigues coeffi-
cients for the GL(n,R) group
Aplicatia exponentiald exp : GL(n,R) = M, (R) —-GL(n,R), unde GL(n,R)

reprezinta grupul Lie al matricelor patratice, de ordin n, inversabile, cu valori reale,

este definita prin
=1
exp(X) = ZEX’“. (3.4.1)
k=0

Folosind cunoscuta teoremi Hamilton-Cayley, rezultd ci fiecare putere X* k >

n, este o combinatie liniara de puteri ale matricei X, mai precis de puterile

X0 X1 ..., X" ! Prin urmare putem rescrie formula 3.4.1 sub forma
n—1
exp(X) = ) “ar (X) X*, (3.4.2)
k=0
unde coeficientii reali ag (X),a; (X),...,a,-1 (X) sunt unic determinati si depind

de matricea X. Din aceastd formuld rezultd c& pentru exp (X) este un polinom
in X, cu coeficienti in functie de X. Problema determinarii unei formule expli-
cite a aplicatiei exponentiale exp (X) se reduce la problema determinarii coefi-
cientilor ag (X),a1 (X),...,a,—1(X). Vom numi aceastd problema generald prob-
lema Rodrigues si coeficientii ag (X),a1 (X),...,an—1(X) coeficientii Rodrigues ai
aplicatiei exponentiale in raport cu matricea X € M, (R).

Invarianta la echivalenta matricelor subliniaza importanta spectrului matricei X
in relatia (3.4.2). O metodd importantd pentru a obtine coeficientii Rodrigues este
0 aga numita metoda Putzer.

In acest subparagraf, prezentim rezultatele din lucrarea D. Andrica si R.-A.
Rohan [7] si mai departe vom indica o modalitate noud de determinare a coefi-
cientilor lui Rodrigues ag (X), a1 (X), ..., ay—1 (X) din formula (3.4.2). Ideea prin-

cipald consta in reducerea relatiei (3.4.2) la un sistem liniar avind necunoscutele

ap (X),a1(X),... an_1 (X). In acest sens multiplicim ambii membrii ai relatiei
(3.4.2) cu puterile X7, j =0,...,n — 1 si obtinem urmé&toarele relatii matriciale
n—1
X7 exp(X) :Zaka’Lj,j:O,...,n—l, (3.4.3)
k=0
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unde a; = ax(X),k =0,...,n — 1. Considerand urma matricei in ambele parti ale

relatiei (3.4.3), obtinem sistemul liniar

n—1
Ztr (Xk+j) ar =tr (X7 exp(X)),j=0,...,n—1, (3.4.4)
k=0

avand coeficientii functii de matricea X. Presupunem ca \q,...,\, sunt valorile

proprii ale lui X. Este cunoscut faptul cid matricea X**/ are valorile proprii
)\]fﬂ L. A\ matricea X7 exp(X) are valorile proprii MeM, ..., Mer. Intr-
adevir, functia f; : C — C, f(z) = 27€?, este analiticd, prin urmare valorile proprii
ale matricei f;(X) sunt fj(\1),..., fi(\,). Dar avem f;(\,) = Mers,s =1,...,nsi
proprietatea este demonstrata.

Sistemul (3.4.4) este echivalent cu

n—1 n n
> (ZA’;H) ap =y Med j=0,...n—1 (3.4.5)
s=1

k=0 s=1
adica

n—1 n
> Sppjar =Y Me* j=0,...,n—1, (3.4.6)
k=0 s=1

unde S; = X + ... + N

7. cu conventia 0° = 1, in cazul in care avem valori proprii

egale cu 0.
Folosind sistemul (3.4.5) obtinem urmatorul rezultat privind solutia problemei

Rodrigues pentru grupul GL(n,R).

Theorem 3.4.4 1) The Rodrigues coefficients in formula (3.4.2) are solutions to
the system (3.4.5).
2) If the eigenvalues A1, ..., N\, of the matriz X are pairwise distinct, then the

Rodrigues coefficients ag, . . ., an—1 are linear combinations of e, ..., e* having the
coefficients rational functions of A1, ..., \,, i.e. we have
ap=AVeM 4+ AN k=0, n—1. (3.4.7)
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3.4.3 The determination of the Rodrigues coefficients using
the
Putzer method

Se considera problema la limita
v=Xx; 2(0) =20; 0 <t < 0 (3.4.8)

unde z si = sunt vectori n-dimensionali si X este o matrice patraticd de ordinul n,
cu elemente constante. In cele ce urmeazs va fi prezentats o metods utild pentru
scrierea explicita a problemei (3.4.8). Acest lucru este in mod particular util in cazul
in care matricea X nu poate fi diagonalizata, caz in care forma canonica Jordan a
matricei nu poate fi determinata.

Solutia ecuatiei (3.4.8) este de forma
x = exp(tX)xo,

deci problema este echivalentd cu a determina matrice exp(t.X).
Aceasta metoda, pe care o vom numi metoda lui Putzer, este importanta si
pentru a obtine coeficientii Rodrigues. Metoda consta in urmatorii pasi. Mai intéi,

consideram polinomul caracteristic al matricei X,
px(t) =det(tl, — X) =t" +c, 1t" "+ ...+ it + co,

si definim matricea Putzer

c1 Co Cn—1 1
Cy  C3 1 0
C =
Cn—1 1 0 0
1 0o ... 0 0

In cel de-al doilea pas, construim functia scalara z care este solutia a ecuatiei difer-

entiale liniare omogene avand coeficientii constanti care satisaface conditiile initiale
24 12V 4 e ez =0
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avand conditia initiald z(0) = 2/(0) = ... = 2"=2(0) = 0, 2("~Y(0) = 1. Urmétoarea
relatie are loc

A=C. 7, (3.4.9)

unde A este matricea de ordin n x 1 avand ca si elemente coeficientii lui Rodrigues

ap (X),a1(X),...,an—1(X) si Z este matricea de ordin n x 1 avand ca si valori

z(1),2/(1),..., 2D (1).

Corollary 3.4.5 Daca valorile proprii Ay, ..., \, ale matricei X sunt distincte doua

cdte doua, atunci matricea Z de ordinul n x 1 din metoda lui Putzer este data de
7 = (8C)'B,

unde matricea S este definita prin

So S1 ... Sha
g Si Sy ... S, |
Sn—l Sn SR S2n—l

C este matricea lui Putzer si B este matricea de ordin n X 1 avdnd elementele

by =Y Med, j=0,...,n—1.
s=1

Observatie. Comparand cu metoda lui Putzer, rezultatul obtinut in Teorema
3.4.4 este mai simplu in cazul in care valorile proprii Ay, ..., A, ale matricei X sunt
distincte doua cate doua, deoarece in acest caz trebuie sa rezolvam doar sistemul
liniar (3.4.5) Metoda lui Putzer este mai buna in cazul in care avem multiplicitati
ale valorilor proprii ale matricei X. In situatii concrete putem combina cele dous

metode.

3.4.4 The determination of the Rodrigues coefficients for

the SO(n) group

Este usor de verificat faptul ca multimea matricelor patratice, de dimensiune n,
ortogonale, cu valori reale formeaza un grup Lie impreuna cu operatia de multipli-

care, notat prin O(n). Submultimea grupului O(n) formata din acele matrice care
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au valoarea determinantului egald cu +1 alcdtuieste un subgrup notat prin SO(n)
si care se numeste grupul special ortogonal al spatiului Euclidean R™. Din motive
geometrice, metricile acestui grup se numesc matrici de rotatie.

Matricele algebrei so(n) au doud proprietati esentiale care simplificd simtitor

calculul coeficientilor Rodrigues:

e Daca n este impar atunci matricele sunt singulare, adica au cel putin o valoare

proprie egala cu 0;
e Valorile proprii diferite de 0 sunt pur imaginare si bineinteles conjugate.

Folosind cunoscuta formuld a lui Euler ¢'® = cos « + i sin @ obtinem urmétoarea
consecintd a Teoremei 3.4.4, care este utild in aplicatiile practice (a se vedea lucrarea

R.-A. Rohan [68]).

Corollary 3.4.6 Daca valorile proprii Ay, ..., A\, ale matricet X sunt distincte doua
cdte doua, atunci coeficientii Rodrigues ag, ..., a,_1 sunt unic determinati de sis-
tem st sunt exprimati de combinatii liniare ale cosaq, . .., COS Qyy, SIN A, . . ., SIN
avand coeficientii functit rationale ale oy, . . ., ay,, unde tiaq, ..., tio,,, m = [g} ,

sunt valorile proprii ale matricei X . Astfel avem relatia

ajp = b,(:) COS (/g —|—...+b,(€m) cosam—l—c,(:)sinal +...+c,(€m)sinam,k =0,...,n—1.

Cand X = O, urmeaza ci exp(X) = I, prin urmare avem ag = l,a; = ... =
Ap—1 = 0.

In cazul in care n = 2, o matrice antisimetrici X # O, poate fi scrisi ca

0 a

X = ,a € R*,
—a 0
avand valorile proprii A\ = ai, Ay = —ai.
Sistemul (3.4.5) devine in acest caz
2a0 + (A1 + Ap)ay = M + M
()\1 + )\2)0/0 + ()\% + )\g)al = )\16/\1 + )\26)‘2,
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prin urmare obtinem

ag = L (e‘” + e’“i) = cosa,
2
AeM 4+ e e — e ging
CL1 — 2 2 - - bl
AL+ A 2a a
si apoi
i

exp(X) = (cosa) Iy + lnaX.

Urmeaza ca
sina
ag(X) = cosa,a(X) = ey
a

In cazul in care n = 3, o matrice antisimetrica este de forma

0 —c b
X = c 0 —al,
-b a 0

avand polinomul caracteristic px(t) = t> + (a®> +0* + A)t = 3 + 6°t, unde 6 =
Va2 + b2 + 2. Valorile proprii ale matricei X sunt \; = 6i, A\, = —0i, A3 = 0. Este
clar cda X = O3 daca si numai daca # = 0, prin urmare este suficient sa consideram
doar situatia in care § # 0. Sistemul (3.4.5) devine
3ag — 260%a, = 1+ ¥ + e
—260%a, = 0i (eei — e_ei)
—20%ag + 20%ay = —0* (e + 7).
Deoarece 6 # 0, urmeaza ca

sin 6 1 —cosf
a2 = T’

0

regasind cunoscuta formuld a lui Rodrigues ( Propozitia 3.4.2 )

aozl,a1:

ing_  1—cosd
exp(X)=[3+81;1 X+ 9(;08 X2,

In cazul in care n = 4, o matrice antisimetrica X € so0(4) este de forma

0 a b ¢
—a 0 d e

X = ;
—b —d 0 f
—c —e —f 0



si polinomul caracteristic corespunzator este
px(t) =t + (@@ + 2+ +d®+ e+ f2) 2+ (af — be + cd)’.

Fie A\ o = fai, A\34 = £ valorile proprii ale matricei X, unde «, 8 € R. Dupa

cateva calcule algebrice, sistemul (3.4.5) devine

)
2a0 — (a? + %) az = cos o + cos 3

— (a2 —i—ﬁ?) ay + (oz4+64) a3 = —asina — [sin 3
—(a*+ 8% ap+ (a* + B*) az = —a?sina — Fsin B .
(a*+ 8% a1 — (a® + %) a3 = &®sina + $°sin 3

\

Consideram urmatoarele trei cazuri:
Cazul 1. Daca a # ,«, € R*, apoi grupand prima ecuatie cu cea de-a treia
si cea de-a doua cu ultima obtinem coeficientii lui Rodrigues

B%cosa — a?cos
ag =

Foar
Fsina — a’sin g
a; = ’
af (62 — a2)
cosa — cos 3
“S T
Bsina — asin 3
as =
af (62 — a2)
Urmeaza ca formula corespunzatoare a lui Rodrigues in acest caz este
2 2 3 3
Cos v — (* COS sina — o’ sin COS (v — COS
exp(X) = P 5 5]4+6 5 6X+ 5 5X2
F = a af (7 = a?) P
sin o — v si
Psina —asing y (3.4.10)
af (ﬁ — oﬂ)

Cazul 2. Dacd o # 0si f = 0, atunci vom utiliza metoda lui Putzer. In acest

caz polinomul caracteristic este px (t) = t* + ot* si matricea Putzer este de forma

0 o> 0 1
o> 0 10
O —
0O 1 00
1 0 00



Functia scalard z, solutie a ecuatiei diferentiale 2 + a2z = 0 avand conditia

initials z(0) = 2/(0) = 2”(0) = 0,2(0) = 1, este z(u) = —=2¢* 4+ % Matricea Z,

a3

de dimensiune 4 x 1, este de forma

Folosind formula (3.4.3) obtinem

prin urmare formula lui Rodrigues corespunzatoare acestui caz devine

1 _ .
exp(X) = I+ X + — 20 x2 4 L0y, (3.4.11)

o Q
Cazul 3. Daca a = [ # 0,atunci vom folosi din nou metoda lui Putzer.

Polinomul caracteristic al matricei X este dat de px(t) = t* +2a2t? + a* si matricea

Putzer este definita ca fiind

0 222 0 1
202 0 1 0
O —
0 1 00
1 0 00

Conform teoriei generale a ecuatiilor liniare diferentiale omogene avand coeficienti
constanti, functia scalard z care satisface relatia 2 + 20223 + o* = 0 este de
forma z(u) = (Cy + Cyu) cos au + (C3 + Cyu) sin au. Din conditiile initiale z(0) =

2(0) = 2"(0) = 0,2 (0) = 1, dups cateva calcule simple, obtinem functia z(u) =
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— 354z COS QU + ﬁ sin au. Matricea Z, de dimensiune 4 x 1, este de forma

sin a—a cos
203

sin

Z: 2c

sin a+a cos
2c

2cosa—asina
2

Using the formula (3.4.3) we obtain

asin a+2cos
2

3sin a—a cos

A=C-Z= 2o

sin «
2

sin a—a cos
203

so the corresponding Rodrigues formula becomes in this case

asina + 2 cos o 3sina — «cos « sin «v Sin o — o Cos «
exp(X) = Iy + X + X%+ . X3
2 2a 2a 2x

(3.4.12)

Remark 3.4.7 In lucrarea R.-A. Rohan [68], folosind rezultatul principal din luc-
rarea D. Andrica si R.-A. Rohan [9], sunt obtinute formulele (3.4.11) si (3.4.12)
corespunzatoare celor doud cazuri singulare, direct din formula (3.4.10) prin trecere

la limita cu 8 — 0, respectiv  — a.

3.4.5 The Rodrigues-like formulas for the SE(n) group,
n=2and n=3

Grupul special euclidean SE(n) a fost deja introdus in paragraful 1.5. Vom com-
pleta unele proprietati ale acestui grup.

Grupul euclidean E(n) este grupul care contine toate izometriile spatiului euc-
lidean R”. In cazul in care n = 2, grupul E(2) contine toate translatiile, rotatiile si
reflectiile planului.

Este cunoscut faptul ca orice izometrie este de forma
F(z)=Rx+v
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unde R € O(n) si v €R™.

Grupul izometriilor poate fi reprezentat de grupul matricelor notat prin E(n),

R v
E(n) := € GL(n+ 1,R)|v eR™<!
0 1

contindnd matrici patratice de ordinul n 4 1. Multimea aplicatiilor afine p ale lui
R"” definite in felul urmator

p(X)=RX +u

unde R € SO(n) este o matrice de rotatie gi u este un vector din R", dar considerat
ca si o matrice din R*™!, formeazi un grup impreuni cu operatia de compunere
a matricelor, numit grupul izometriilor afine directe, sau miscari rigide, notat prin
SE(n).

Se dovedeste ca grupul E(n) nu este un grup Lie conex. Grupul special euclidean
SE(n) este de fapt componenta conexa a identitatii a grupului E(n). Subgrupul Lie
SE(n) corespunde grupului care contine toate izometriile R care pastreaza orientarea
avand proprietatea ca det R = 1. Astfel grupul SE(n) este inchis in GL(n + 1, R).
Prin urmare este un grup Lie de matrice.

Grupul SE(n) nu este marginit, deci nu este compact. Pentru a demonstra

aceasta proprietatea consideram sirul de matrice

I, Vi
Am - )
0 1

unde vectorul v,,€R™ are prima componenta m si celelalte componente egale cu 0.
Norma Frobenius a lui A,, este ||A,,|| = vm + 2, deci secventa A,, nu este marginita.
Astfel grupul SE(n) nu este marginit, deci nu este compact.

Avem

SE(n) := SO(n) x R",

unde
SO(n) := {A € M,(R)|A'A=1,,det(A) = 1}

si 7 x 7 noteaza produsul semidirect de grupuri.

47



Proposition 3.4.8 Algebra lui Lie se(3) a lui SE(3) se identifica cu s0(3) x R? gi

baza canonica a et este data de matricele:

00 0 O 0 010 0 —1 0 O
00 -1 0 0 00O 1 0 00
€1= , 2= y €3= 9
01 0 O -1 0 0 0 0 0 00
00 0 O 0 00O 0 0 00
0001 0 00O 0 00O
00 00O 0 001 0 00O
€4= y 5= y G6—
00 00O 0 00O 0 001
00 0O 00 0O 00 0O

Remark 3.4.9 Folosind aplicatia ~: R® — s0(3), 7 — 7, datd mai sus se poate

observa usor ca avem izomorfismul de algebre Lie
se(3)=R°.

Remark 3.4.10 Ca o consecinta a propozitilor de mai sus avem ca tabla inmultirii

(tabela crogetului) pentru algebra Lie se(3) este datd de

[', ] €1 €2 €3 €4 €5 €6
eg O €3 —ey 0 €6 —é€5
ea —ez3 0 e1 —eg 0 €4
€3 € —e; O es —ey4 O

€4 0 €6 —e5 0 0

0
es —¢es 0 €4 0 0 0
0

€6 es —es O 0 0

Proposition 3.4.11 In raport cu baza canonica (eq, ez, €3, €4, €5, €6) constantele de

structurd ale algebrei Lie se(3) sunt

1 _ 6 _ k _ 4 _
Cog= 1, Coy= —1,¢55= 0, 6= 1,
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5 4 k __
C34= 1, C35= —1, c36= 0,
k _ k _
5= 0, =0,
k

Cse= 0,

unde k =1,2,3,4,5,6.
Fie Q o matrice a algebrei se(n),

X u
0 0

Q:

unde X este o matrice antisimetrica, patratica, cu elemente reale. Urmatoare obser-
vatia simpla este folositoare in determinarea unei formule Rodrigues pentru grupul

SE(n). Polnomul caracteristic pg al matricei € verificid urmitoarea relatie

pa(t) = tpx(t).
Intr-adevir, avem

tl,— X —u
pa(t) = det(tl, 1 — Q) = det = tdet(tl, — X) = tpx(t).
0 t

In cazul in care n = 2, consideram o matrice antisimetrica X # O,

0 a
X = ,a € R*.
—a 0

Folosind observatia de mai sus, matricea ) € se(2) are valorile proprii A\; = ai, Ay =

—ai, A3 = 0. Formula Rodrigues este de forma
eXp(Q) = A()[g + Alﬂ —+ AQQ2

si folosind Teorema 3.4.4. coeficientii Rodrigues Ay, A;, Ay satisfac sistemul 3.4.6
care se reduce exact la sistemul care are ca si solutii coeficientii Rodrigues clasici
din paragraful 3.4.4.

Obtinem formula

sina 1 —cosa

exp(Q) = I3 + - Q+ 0% (3.4.13)
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Relatia (3.4.13) ne ajutd sa demonstram usor ca exp A € SE(2) pentru toate ele-
mentele A € se(2).

In cazul in care n = 3, consideram o matrice antisimetrica X # Os,

0 —c¢c b
X=1l¢ 0 —al,
-b a 0

avand polinomul caracteristic px(t) = > + (a> + 0> + )t = > + 6%, unde 0 =
Va2 + b2+ 2.

Polinomul caracteristic corespunzitor matricei 2 € se(3) este po(t) = tpx(t) =
t* + 0%*¢?, prin urmare valorile proprii ale lui  sunt A\ = 6i, Ay = —60i, A3 = A\, = 0.

Formula Rodrigues este in acest caz
exp(Q) = Agly + A1 Q + A Q0% + A3Q°.

Deoarece avem o valoare proprie cu multiplicitatea doi vom folosi metoda Putzer (a
se vedea subparagraful 3.4.3, lucrarea originald a lui E.J. Putzer [65] sau lucrarea

D.Andrica i R.-A. Rohan [7]). Matricea Putzer este

0 6, 0 1

2 0 1 0
C =

0 1 00

1 0 00

si dupa cateva calcule simple care se gasesc in detaliu in lucrarea D.Andrica si R.-A.
Rohan [7], obtinem urmatoarea formuld Rodrigues

1—cos , 6O —sinf
e e
Aceastd formuld este mentionatd in cartea J.M.Selig [72, Capitolul 4, pg 51 — 83],

exp(Q) = I, + Q + Q3. (3.4.14)

unde este obtinuta printr-o metoda diferita. De retinut este faptul ca este exact

aceeasi forma ca a formulei 3.4.11 obtinuta in Cazul 2 al paragrafului 3.4.4.
Folosind izomorfismul de algebre Lie R® — s0(3),w —— @, obtinem urmaitoare

reformulare pentru formula Rodrigues (a se vedea D. Andrica, I.N. Casu [68, Pro-

pozitia 7.1.8]).
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Proposition 3.4.12 Aplicatia exponentiala
exp: se(3) — SE(3)

este data de relatiile urmatoare

(i) Daca w # 0, atunci

exp W W {[I3 — (exp @)@ + ww'l3] v}

exp

v
0 0 1

o 8

(17) Daca w = 0, atunci

IgV

v
exp
0 0 1

o o)

Propozitia 3.4.12 ofera o demonstratie directd pentru surjectivitatea aplicatiei
exponentiale exp : se(3) — SE(3). (a se vedea monografia D.Andrica, I.N.Casu [3,
Propozitia 7.1.9])

3.4.6 The Rodrigues-like formulas for the SO(2,1) group

In cele ce urmeazs vom determina coeficientii Rodrigues pentru grupul O(2, 1). In
lucrarea D.Andrica, R.-A.Rohan [6] a fost utilizatd metoda lui Putzer. In continuare
vom folosi rezultatul principal din lucrarea D.Andrica, R.-A.Rohan [7] continut in
Teorema 3.4.4.

Pentru o matrice A € 0(2, 1), adica

0 a —b
A - —Q O C ’
b —c 0

polinomul sau caracteristic este dat de
pa(t) =15 — (b + & — a®)t.

Vom discuta cele 3 cazuri:
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Cazul 1. u = b® + ¢ — a®> > 0. Atunci valorile proprii ale matricei A sunt

A1 = VU, A2 = —\/u, A3 = 0. Sistemul 3.4.6 devine

3ag + 2uas = 1 + eV¥ 4 V¥
2uay = \/u (e‘/E — e*\/a)
2uag + 2uay = u (V' + e V1Y),

deci obtinem

sh\/ﬂa chy/u =1
Ay = ———,

Vu u

a():]_,al:

ceea ce conduce la formula Rodrigues

sh\(/\gﬂ)A N ch(\/Z) — 1A2.

Cazul 2. u = b? + ¢ — a®> = 0. Prin trecerea la limitd cu v — 0, in formulele

exp(4) =I5 +

precedente pentru ag, ai, as, obtinem formula
Lo
exp(A) = I3 + A+ §A .

Cazul 3. u = b? + ¢ — a® < 0. Un rationament analog celui din Cazul 1 conduce

la

exp(A) = I + sin\(/\i_;_U)A N cos(\/?) — 1

Rezulta astfel

Is + Sh%a)A + Ch(\f)flfp daca u > 0

exp(A) = I+ A+ 1A% daci u =0
Is + Sm\(/\i—jU)A + COS<T>_1A2 dacd u < 0

unde u = b* + ¢ — a?.
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Chapter 4

Results for the geometric

mechanics

4.1 The description of the SO(n) group using the
Hamilton-Cayley form

4.1.1 The Cayley transformation for the SO(n) group

Matricele grupului SO(n) descriu miscarile de rotatie din R”. Dacd matricea
A apartine algebrei Lie so(n)corespunzatoare grupului Lie SO(n), atunci matricea
I, — A este inversabila.

Intr-adevir, valorile proprii Aq, ..., \, ale lui A sunt 0 sau pur imaginare, deci
valorile proprii ale matricei I, — A sunt 1 — A\y,...,1 — \,. Acestea sunt evident
diferite de 0, prin umare det(l,, — A) = (1 — A;)--- (1 — \,) # 0, adica I, — A este
inversabila.

Aplicatia Cay : so(n) — SO(n), definitd prin
Cay(A) = (I + A) (I, — A)_l

se numegte transformarea Cayley a grupului SO(n). S& aratam ca aceastd aplicatie

este corect definita. Fie Cay(A) = R.
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Aplicatia Cay este evident continua si Cay(O,) = I, € SO(n), deci in mod
necesar avem R € SO(n).
Notdm cu > multimea elementelor grupului SO(n) care are pe —1 ca valoare

proprie. Evident avem R € > daca si numai daci matricea I, + R este singulara.

Theorem 4.1.1 Aplicatia Cay : so(n) — SO(n)\>_ este bijectiva si inversa
acesteia este Cay™ : SO(n)\ Y. — so(n), Cay ' (R) = (R+ I,) " (R—I,).

4.1.2 The Rodrigues-like formulas for the Cayley transform-

ation
Deoarece inversa matricei I,, — A se poate scrie sub forma
(I, —A) ' =1, +A+ A+

pe o vecinatate suficient de mica a lui O,,, tindnd seama de teorema Hamilton-Cayley,

rezulta ca transformarea Cayley se poate scrie sub forma polinomiala
Cay(A) = bo(A) L, + b1 (A)A+ ...+ b, (A)A" (4.1.1)

unde coeficientii by, ..., b, 1 sunt unic determinati si depind de matricea A. Vom
numi aceste numere, prin analogie cu situatia aplicatiei exponentiale, coeficienti

Rodrigues ai lui A relativ la aplicatia Cay.

Theorem 4.1.2 Fie \q,...,\, valorile proprii ale matricei A € so(n).

1) Coeficientii Rodrigues ai lui A relativ la trasnformarea Cay sunt solutii ale

sistemulut L . /\
;Skﬂ-bk ZASl - =0,....,n—1, (4.1.2)
unde Sj =N, + ...+ .
2) Daca valorile proprii Ay, ..., A, ale matricei A sunt distincte doud cdte douda,
atunci coeficientii Rodrigues by, . .., b,_1 sunt perfect determinati de acest sistem si
sunt functit rationale de A\, ..., \,.
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Vom ilustra in continuare cazurile particulare n = 2 si n = 3. Daca A = O,,,
atunci Cay(A) = I, sidecibg=1,by =...=b,_ 1 =0.

In cazul n = 2, consideram matricea antisimetrica A # O,, unde

0 a
A= ,a € R*,
—a 0

avand valorile proprii A; = ai, Ay = —ai. Sistemul (4.1.2) devine in acest caz

{ 2b0 — }—l—az: + 1—ai

ai 1+az
14ai _ :1—as

—942bs — i
2a2b; = ai ATy

1—ai
si obtinem

1—a? 1

by= b= s

1+ a? 1+ a?

Rezulta astfel formula de tip Rodrigues pentru transformarea Cayley

1—a? 2
= 1 A.
1+ a? 2—i_l—l—a?

Cay(A) (4.1.3)

Pentru n = 3, o matrice antisimetrica este de forma

0 —c¢c b
A — C 0 —Q y
-b a 0

avand polinomul caracteristic pa(t) = t* + 6%, unde 8 = a2 + b2 + 2. Valorile
proprii ale matricei A sunt \; = 0i, \y = —0i, \3 = 0. Avem A = O3 daca si numai
daca 8 = 0, deci este suficient sa consideram doar situatia in care 6 # 0. Sistemul

(4.1.2) devine
by — 20°by = 0 4 L6

1—0s 14-0:
—20 bl =t 11_91' — 01 1404
9 4 2 (1400 |, 1-0i
—26by + 200y = —0° (125 + 1+0i)
cu solutia
2 2

b():l,bl:

by = .
1+602 7 146
Rezulta formula de tip Rodrigues pentru transformarea Cayley a grupului SO(3)
2 2 4

Cay(A) =1 A
a’y() 3+1+92 +1+02

(4.1.4)
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Formula (4.1.4) oferd posibilitatea sa obtinem o altd forméa pentru inversa trans-
formatei Cayley. Fie R € SO(3) astfel incat avem

2 2
A+ A?
1+ 62 1+ 62

R=I5+

)

unde A este o matrice antisimetrica. Considerand operatia de transpunere in ambii

membrii ai acestei relatii si tinAnd seama ci ‘A = —A, obtinem
‘ 4
R— 'R= 5 A. (4.1.5)
1+46

Pe de alta parte, avem

467 4
tr(R)=3— —— = -1+ —,
®) 1+ 67 1+6¢?
si prin inlocuirea in relatia (4.1.5) obtinem formula

1

Cay '(R) = T+ (R)

(R— 'R). (4.1.6)

Formula (4.1.6) are sens pentru rotatiile R € SO(3) pentru care 1 + tr(R) # 0.
Daci R este o rotatie de unghi «, atunci avem tr(R) = 1 + 2cos «, deci aplicatia
Cay~' nu este definita pentru rotatiile de unghi o = 4. Deoarece in regiunea unde
este definita aplicatia C'ay este bijectiva, rezultd cd matricele antisimetrice din so(3)
pot fi folosite ca si coordonate pentru rotatii. Tinadnd seama de izomorfismul ” ™"
de algebre Lie intre (R3, x) si (s0(3),[,-]), unde ” x 7 noteazd produsul vectorial,

definit prin v € R* — 7 € 50(3), unde

T 0 —x3 )
V= | 29 S1V = T3 0 —Z1 | >
I3 —T9 T 0

prin compunerea aplicatiilor
3 Cay
R® — s0(3) — SO(3)

obtinem o parametrizare vectoriald a rotatiilor din SO(3).

26



4.1.3 The Cayley transformation for the SE(n) group

In acest subparagraf vom defini o transformare de tip Cayley pentru grupul
special euclidean SE(n). Prin analogie cu grupul special ortogonal SO(n), definim

aplicatia Cay,41 : se(n) — SE(n), unde
Cayyni1(S) = (Ing1 — S) (Lny1 + S). (4.1.7)

Vom numi aceast aplicatie transformarea Cayley a grupului SE(n). In primul rand

s aratam ca ea este corect definitd. Fie S € se(n), o matrice definita in blocuri

A u
S = ;
0 0

unde A € so(n) si u €R”. Un calcul simplu arata ca avem formula

R (R+1,)u
(=) +8) = | | ( 1) |

unde R = (I, — A)"'(I,, + A) = Cay(A) € SO(n), ceea ce ne-am propus si demon-
stram.
Legétura dintre transformarea Cay : so(n) — SO(n) si Cayn1 : s¢(n) — SE(n)

se realizeaza prin formula

Cay(A) (R+ I,)u
0 1

ann-ﬁ-l (S) =

Ca si pentru transformarea clasicd Cay : so(n) — SO(n), putem obtine formule de
tip Rodrigues pentru transformarea Cay,, 1 : s¢(n) — SE(n), pentru valori mici ale
lui n. Folosind observatia din Sectiunea 5.1 a lucrarii R.-A.Rohan [68] obtinem ca
pentru o matrice S € se(n) definitd in blocuri ca mai sus, polinomul ei caracteristic
ps satisface relatia pg(t) = tpa(t). Formula lui Rodrigues pentru transformarea

Cayn+1 : 5¢(n) — SE(n) este de forma
Cayns1(S) = colps1 + 1S+ ... + ¢, 5",

unde coeficientii cg, 1, ..., ¢, depind de matricea S.
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Theorem 4.1.3 Aplicatia Cayyy1 : se(n) — SE(n)\ ), ., este bijectivd gi inversa

el este data de

B Cay 'Y(M) (R+1,)'t
Caynil(M) = 0 0 ’

unde matricea M este definita in blocuri prin

R t
0 1

M=

4.2 Rotations vector parametrization

Fie grupul special ortogonal SO(3)
SO(3) = {0 € GL(3,R) : det O = 1,0 'O = I,,} (4.2.1)

unde G L(3,R) reprezinta grupul matricelor patratice, de ordin 3, cu elemente reale
impreund cu algebra Lie s0(3) (adicd generatorii infiniezimali) care este data de
matricele patratice, de dimensiune 3, antisimetrice. Daca matricea O apartine al-
gebrei Lie s0(3) grupului SO(3) atunci matricea I, — O este inversabild si trans-
formarea Cayley studiata in subparagraful 4.1. Am vazut ca avem izomorfismul de
algebre Lie intre (R3, x) si (s0(3), [-,]), unde ” x” noteaza produsul vectorial, definit

prin v € R® — ¥ € s0(3), unde

i 0 —X3 To
V=129 §1 U= I3 0 —T1
T3 —XT2 T 0

Prin compunerea aplicatiilor
R3 = s0(3) 24 SO(3)

rezultd cd orice matrice de rotatie R € SO(3)\ >, poate si scrisa sub forma R =
Cay(?), unde vectorul v € R? este unic cu aceasti proprietate. Aceastd relatie este

echivalenta cu

1— 03I 2 20
R = Cay(®) = (I + 5)(I; — 9)* = ¢ “>ij;®“+l’ (4.2.2)
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unde v ® v noteazad matricea diadicd v- 'v, adicd matricea

2 mTe 173
VOU= | 2wy T2 Tox3

T3T1 T3T2 Ig

Din formula (4.1.6) avem

1

iJ\: Cay_l(R) = m

(R— 'R). (4.2.3)

Formula (4.2.2) reprezintd o parametrizare explicitd a matricelor de rotatie din
SO(3)\ >_. Vectorul v € R? se numeste vector parametru, este paralel cu axa de
rotatie si modulul sau |v| este egal cu tg$, unde a este unghiul de rotatie.

Multimea tuturor vectorilor parametru formeaza un grup Lie in raport cu mul-

tiplicarea
V1 + Vg + V1 X Vg
<U1, U2> = (424)
1— V1 * Uy
unde 7 x 7 este produsul vectorial si ” -7 produsul scalar al vectorilor vy si vs.

4.3 The analitical form of SO(n) group elements

Un bloc diagonal al matricei de rotatie a lui Givens R;(¢) € M,(R), este de

forma
I; 4 0 0 0
0 COS ). . —sin ). . 0
Ri(¢) = (. Phis (50 0)isss (4.3.1)
0 (sing)yyy,; (0S9); 10 0
0 0 0 Iy iy
pentrui = 1,2,... n—1. Asa cum se poate observa, matricea de rotatie a lui Givens

R;(¢) implicd numai doud coordonate care sunt influentate de unghiul de rotatie
¢ intrucat celelalte directii, care corespund valorii proprii 1, nu sunt afectate. In
dimesiunea n, existd n — 1 matrice de rotatie Givens de tipul (4.3.1). Prin inmultire,

acestea pot genera o matrice patratica, de ordin n data de relatia

R(¢) = Ri(¢)Ra(0) . .. Ria(9).
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Este clar ca matricea R(¢) este una speciald, atunci cand unghiurile matricelor R;(¢)

sunt considerate egale. O formuld explicitd a matricei R(¢) este data de

cos¢ — cos¢sin ¢ . ... (=1)"cos¢sin" ¢ (—=1)"*Hsin" 1o
sin ¢ cos? ¢ —cos?psing ... (—1)"lcos?gsin®” ¢ (—1)"cos¢psin" ¢
0
— cos? ¢sin ¢
cos? ¢ — cos ¢ sin ¢
0 e e 0 sin ¢ cos ¢

Matricea (4.3.1) este aproape o matrice superior triunghiulara, dar cu sin ¢ pe prima
subdiagonal si cele (n—2) x (n —2) submatrice incepand de pe pozitia (2, 2) este de
fapt o matrice Toeplitz superior triunghiulara. (O matrice Toeplitz T' sau o matrice
diagonal-constanta este o matrice in care fiecare diagonala descendenta de la stanga

la dreapta este constantd, adicd T} ; = Tj11 j+1)-

4.4 The Rodrigues formula for the Lorentz group
SO(3,1)

Multe modele matematice ale proceselor din fizica, biologie si chimie sunt bazate
pe sisteme de ecuatii diferentiale liniare avand coeficienti constanti. De exemplu,
prin rescrierea ecuatiei clasice a legii de energie a lui Lorentz in forma relativa,
miscarea unei particule incarcate intr-un cAmp electromagnetic constant poate fi
descrisa de un sistem cu patru ecuatii diferentiale, numite ecuatiile lui Lorentz

AU«
dr

= a}"g‘Uﬁ, a, B =ux,y,2,t. (4.4.1)

Aici U noteaza vectorul patru-viteza al particulei (coloand) fata de sistemul inertial
fix
U= "U"UYUrUY, (4.4.2)

cu

d E
U”zd—vyzx,y,x siU'=— (4.4.3)
T m
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fiind spatiul sau, respectiv componentele timpului, 7 este timpul, F fiind energia
particulei energie si m masa sa. In scrierea sistemului (4.4.1) am folosit in mod
implicit conventia de sumare a lui Einstein, adica daca intr-o suma doi indici se
repeta, simbolul suma se omite. Parametrul real a reprezinta constantele fizice, mai
precis avem a = =, unde e este sarcina electrica a particulei.

In final, campul electromagnetic independent de timp, considerat fatd de acelasi

sistem de referinta inertial fix este reprezentat de un tensor F de ordinul doi,

0 By; —By E;
By 0 B, E

F=| b (4.4.4)
By, —Bi 0 By

Ey FE, E; 0
unde F1, Es, F3 si By, Bs, Bs sunt componentele cAmpurilor electrice, respectiv mag-

netice, masurate in sistemul inertial fix si presupunem ca unitatile de masura sunt

alese astfel incat viteza luminii este unitatea, adica avem ¢ = 1.

Introducem
1 00 O
01 0 O
n= (4.4.5)
001 O
000 -1

si astfel putem verifica intr-un mod simplu cé orice matrice F de forma (4.4.4)

satisface relatia

"Fn4+nF =0 (4.4.6)

ceea ce inseamnd ca F apartine algebrei Lie s0(3,1) corespunzitoare grupului

Lorentz

SO(3,1) = {4 € GL(4,R)| ‘AnA =n,det A=1}. (4.4.7)

Daca alegem un alt sistem de referinta, matricea care reprezinta cAmpul electro-
magnetic, se transforma intr-o noua matrice printr-un automorfism interior { €

Int(so0(3,1)) a algebrei Lie s0(3,1).
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Pe de alta parte, solutia generald a sistemului (4.4.1) este
U (1) = exp(aFT)Uy (4.4.8)

unde exp este aplicatia exponentiald corespunzatoare grupului Lorentz si Uy = U(0)
este valoarea initiald a vectorului patru-viteza (in momenul 7 = 0), deci este im-
portant sa determindm o formulad de tip Rodrigues pentru aplicatia exp : s0(3,1) —
SO(3,1).

In acest paragraf vom urma doui c&i diferite pentru a obtine o astfel de formuls

care simplifica solutia generald (4.4.8) a sistemului (4.4.1).

4.4.1 Structure based algebra s0(3,1) demonstration

In acest subparagraf prezentfm metoda dezvoltati de G.K. Dimitrov si I.M.

Mladenov [21].

4.4.2 The alternative proof using the system (3.4.6)

In acest subparagraf prezentim rezultatul din lucrarea D. Andrica si R.-A. Rohan

).

4.5 Motion of a charged particle in a constant
electromagnetic field

In aceasts sectiune vom determina traiectoriile unei particule cu masa m si incir-
ciitura electricd e intr-un camp electromagnetic constant . In acest scop trebuie s
rezolvam sistemul ecuatiilor lui Lorentz cu datele initiale respective.

Cazul 1. E.B # 0.

Rezulta ca in acest caz campul electromagnetic poate fi reprezentat printr-o
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matrice de tipul

0 o 0 0
~ —a 0 0
((F)=F = ,E =(0,0,0),B=1(0,0,0), (4.5.1)
0 00 ¢
0 0 o
unde a, 0 € R*.
Obtinem imediat
cos(aat)  sin(aart) 0 0
~ —sin(aar) cos(aar) 0 0
exp(aFT) = : (4.5.2)
0 0 ch(aot) sh(aoT)
0 0 sh(aot) ch(aoT)
si in plus avem
U*(r psin(aar)
Uv(r cos(aat
U(r) = _ | peoslear) (4.5.3)

3

)
(")
| | VIFiEshiaor)
U(r))  \ VI ch(aor)

T

Astfel de traiectorii pot fi gasite dupa o integrare directa, care ne conduce la
solutia
x(7) = o + £ (1 — cos(aar))
y(1) = yo + & sin(aar) (4.5.4)

A7) = 20+ Y (Ch(aor) — 1).

ao

O astfel de traiectorie, care este o spirala de-a lungul axei z, este reprezentata in
Figura 4.1 pentru un electron care porneste cu viteza U din pozitia initiala zg, cu

valorile initiale
zo = (70,0, 20) = (0,0,0) si Uy = (U”(7),UY(7),U*(7)) = (0,4 x 10°,0). (4.5.5)

Mentionam ca in figurile prezentate, unitatile de masura pentru vectorii £ si B sunt
volt pe metru si voltxsecundd/(3 x 10%) pe metru pétrat, timpul este masurat in

secunde, distantele (cu citeva execeptii) in metrii gi vitezele in metrii pe secunda.
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Figure 4.1: E = (0,0,41 x 10™4), B = (0,0,6 x 102), 7 € [0,1074]

Cazul 2. E.B=0si B> - E? < 0.
Campul electromagentic poate fi reprezentat din nou printr-o matrice de tipul I)

si putem concluziona ca acest lucru este posibil doar in cazul in care avem

a=0. (4.5.6)
Prin urmare putem scrie
0 00O
~ 0 00
((F)=F= ,E=(0,0,0),B=1(0,0,0). (4.5.7)
000 o
0 0 o O

unde o € R*.
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Figure 4.2: E = (0,0,2 x 10%), B = (0,0,0), 7 € [0, 8]

Obtinem
10 0 0
~ 0 1 0 0
exp(aFT) = , (4.5.8)
0 0 ch(aoT) sh(aoT)
0 0 sh(aoT) ch(aoT)
ceea ce ne conduce la
U*(t) 0
UY(r) 0
U(r) = = . (4.5.9)
U*(T) V 1+ p?sh(ao)
Ut(7) V14 p2ch(aot)
Integrarea relatiei (4.5.9) ne da traiectoria descrisa de curba
x(1) = xo
y(T) =yo + p7 (4.5.10)

2(T) = 2o + @(Ch(am-) —1).

g

Aceasta curba este usor de recunoscut ca fiind o catenara in planul OY Z. Mai multe
detalii despre proprietéitile geometrice si mecanice a acestei curbe pot fi gisite in [59]
si [60]. Folosind formulele (4.5.10) am ilustrat grafic traiectoria pe care o urmeaza
electronul in Figura 4.2 cu datele initiale specificate in (4.5.5), iar scara pentru axe
este aleass astfel incat o unitate si corespunda la 10® metrii.

Cazul 3. E.B=0si B> — E? > 0.
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Campul electromagentic poate fi reprezentat din printr-o matrice de tipul I) in

care
o =0, (4.5.11)
si prin urmare obtinem
0 a 0 0
~ —a 0 0 0
((F)=F= ,E=(0,0,0), B= (0,0, ), (4.5.12)
0 0 0O
0 0 0O
unde a € R*.

Procedand la fel ca in cazul anterior obtinem

cos(aat) sin(aat) 0 0
~ —sin(aar) cos(aar) 0 0
exp(aFT) = (4.5.13)
0 0 11
0 0 11
si
U*(r) psin(aar)
Uv(r cos(aat
vy = | V| = | peestean) | (4.5.14)
U*(T) 0
Ut(7) VAENTE
Integrarea relatiei (4.5.14) va conduce la traiectoria descrisa de curba
x(7) = xg + £ (1 — cos(aar))
y(7) = yo + L sin(aar) (4.5.15)

2(1) = 2o,

care este un cerc in planul OXY. Acest rezultat este de o importanta deosebita in

teoria ciclotoanelor si a spectometrelor de masa.

Cazul 4. E.B=0si B> - E? = 0.
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Campul electromagentic poate fi reprezentat printr-o matrice de tipul II), adica

0O 0 0 O
~ 0O 0 v
F = ,E=(0,0,v),B=(r,0,0), (4.5.16)
0 —v 0 v
0 0 v O
unde v € R.
Obtinem
1 0 0 0
~ 0 1—3a®27* avr  L1dV%7?
exp(aFT) = (4.5.17)
0 —avT 1 avT
0 —%CL2V2T2 1 1+ %a2y27'2
ceea ce conduce la
Us(r) 0
Uv(r) [+ ta?? (\/1—1-#2—#) 72
U(r) = = (4.5.18)
U*(T) av <\/1+u2—u)7
Ut(r) 14 p2 + 3a®? <\/1+u2—u> T2

Integrand relatia (4.5.18) putem g#si parabola semi-cubicd generalizatd in planul

OY Z (mai multe detalii se pot gasi in [28]) descrisd parametric de

x(T) = o
y(7) = yo + pz + ta?? (m - u) 7’ (4.5.19)
2(1) = 20 + sav <m— M) 2.
Trei tipuri diferite pentru traiectorii astfel generate, cu datele initiale specificate
in (4.5.5), sunt prezentate in Figura 4.3 pentru a evidentia caracterul specific in
intervale diferite de timp alese corespunzitor. In Figura 4.3, scara considerat# de pe

axe este aleasa astfel incat o unitate corespunde valorii de 10® metrii.
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4 . 2 .9 1015 2 2530 351’ z 0.2 0.4 0.6 0.9

T € [0,1073]

- 100

- 200 e
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- 300 -4

- 400 -3

500 s
e [107%, 4.7 % 1077 T € [47 x 1072, 17 % 1077

Figure 4.3: E = (0,0,3), B = (3,0,0)
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