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Introduction

The complex analysis dates from the eighteenth century, being a field of interest that has evolved
rapidly due to multiple applications in various branches of science and technology.

The geometric theory of functions of a complex variable is a special branch of complex analysis that
correlates rigorous reasoning with intuitive geometric models.The first significant works were published
in the early twentieth century by P. Koebe in 1907, T.H. Gromwell in 1914, I.W. Alexander in 1915, L.
Bieberbach in 1916. Bieberbach’s conjecture, proved by Louis de Branges in 1984 led to the emergence
of new directions of study in the geometric theory of analytic functions, one of which is the definition of
new classes of univalent functions for which conjecture could be verified.

The complex analysis also occupies a place of honor in the Romanian school of mathematics. Roma-
nian researchers have contributed decisively to the progress of this scientific branch through D. Pompeiu,
Gh. Cilugédreanu and P.T. Mocanu. Gh. Cidlugédreanu, the father of the Romanian school of The Theory
of Univalent Functions, obtained for the first time necessary and sufficient conditions of univalence, and
P.T. Mocanu introduced the alpha -convex function class, addressed the issue of non-analytic injectivity,
and co-created with S.S. Miller’s well-known method of studying univalent classes of functions called
the ”admissible function method,” the differential subordination method, and more recently the theory of
differential subordination. Acad. P.T. Mocanu carried on the School of Theory of Univalent Functions
at Univ. Babes-Bolyai, founded by Gh. Célugareanu.

The univalence property of functions of a complex variable is the object of research of many math-
ematicians, by determining necessary and sufficient conditions of univalence. The geometric interpreta-
tion of univalent functions is done by conformal transformations. Thus, it might be analysed the param-
eters of a certain conformal transformation, which verifies the additional conditions of univalence.

The necessary and sufficient conditions of univalence are usually presented in the form of differ-
ential inequalities, but the property of univalence can also be demonstrated by other methods such as:
Loewner’s parametric method, the method of integral representations, the method of differential subor-
dinations (also known as the method of functions admissible) and the method of differential superorders.

A central role in the geometric theory of functions of a complex variable is played by the study
of integral operators, defined on certain spaces of analytic functions. The first integral operator by
univalent function classes was introduced in 1915 by J.W. Alexander, and since then several researchers
have shown interest in this study. Among them we mention R. Libera, S. Bernardi, S.S. Miller, P.T.
Mocanu, M.O. Reade, R. Singh, N.N. Pascu and many others.

The novelty of the results presented in this paper include: the introduction of integral operators as
an extension of already known operators, represented as particular cases, as well as the investigation of
geometric properties of univalence, convexity, starlikeness, but also of other classes of special functions,
for integral operators. we. The integral operators introduced here are generalizations of some integral op-
erators consecrated in the specialized literature, represented by constructions of several functions. Their
details are presented in section 2.1. For these integral operators we obtained conditions of: univalence,
starlikeness, convexity, but also of partnership to some special classes of analytic functions. This thesis
is structured on 5 chapters, an introduction and a bibliography and is based on 35 papers published or
in the process of being published (written in collaboration with D. Breaz) as well as some ideas not yet
published.



The first chapter entitled “Preliminary results” is divided into four paragraphs. Fundamental def-
initions and results are presented here the necessary basis for the following chapters. More precisely,
definitions and properties are presented regarding analytic functions, univalent functions, functions with
the real positive part, starlike functions, convex functions, but also other special classes of functions. The
last section of this chapter contains the univalence criteria used to demonstrate the main results in the
following chapters, given by Pascu [89], [90], Pescar [93], [94], Becker [42], Ozaki and Nunokawa [88].

The following four chapters present original results that represent the author’s contribution to the
field of geometric theory of analytic functions.

Chapter 2 it contains 8 section and begin with the presentation of four new general integral op-
erators, which are extensions of known integral operators and which consist of several functions. The
connection between these operators and other important results in the field is also marked. We specify
that all the results obtained in this paper refer to the four integral operators introduced here.

The second paragraph treats the obtaining sufficient univalence criteria for full operators, when the
functions are analytic. The justification of these results is made based on the univalence criteria given by
Pascu and Pescar and are contained in the works [3], [6], [7], [8].

Section 2.3, contained in the works [9], [10], presents new conditions of univalence for integral
operators general, M;,, and 75, n, using an extension of Becker’s univalence criterion, given by Pascu
in [90], but also the result given by Mocanu and Serb in [76].

Paragraph 2.4 studied some properties of preserving the class of univalent functions by integral
operators. The tools that led to these results, included in the works [23], [24], [25], [26], are Becker’s
criteria of univalence and Pascu, but also the well-known inequalities of Nehari.

Paragraph 2.5 verifies the univalence of integral operators when the functions involved belong to
the class Gy, defined by Silverman in [109], for integral operators M, and 75, using the univalence
criteria of Pascu [90] and Pescar [93]. These contents can be found in the works [11], [12].

Section 2.6 considers sufficient univalence conditions for integral operators defined here, having
functions in the class S(p) studied by Ozaki, Nunokawa, Yang, Liu, Singh and others. Evidence of these
results uses Pescar’s [93] univalence criterion and is printed in [13], [14].

Next, paragraph 2.7, analyzes the univalence of integral operators for functions that are part of the
B(11) classes defined by Ash and Darus in [69] and S,, studied by Ponnusamy and Sing in [105]. The
demonstration of these results, from the works [15], [16], [17], [18], comes with the help of the inequalities
given by Deniz [60] and Frasin [63], as well as due to the univalence criteria Pascu [90] and Pescar [93].

The last section of this chapter addresses the univalence of integral operators for functions that are
members of the class B(u, «) defined by Frasin and Jahangiri in [70] and represents the content of the
works [19], [20], [21], [22]. The univalence criteria Pascu [90] and Pescar [93], but also the Mocanu-Serb
Theorem [76] leads to these results.

Chapter 3 addresses the issue of convexity of integral operators, being divided into 6 paragraphs.
In each paragraph the origin of the functions differs from one class to another.

Section 3.1 has as a starting point functions belonging to the classes Gy, B(u, a) and S;. These
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contents are in the works [27], [30], [33], [36].

The following is the row of star function classes in section 3.2, the results being included in the
works [27], [30], [33], [36], [29], [32], [35], [39]. In this case, the convexity order was found for each fully
investigated operator.

The study of convexity continues in paragraph 3.3 with functions belonging to the class SP(«, 3);
information are contained in the works [28], [31], [34], [37], [29], [32], [35], [39].

Paragraph 3.4 presents the approach of the convexity of the integral operators from the perspective
of S class functions. News that can be found in the works [28], [31], [34], [37].

Then we present in section 3.5 the convexity orders of integral operators for the case when the
functions are members of the class SH(3), studies included in the works [29], [32] , [35], [39].

The end of this chapter comes with the approach of the convexity of integral operators for alpha -
convex functions. In the works [29], [32], [35], [39] we present this information.

In Chapter 4, structured in two paragraphs, we illustrate some conditions of membership of integral
operators to the function class NV (). The first section here use analytic functions, and the other functions
in class SP(«, 3). The results obtained in this chapter can be found in the works [28], [31], [34], [37].

The last chapter it encompasses six sections and refers to the study of p-valence functions. These
studies are grouped into four separate articles, dedicated to each operator in full and are to be sent for
publication.

Section 5.1 identifies conditions for integral operators to belong to the class of p-valent convex
functions. For this purpose, the functions involved are included in the class of p-valent star functions.

The content of section 5.2 consists of conditions of belonging to class N, (), while functions are
members of classes N,(3) and M,,(3).

Follow the framing of the integral operators, through specific conditions to the class /C,(a, ) pre-
sented in paragraph 5.3. The role of the functions here is played in the class S, (a, a).

Paragraph 5.4 takes the p-valent analytic functions of integral operators into the class of p-valent
star functions by means of specific conditions.

Furthermore, section 5.5 transposes under certain conditions the p-valence analytic functions into
the class of p-valence quasi-convex functions.

The final results set the functions in the class of p-valence analytic functions and present conditions
for which integral operators belong to the class of uniformly p-valence functions almost convex.



Chapter 1

Preliminary results

1.1 Definitions, notations and elementary results from the theory
of univalent functions

The notions and results described in this paragraph are part of the basic elements of the literature: the
notion of holomorphic function, univalent function, analytic function, Mocanu-Serb Theorem, Nehari’s
Theorem, and the General Schwarz Lemma often encountered in demonstrating main results.

Definition 1.1.1. A function f is called holomorph at the point 2, if there is a neighborhood V € V(z),
so that f is derivable in this neighborhood.

Definition 1.1.2. A holomorphic and injective function on a domain D, from C is called univalent on
D. Note with Hy(D) the set of univalent functions on D.

Definition 1.1.3. Let f : D — C, z € D. We say that the function f is analytic at point =z, or
expandable in Taylor series in zy, if there is a disk U (z9,7) = {2 € C:| z — zy |< r} C D, so that f is
the sum a Taylor series, meaning:

f(2) :Zan(z—zo)", z € Uz, 7).

n=0

We say that the function f is analytic in the field D, if it is analytic in every point of D.

We further consider the following notations: U = {z € C :| z |< 1} - the unit disk in the complex
plane.

We will also consider for a € C si n € N*, the set
Hla,n] = {f € H(U) : f(2) = a+ anz" +anz" .}
A, ={feHU): f(z) =a+ an12"...}

and

A=A.
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‘We will note with

S={feA:feHU)},
class of univalent functions in the unit disk and normed with conditions
f0)=F(0)—1=0,
hence the holomorphic and univalent functions in U, which have developed in series of form powers
f(2)=z+az*+..., |2] <1

We note with
P ={peH(U):p0)=1,Rep(z) >0,z € U},

class of Caratheodory functions.
The following theorem was proved by Mocanu and Serb.
Theorem 1.1.1. (Mocanu - Serb [76]) Let My = 1,5936... the positive solution of the equation
(2—M)eM =2. (1.1.1)

If f € Aand
')
| <0

forall z € U, then
2f'(2))
f(2)

—1‘§1, (z €eU).

The edge M, is sharp.

Theorem 1.1.2. (General Schwarz Lemma)[73] Let f be the function regular in the disk Ur = {z € C : |z| < R}
with |f(2)] < M, M fixed. If f(z) has in z = 0,0ne zero with multiply > m, then

The equality for z # 0 can hold only if

where 0 is constant.

On the other hand, Nehari proved other important results.

Lemma 1.1.3. [77] If the function g is regular in unit disk U and |g(z)| < 1 in U, then for all £ € U the
following inequalities hold

9€) —9(2) | _|€~=

1—g(2)g(&)| ~ 11— %€
and )

d@ﬂélf¥%%ﬂ

the equalities hold in case g(z) = e 5

where |e| = 1 and |u| < 1.
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Remark 1.1.4. [77] For z = 0,from inequality (1) we obtain for every £ € U

g(&§) — 9(0)

L 5090 =

and, hence

€] +19(0)]
9O < T O e

Considering ¢(0) = a and € = z, then

2| + |al
o) < AR
l9(z)] < 1+ |a||z]

forall z € U.

In the next two sections we will mention important results regarding the following function classes:
star function class, order star function class «, class of starlike functions of complex order b and type
A, class of convex functions, class of convex functions of order «, class of convex functions of complex
order b and type A\, alpha -convex function class, but also various special classes of analytic functions
such as: function class By ), class of functions B(y, o), class of functions S, class of functions SP,
class of functions SP(a, ), class of functions SH(f3), class of functions S(p), class of functions Gy,
class of functions M () and N'(3), classes S} and Sg , class of functions A,, classes of functions S (/)
and S;(a, ), classes of functions /C,,(3) and Cp\(a, @), classes of functions M,,(5) and N, (), class of
functions U, (5, k).

1.2 Class of starlike functions and class of convex functions

Also let S denote the subclass of A consisting of functions f € .4, which are univalent in U.

A function f € A is a starlike function of order 5, 0 < § < 1 and we denote this class by S*(3) if

it satisfies f'( )
z2f (z
Re(f(z))>6,z€U

We denote by K(5) the class of convex functions of order 3, 0 < 3 < 1 that satisfies the inequality

2f"(2)
Re( ) ~|—1> >3, z € U.

A function f € A is a convex function of the complex order b, (b € C — {0}) and type A ,

(0 < X\ < 1),if and only if
1/ 2f"(2)
Re{1+g ( f’(z) )} >\ zel.

We denote by C;(b) the class of these functions.




A function f € A is a starlike function of the complex order b, (b € C — {0}) and type A ,

(0 < XA < 1),if and only if
1/ 2f (2)
Re{lﬁ—g(w—l)} >\ zel.

We denote by S3(b) the class of these functions.

A function f € IC(p) if and only if z f' € S*(p).

1.3 Special classes of analytic functions

Frasin and Jahangiri [70] studied the class B (y, A), £ > 0,0 < A < 1, which consists of functions f € A
that satisfy the following conditions:

This class B (i, ) is a comprehensive class of normalized analytic functions in U. For instance, we
have B(1,\) = S*(A), B(0,\) = R(A) and B (2,\) = B(\). In particular, the analytic and univalent
function class B(\) was studied by Frasin and Darus [69].

A function f(z) € A is said to be a member of the class B(u) if it satisfies

2f'(2)
f*(2)

—1‘<1—u

for some ¢ (0 < < 1) and for all z € U.
Lemma 1.3.1. [60] Let f(z) € B(u), then

2 (2) _ 1‘ . A=)+ ]2])

0<u<l1, =ze€U.

(2) 1=z
Lemma 1.3.2. [64] Let f(2) € B(u), then
2f (1) _ A= p)2+]2])
7(2) -] , 0<u<l, zeUl.

The subclass S, of analytic functions was studied by Ponnusamy and Sing [105] is defined as follows

2f (2)
f(2)

SM:{fEA:

—1’<u\z\,0§u<1,z€U}

A function f € A is said to belong to the class R(\), 0 < A < 1, if

Re [f'(z)} >N, zel.
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F. Ronning introduce in [10§] the class of univalent functions SP(«, ), « > 0, 8 € [0, 1).

The function f € S is in the class SP(«, ), a > 0 if only if

2f'(z) N er/(Z) o—B -
8 ( +6)‘§R—f(z) + B, z € U.

In the paper [108], F. Ronning introduce the class of univalent functions SP(«, 5), « > 0, 8 € [0, 1).
The function f € S is in the class SP(«, ), « > 0 if only if

2f (2) 2f (2)
f(2) f(2)

+a—03, zel.

—(a+ﬁ)‘ <Re

J. Stankiewicz and A. Wisniowska in [114] introduce the class of univalent functions SH(f3), for
some 5 > 0. If f € SH(S), then f verifies the next inequality:

iﬁé?"zﬁ(vg"l)

Re(ﬁzf’(z))+25<\/§—1)> ,fefs, zel.

f(2)

In [120], it is defined the class S(p), which for 0 < p < 2, includes the functions f € A which
satisfy the conditions:
f(z)#0 for 0<|z| <1

[

Lemma 1.3.3. [110] If f € S(p), then the following inequality is true

2f(2)
MO

and

1"

<p

forall z € U.

—1’ <plzf,zeU

This inequality was demonstrated by Sigh in the paper [110].

In [109] Silverman define the class G. Precisely, for 0 < b < 1 he considered the class

') R |

N CIRENG

‘1+ , zel.

Uralegaddi in [119], Owa and Srivastava in [87] define the class N ().

A function f € A is in the class () if it verifies the inequality

2f"(2)
Re(m—i‘l) <ﬁ, ZEU, B>1

11



Let A, the class of all p-valent analytic functions
f(Z) =P+ Clp+12p+1 +..,peN
If we consider p = 1 we obtain that 4; = A.

We consider the classes introduced and studied by R. Ali and V.Ravichandranin [2]. A function
f € A, is said to be p-valenlty starlike of order 5 (0 < 8 < p) if and only if

%Re (Z;(ij)) >3, z € U.

We denote by S;(3) the class of all such functions.

A function f € A, is said to be p-valently convex of order 3 (0 < 3 < p) if and only if

WEREY
pRe( 702 > 3, z € U.

Let C, () denote the class of all those functions which are p-valently convex of order 5 in U. We
note that S;(0) = Sy and C,(0) = K, are respectively, the classes of p-valently starlike and p-valently
convex functions in U. Also, we note that S = §* and K1 = K are, respectively the usual classes of
starlike and convex functions in U.

Starting from the classes of starlike and convex functions of complex order a and type «, R. Ali and
V.Ravichandranin [2] defined the classes S;(a, «) and IC,(a, ) as follows:

St(a,a) = {feAp,a< 1:Re <1+% (]%fo(z) —1)) >a}.

Kp(a, ) = {feAp,a< 1 :Re (1+% (% (HZJ]:/(S)) +1)) >a}.

In the case of p = 1 the classes were studied by Breaz [50], Frasin [64], etc.

and

Next we will consider the classes M,,(5) and N, (5).

A function f € A, is in the classes M, () if

(1) e

for g > 1.

The class NV, () contains all the functions that satisfy the condition

1. (2f"(2) )
pRe<f’(z) +1)<p,2z€U

for f € Ayand 5 > 1.

12



If we consider p = 1, we obtain the classes M () and N() that were studied by many others, for
example Breaz [46], Ularu, Breaz and Frasin in [116] and Uralegaddi, Ganigi and Sarangi in [119].

Also they have defined in a analogue mode the classes M,,(a, @) and N, (a, @).

A function f € A, is in the class M, (a, o) if
1/1zf
Re<1+— (—M—l» <a
b\p f(z)
The class N, (a, ) contains all the functions f € A, that satisfy

e (143 (G (7251) 1)) <

A function f € A, is in the class U, (3, k) of k-uniformly p-valent starlike of order /3, with —1 <
B < p in the open disk U, if the condition

(=) =4

is satisfied. This class was introduced by Goodman in [71].

fora > 1.

fora > 1.

pl, k>0z€el,

The class of uniformly p-valent close-to convex functions of order 8 with —1 < 8 < p in the open
disk U contains all the functions that satisfy

()2

for z € U and the function g from the class of p-valent starlike functions of order (.

2f (2)
9(2)

pl, k>0,ze€U,

To prove that our functions are p-valently starlike and p-valently close-to-convex in the open unit
disk we will use the following lemmas:

Lemma 1.3.4. [80] If f € A, satisfies

zf"(2) 1
Re<1+ f’(z)><p+1 for zeT,

then f is p-valently starlike in U.

Lemma 1.3.5. [62] If f € A, satisfies

2f'(2)
f'(2)

+1—p‘ <p+1 for 2€0U,
then f is p-valently starlike in U.

13



Lemma 1.3.6. [106] If f € A, satisfies

f(2)
/(2) ) Pt aTaa—oy

for z € U, where a > 0, b > 0 and a + 2b < 1, then f is p-valently close-to-convex in U.

Re (1+

Lemma 1.3.7. [3] If f € A, satisfies

2f(2) 1
Re<1+ f’(z)><p+§ for zel,

then f is uniformly p-valent close-to-convex in U.

1.4 Univalence criteria

An essential role in the study of integral operators is played by the univalence criteria, obtaining
with their help remarkable results in the geometric theory of univalent functions.

In the following we will present some univalence criteria necessary for the demonstrations in the
following chapters.

Lemma 1.4.1. [90] Let f € Aand v € C. If Rey > 0 and

Zf”(Z))‘
f'(2)

2R
el <1

- Y

Rey

for all z € U, then the integral operator
. 1
5
F,(z) = (7/ ﬂlf’(t)dt) ,
0

Lemma 1.4.2. [90] Let 6 € C with Red > 0. If f € A satisfies

2/"(2))
f'(2)

for all z € U, then, for any complex v with Rey > Red, the integral operator

e = (v [ t“f/(t)dt)# ,

is in the class S.

1 — |Z’2Re5

Red

-

is in the class S.

Pescar gave the following univalence criteria for an integral operator:

14



Lemma 1.4.3. [93] Let v be complex number, Rey > 0 and ¢ a complex number, |c| < 1, ¢ # —1, and
feA f(z)=z2+a?+ ... If

c|z|27 +(1- |z]27) M‘ <1,

7f'(2)

for all z € U, then the integral operator

e = (v [ ﬂ-lf'a)dtf ,

Becker’s gave the following univalence criterion:

is in the class S.

Lemma 1.4.4. [42] If the function f is regular in unit disk U and f(z) = 2z + a22* + ... and
(1 . |Z’2> < / (Z)

f'(2)
then the function f is univalent in U.

<1, forallzel,

Ozaki and Nunokawa demonstrated the following condition of univalence:

Lemma 1.4.5. [88] Let f € A, satisfy the condition

)|

MO

for all z € U, then f is regular and univalent in U.

Pescar demonstrated the following two conditions of univalence in [95]:
Lemma 1.4.6. [95] Let g € A, a a real number, and ¢ a complex number, |c| < é, c# —1.1f

9"(2))
g'(2) ‘ =t

for all z € U, then the function

Gu(2) = (a /0 ) [ta—lg'(t)}aldt> "

Lemma 1.4.7. [95] Let the function g, satisfy (2), M a positive real number fixed, and ¢ a complex

number. If o € [3%1;7 2];/11\;1}

is in the class in S.

1
yc\§1—'0‘7‘(2M+1), c# -1,

l9(2)| < M,

Ga(2) = (a /0 [g(0))"™" dt) é )

15
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Chapter 2

Sufficient conditions of univalence for new
integral operators

2.1 New integral operators

We will briefly present below four integral general operators introduced by Béarbatu and Breaz in the
works [5] - [8], which are integral operators such as those defined by Pfaltzgraff, Kim-Merkes and Over-
sea, as well as the links between them and other integral operators known in the literature.

We consider the first integral general operator M ,,, defined by [5]:

Msn(2) = {(5/: té_lilj [(fit))c”_l (gi/(t))ﬁi (91'(;)))%] dt}é, (2.1.1)

where f;, g; are analytic in U and «;, 3;,7; € Cforalli = 1,n,n € N\ {0}, § € C, with Red > 0.

Remark 2.1.1. The integral operator M, defined by (2.1.1) represents an extension of other operators
as follows:

i)Forn =1,0 =1, a1 — 1 = 1 and 31 = 71 = 0 we obtain the integral operator which was

studied by Kim-Merkes [72]
Faolz) = /0 (@) dt.

ii) Forn =1, = 1and a; — 1 = 7; = 0 we obtain the integral operator which was studied by
Pfaltzgraff [104]

iii) For a; — 1 = o; and f3; = ; = 0, we obtain the integral operator which was defined and studied
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by D. Breaz and N. Breaz [47]

D, (2) = la/ozté—lilj (@)a dtr.

This integral operator is a generalization of the integral operator introduced by Pascu and Pescar [91].

iv) For a;; — 1 = ~; = 0 we obtain the integral operator which was defined and studied by D. Breaz,
Owa and N. Breaz [51]

S

To(2) = [5 /O ) e [T dt] .

This integral operator is a generalization of the integral operator introduced by Pescar and Owa in [102].

v) For a; — 1 = 0 we obtain the integral operator which was defined and studied by Pescar in [97]

Fulz) = [5/OZt51ilj (@)a (f' (1) dtr.

this integral operator is a generalization of the integral operator introduced by Frasin in [66] and by
Oversea in [86].

vi) For a; — 1 = «; and ; = 0 we obtain the integral operator which was studied by Ularu in [115]
Z.(2) = 5/ A <l) J() % dt|
(%) [ (T e

Let it now be the second integral general operator Cs ,,, defined by [6]:

Com = {5/02 tinlj [(@egi“))ail (hi'(t))” (@)7] dt}}s, (2.1.2)

where fi, g;, h; are analytic in U and 6, o, 3;, v; are complex numbers, for all i = 1,n, n € N\ {0},
5 € C, with Red > 0.

And this integral operator given by the relation (2.1.2) constitutes the extension of integral operators,
thus:

Remark 2.1.2. i) Forn = 1,0 = 1 and a; — 1 = [; = 0 we obtain the integral operator which was

studied by Kim-Merkes [72]
Fulz) = / (&) dt.
0 t

iil) Forn = 1,6 = 1 and a; — 1 = 71 = 0 we obtain the integral operator which was studied by
Pfaltzgraff [104]



iii) For o; — 1 = /3; = 0 we obtain the integral operator which was defined and studied by D. Breaz

and N. Breaz [47] 1
o= (4]

This integral operator is a generalization of the integral operator introduced by Pascu and Pescar [91].

filt)
t

1v) For a;; — 1 = ~; = 0 we obtain the integral operator which was defined and studied by D. Breaz,
Owa and N. Breaz [51]
1
P n 5
T.(2) = [5/ 0! H [fi(t)]™ dt] :
0 i=1

This integral operator is a generalization of the integral operator introduced by Pescar and Owa in [102].

v) For a; — 1 = 0 we obtain the integral operator which was defined and studied by Pescar [97]

Fulz) = [5 A téH (! f)) () dt] :

this integral operator is a generalization of the integral operator introduced by Frasin in [66] and by
Oversea in [86].

vijForn = 1,0 = 3, o; — 1 = a; and 3; = ; = 0 we obtain the integral operator which was
defined and studied by Stanciu in [I11]

o= [o [ o (Do) o]

We still take the third integral general operator G ,,, defined by [7]:

where f;, g;, hi, k; are analytic in U and §, o, 3;,7; are complex numbers, for all i = 1,n, n € N\ {0},
0 € C, with Red > 0.

The connection between the integral operator in the relation (2.1.3) and otherintegral operators look
as follows:

Remark 2.1.3. i) Forn = 1,§ = 1, a1 — 1 = 74 = 0 and k;(2) = 2z we obtain the integral operator
which was studied by Kim-Merkes [72]

Fulz) = /OZ <@)adt.

ii)Forn=1,0 = 1,1 — 1 = oy, 51 = 71 = 0 and g;(z) = 0, we obtain the integral operator
which was studied by Pfaltzgraff [104]



iii) For a; — 1 = ~; = 0 and k;(2) = z we obtain the integral operator which was defined and
studied by D. Breaz and N. Breaz [47]

— la/ozt(s—lﬁ <@>aidtr

This integral operator is a generalization of the integral operator introduced by Pascu and Pescar [91].

iv) For a; — 1 = o, 8; = v; = 0 and g;(2) = 0 we obtain the integral operator which was defined
and studied by D. Breaz, Owa and N. Breaz [51]

2) = [5 /0 e H IHOl dt]

This integral operator is a generalization of the integral operator introduced by Pescar and Owa in [102].

S

v) For a; — 1 =0, k;(2) = z and k.(z) = 1 we obtain the integral operator which was defined and

studied by Pescar [97]
_ [5 [ (@) ) dt] -

this integral operator is a generalization of the integral operator introduced by Frasin in [66] and by
Oversea in [86].

vi) For o; — 1 = o; and 3; = ~; = 0, operatorul G;,, definit prin (2.1.3), se reduce la operatorul
integral care a fost definit and studiat de A. Oprea and D. Breaz in [83]

= [ 0oy

This integral operator is a generalization of the integral operator introduced by Ularu and Breaz in [117].

vii) For a; — 1 = 0 we obtain the integral operator which was defined and studied by Pescar in [97]
AON (E0\ T
no=[s [T () (29) ]
[ H t 9:(t)
The last integral general operator was defined in the paper [8]:

e[ o () ) o e

where fi, gi, hi, k; are analytic in U and oy, 3;,7;,0; € Cforalli = 1,n,n € N\ {0}, § € C, with
Red > 0.

The way in which this operator operates from (2.1.4) can be reduced to another known integral
operator is shown below:
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Remark 2.14. i) Forn =1, = 1,a; — 1 = 4 and ; = 71 = ; = 0 we obtain the integral operator
which was studied by Kim-Merkes [72]

Fulz) = /OZ (@)adt.

ii) Forn = 1,0 = 1and a; — 1 = 7; = J; = 0 we obtain the integral operator which was studied
by Pfaltzgraff [104]

iii) For a; — 1 = «; and 3; = v; = d; = 0 we obtain the integral operator which was defined and
studied by D. Breaz and N. Breaz [47]

D,(2) = lé/ozté_lilj (@)a dtr.

This integral operator is a generalization of the integral operator introduced by Pascu and Pescar [91].

iv) For o; — 1 = v; = §; = 0 we obtain the integral operator which was defined and studied by D.
Breaz, Owa and N. Breaz [51]

=

T.(2) = [5/02t5—1H[fg(t)]“f dt] :

This integral operator is a generalization of the integral operator introduced by Pescar and Owa in [102].

v) For a; — 1 = «; and v; = §; = 0 we obtain the integral operator which was studied by Ularu in

[113] 1
Fulz) = [5 /O Z té—lf[ (@)a (gi' (1)) dt] g.

vi)Fora; —1 = 3, =0, k;(2) = z and k(z) = 1 we obtain the integral operator which was defined
and studied by Pescar [97]

Fi(z) = [5 [T (5 woy dt]

this integral operator is a generalization of the integral operator introduced by Frasin in [66] and by
Oversea in [86].

1
5

vii) For a; — 1 = 3; = 0 we obtain the integral operator which was defined and studied by Pescar

in [97] 1
mio= o [ T1(G) (560) o)
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vil) Ford =1, a; — 1 =1; =0, 5; = 6; and h;(z) = % we obtain the integral operator which was
defined and studied by Bucur and Breaz in [S3]

t
this integral operator is a generalization of the integral operator introduced by Bucur, Andrei and Breaz
in [57] and [58].

xi)Ford =1, a; — 1 =6; =0, B; = v; and h;(z) = f;(z) and h;(z) = fi(z) we obtain the integral
operator which was defined and studied by Nguyen, Oprea and Breaz in [78]

- [T (Esn) o

2.2 Sufficient conditions of univalence for analytic functions

In this paragraph we will present sufficient conditions to ensure the univalence of the integral oper-
ators described in the previous section when the functions involved are analytic.

Theorem 2.2.1. Let v, 0, oy, 5;,7; be complex numbers, ¢ = Rey > 0 and M;, N;, P; real positive
numbers, f;,g9; € A. If

zfi(2)
fi(2)

forall z €U, i =1,nand

< B,

_1‘<

n 2c+1
2 ]_ 2c
S llos — 14+ (8] B+ ) < EEF DT

=1

then for all 5 complex numbers Red > Revy, the integral operator M ,, given by (2.1.1) is in the class S.

If we consider 6 = 1 in Theorem 2.2.1, obtain the next corollary:

Corollary 2.2.1.1. Let v, oy, B;,7; be complex numbers, 0 < Rey < 1, ¢ = Revy and M;, N;, P; real
positive numbers, f;, g; € A. If

/ / /"
2fi(2) _ 1‘ < M;, 2g;(2) B 1’ < N, Zg/z (2) <P,
fi(2) 9i(2) 9:(2)
forall z € U, i =1,n and
n (2 n 1)20+1
C 2c
S llos — 1M +15 P+ bl N < S

i=1
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then the integral operator M,,, defined in

Mn(z):/oz | [(fiy))ai_l (g ()" (giit))yi] dt (2.2.1)

=1

is in the class S.

If we consider 6 = 1 and ~; = 0 in Theorem 2.2.1, obtain the next corollary:

Corollary 2.2.1.2. Let v, ov;, B; be complex numbers, 0 < Rey < 1, ¢ = Rey and M;, P; real positive
numbers, f;, g; € A. If

! !
sz(Z)—]_'SMZ Zg/,L(Z) SP'“
fi(2) 9i(2)

forall z €U, i=1,nand
n (2¢+1)%

s = 11 M; + |5 P} < S
=1

)

then the integral operator F,, defined in

Fulz) = /O f[ [(f"it)yil (g/(t))ﬂi] dt (2.2.2)

is in the class S.

Remark 2.2.2. The integral operator in the relation (2.2.2) is a known result, proven in [115].

If we consider 6 = 1 and 3; = 0 in Theorem 2.2.1, obtain the next corollary:

Corollary 2.2.2.1. Let v, o, y; be complex numbers, 0 < Rey < 1, ¢ = Rey and M;, N; real positive
numbers, f;,g; € A. If

! /
2fi(z) _ 1' < M, 2g;(2) _ 1‘ <N,
fi(2) 9i(2)
forall z € U, 1 =1,nand
n 2c+1
2c+1) 2
S flos - 118+ v < EEDE

i=1

then the integral operator G, defined in
z N ‘ a;—1 ) Vi
Gu(2) =/ I1 [(flit)) (g@(tt))) ] dt (2.23)
0 =1

Remark 2.2.3. The integral operator in the relation (2.2.3) is another known result, introduced in [83].

is in the class S.
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If we consider = 1 and a; — 1 = 0 in Theorem 2.2.1, obtain the next corollary:

Corollary 2.2.3.1. Let v, 3;,7; be complex numbers, 0 < Rey < 1, ¢ = Revy, N;, P; real positive
numbers, g; € A. If

/ "
9i(2) gz(z)
forall z €U, i=1,nand
n 2ct1
2c+1) 2
Z[|5¢|Pi+|%|Ni] §—< 2) ;

i=1

then the integral operator L, defined in

T, (2) = /O lj {(gi'(t))ﬁi- (92'(;)))%] dt (2.2.4)

is in the class S.

Remark 2.2.4. The integral operator in the relation (2.2.4) was studied in [97].

If we considern = 1,0 =y = aand o; — 1 = 5; = ~y; in Theorem 2.2.1, obtain the next corollary:

Corollary 2.2.4.1. Let a be complex number, Reae > 0 and M, N, P real positive numbers, f,qg € A. If

2f'(2) 2g'(2)
f(2) 9(z)

— Y

!
B 1‘ <N, ‘zg (2)

9'(2)
forall z € U, and
2Rea+1

2Req + 1) 2Rea
2 )

\a—l](M—l—N—i—P)S(

then the integral operator M, defined in

M(z) = {a /0 ) {f(t)@(t)@r_ldt} | (2.2.5)

Q=

is in the class S.

Theorem 2.2.5. Let v, «;, f;, v be complex numbers, ¢ = Rey > 0 and f;,g9; € S, g. € P. If

QZ|O@‘ — 1 +Z|5i| +QZ|%'| <
=1 =1 i=1

, for 0<c<1

N O

or

, for ¢>1

N | =

2y =1+ Y B +2) |l <
i=1 i=1 =1

then for any complex numbers 6, Red > c, the integral operator M, defined by (2.1.1) is in the class
S.

If we consider 6 = 1 in Theorem 2.2.5, we obtain the next corollary:
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Corollary 2.2.5.1. Let v, o, 5;,7; be complex numbers, 0 < Rey < land f;,g; € S, g, € P. If

23 o~ 11+ 316 +23 bl < T,
=1 =1 =1

then the integral operator M,, given by (2.2.1) is in the class S.

Theorem 2.2.6. Let 7,0, «;, B;,7; be complex numbers, ¢ = Rey > 0 and M;, N;, P;, Q); real positive
numbers, f;, g;,h; € A. If

2fi(z) ‘ zhi(2) zhi(z) ’ ‘ 29i(2)
: -1 SMz gi\z SNz; : SPM : _1§Q17 : §17
e ) (e) h(2) (2
forall z €U, i=1,nand
r (2c+ 1)
C c
Z [loi = 1] (M; + Ni) + |Bil P + 7] Qi] < —

=1

then for any complex numbers 6 with Red > Re, the integral operator Cs,,, defined by (2.1.2) is in the
class S.

If we consider 6 = 1 in Theorem 2.2.6, we obtain the next corollary:

Corollary 2.2.6.1. Let v, o, B;, v be complex numbers, 0 < Rey < 1, ¢ = Rewy and M;, N;, P;, Q); real
positive numbers, f;, g;,h; € A. If

2fi(2) ‘ zh}(2) zhi(2) ‘ 2g;(2)
——= =1 <M, |g)| <Ny, |—/—F—~|<Ph, |—F~-1<Z0Q0; : <1,
7.02) 9:2) H(2) h(2) 5:(2)
forall z € U,1=1,nand
n (2 + 1)20+1
C 2c
D llow = 1/ (Mi + Ni) + |B8:] P + |l Qi) S

i=1

then the integral operator C,, defined in

Cp(z) = /O ]j [(@egﬂﬂ)ail (hi' ()" (hi(f)))%] dt, (2.2.6)

is in the class S.

If we consider 6 = 1 and ~; = 0 in Theorem 2.2.6, we obtain the next corollary:

Corollary 2.2.6.2. Let v, «;, 5; be complex numbers, 0 < Rey < 1, ¢ = Rewy and M;, N;, P; real positive
numbers, f;, g;,h; € A. If
zhi(2)

hi(2)

S | <wn )<
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forall z €U, i=1,nand

(2c+1)%

Z [l = 1] (M; + No) + | 3] P] < ==,

then the integral operator T, defined in
z N zt a;—1 .
2) = / H[(#M”) (h/(t))@] dt, (2.2.7)
0 =1

Remark 2.2.7. The integral operator defined in (2.2.7) if we put them ; = 0, we get a known proven
result in [111].

is in the class S.

If we consider 6 = 1 and 3; = 0 in Theorem 2.2.6, we obtain the next corollary:

Corollary 2.2.7.1. Let v, «;, y; be complex numbers, 0 < Rey < 1, ¢ = Rey and M;, N;, Q); real positive
numbers, f;, g;,h; € A. If

zfi(2) ‘ zhi(2) ‘ zg;(2)
—= — 1| < M;, i(2)] < N, —= — 1] < Q, - <1,
7.2 52 () 5
forall z €U, i =1,nand
- (2¢ + 1)%;1
Z [Jei = [ (M; + N;) + |7 Qi] < —

i=1

then the integral operator R, defined in
z N fz(t) aul® a;—1 hi(t)) i
= | | e dt 2.2.8

Remark 2.2.8. If we consider 7; = 0 in (2.2.8) we get the same integral operator introduced in [111].

is in the class S.

If we consider = 1 and a; — 1 = 0 in Theorem 2.2.6, we obtain the next corollary:

Corollary 2.2.8.1. Let v, 5;,v; be complex numbers, 0 < Rey < 1, ¢ = Revy and P;, Q); real positive
numbers, h; € A. If

zh!(2) zhl(z)
: < Pia - —1] < %5
e | = e T E
forall z € U, i=1,nand
n 2c+1
2c+1) 2
Z[|5i|Pi+|%|Qz‘] < (et 1) * 2) :

i=1
then the integral operator L, defined in

-/ 1:1 oy () ar 2.29)

25
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Remark 2.2.9. The integral operator given by the relation (2.2.9) is a known result demonstrated in [97].

If we considern = 1,0 = v = aand a; — 1 = 5; = ~; in Theorem 2.2.6, we obtain the next
corollary:

Corollary 2.2.9.1. Let « be complex number, Recv > 0, M, N, P, ) real positive numbers, f,qg,h € A.

If
z2f'(2) zh"(z) zh (2) 2g'(2)
T = wensn |8 <n [ 1< [ <
for z € U, and

2Rea+1

(2Rec 4 1) 2kea
2 )

o —1|(M+N+P+Q) <

then the integral operator C defined in

C(2) = {a /0 ) {f(t)az(t)h'(t)#} aldt}i, (2.2.10)

is in the class S.

Theorem 2.2.10. Let vy, o, 3;,7; be complex numbers, c = Rey > 0 and f;,h; €S, hi' € P, g; € R. If

n n n C
4 o; — 1|+ i+ 2 il < =, or O<exl1
Slei=il+ 1Al 2 i <5
or

n n n
1
42 \ai—ll—i—g |ﬁi\—|—25 |fyz-\§§, for ¢>1
i=1 i=1 i—1

then for any complex numbers 0, Red > c, the integral operator Cs ,,, defined by (2.1.2) is in the class S.

If we consider 6 = 1 in Theorem 2.2.10, we obtain the next corollary:

Corollary 2.2.10.1. Let v, o, 3;, Vi be complex numbers, 0 < Rey < 1 and f;,h; € S, g;,hi' € P,

gi € R.If
4 a; — 1]+ i+ 2 il < ——,
; o — 1 Z:; 16 ; il < =
then the integral operator C,, defined by (2.2.6) is in the class S.

Theorem 2.2.11. Let o be complex number, Rec > 0 and M;, N;, P; real positive numbers, f;, g;, h; €
A. If

2fi(2)

fi(2)

zhi (2)

hi(2)

zhi(2)
hZ(Z)

22gi(z)

<1
[9:(2)]°

-1

< M;, |gi(2)| < N,

<1,,
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forall z € U, 1 =1,nand
a—1 9
o] <1—|——| (M; + 2N} + P, + 3), ceC, c# -1,
o

then the integral operator C,, ,,, defined in

Con(z) = [a /0 ) talg <@e9i<t>hi’(t) hi§t>)>a_ dt] (2.2.11)

Q=

is in the class S.

Theorem 2.2.12. Let v, 9, o, B, Vi be complex numbers, ¢ = Rey > 0 and M;, N;, P;,Q;, R;, S; real
positive numbers, f;, g;, h;, k; € A. If

2fl'(2) zh(z) ’ zkl(2) ‘
/Z SM’L i\Z SN’U ’ _1§PZ7 - _1§QZ7
i) ) h(e) k()
H(2) H(2)
< R. M < og
e | = Re | =
forall z € U, i =1,n and
n (2 + 1)20+1
C 2c
DMl = 1 (Mi + N)) + 5] (B + Qi) + [l (Ri + 8)] < .

=1

then for any complex numbers §, Red > Revy, the integral operator Gs,,, given by (2.1.3) is in the class
S.

If we consider 6 = 1 in Theorem 2.2.12, we obtain the next corollary:

Corollary 2.2.12.1. Let v, o;, B;, i be complex numbers, 0 < Rey < 1, ¢ = Reyand M;, N;, P;, Q;, R;, S;
real positive numbers, f;, g;, hi, k; € A. If

2f1(2) zhl(2) ‘ 2ki(2) ‘
,Z SM’w i\Z SN’M : _]-SP’M - _]-SQM
i) ) h(2) k()
zh!(2) 2kl (2) 2gi(2)
- < Ri) - S Si7 - S 17
hi(z) |~ ki(2) 9i(2)
forall z € U, i = 1,n and
" (2c+1)%
> e = 1 (M + N;) + |B:] (P + Qi) + [l (R + Si)) < —

=1

then the integral operator G, defined in

oo [ ooy (40 () o o

is in the class S.
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If we consider 9 = 1 and ; = 0 in Theorem 2.2.12, we obtain the next corollary:

Corollary 2.2.12.2. Let v, «;, 5; be complex numbers, 0 < Rey < 1, ¢ = Revy and M;, N;, P;, Q); real
positive numbers, f;, g;, h;, k; € A. If

z2fl'(2) zh(z) ‘ zki(2) ' 24i(2)
§ S M’L gl ¥ S Ni7 L - 1 S Pza L - 1 S Qi) : S 17
e 942 (=) k() 52
forall z €U, i=1,nand
n (2¢+1)°%

Z [Jevi = [ (M; + N;) + |Bil (P + Qi)] <

=1

then the integral operator V,,, defined in

z N . Bi
Vn(Z) :/O H [(fi/(t)egi(t))oéi—l (Z’:Eﬁ) ] dt, (2.2.13)

is in the class S.

Remark 2.2.13. The integral operator defined in (2.2.12), if we put them 5, = 0, we get the known
proven result in [83].
If we consider 6 = 1 and 3; = 0 in Theorem 2.2.12, we obtain the next corollary:

Corollary 2.2.13.1. Let v, o, y; be complex numbers, 0 < Rey < 1, ¢ = Revy and M;, N;, R;, S; real
positive numbers, f;, g;, h;, k; € A. If

z2fl'(2) zh}(z) 2k (z) 2gi(z)
; < M;, |g(z)| < Ni, || <R, - < S, - <1,
7102 () () E() (o)
forall z €U, i=1,nand
n (2¢ +1)°5
D llos = 1 (M + Ni) + il (R + )] < =,

i=1

then the integral operator VV,, defined in

Wi(z) = /0 Z lj [( fi/(t)egi(t))ai_l (]Z,(é))))%] dt, (2.2.14)

is in the class S.

Remark 2.2.14. Putting ; = 0 in (2.2.13) we get the same integral operator that was introduced in [83].

If we consider 6 = 1 and a;; — 1 = 0 in Theorem 2.2.12, we obtain the next corollary:
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Corollary 2.2.14.1. Let v, 5;,v; be complex numbers, 0 < Rey < 1, ¢ = Revy and P;,Q);, R;, S; real
positive numbers, h;, k; € A. If

zh(z) zki(2) zh!(2) 2k (2)
i) gl < p 2| <, i N A )
e T e RS e 5 Tee =
forall z € U, 1= 1,nand
n (2¢+ 1)
S 181 (Pt @)+ bl (R s < BT
i=1

then the integral operator I, defined in
(N (R )\
T.(z) = - dr , 2.2.15
2 /OH[(mw) (i 221
=1

Remark 2.2.15. The integral operator given by the relation (2.2.14) is a known proven result in [97].

is in the class S.

If we considern = 1,0 = v = aand a; — 1 = ; = ~; in Theorem 2.2.12, we obtain the next
corollary:

Corollary 2.2.15.1. Let o be complex number, Reaw > 0 and M N, P,Q, R, S real positive numbers,

fa g, h7 ke -’4 If
2f"(2) zh (z) ' 2k (2) ’
M? S N7 - 1 S P7 — 1 S 3
Fio | =M ) () W =
zh"(2) zk"(z 2g'(z)
<R, <5, <1,
h(z) |~ K'(2) 9(2)
forall z € U and
1| (M4+N+P+0Q+R+8) < (2Reoz+21) 2Rea |
then the integral operator G, defined in
ROV S
_ a—1 (t)
G(z) [a/o t (f (t)e? R) k’(t)) dt| (2.2.16)

is in the class S.

Theorem 2.2.16. Let v, o, 3;,7; be complex numbers, ¢ = Rey > 0 and h;,k; € S, ', hi', ki’ € P,
gi € R.If

n n n C
3 a;— 1] +4 |+ 2 il < =, or O<exl1
Zy | Zy6| Zyﬂ 5 f
or

n n n 1
3 loi—1[+4) |8 +2) |l <5, for e>1
=1 =1 =1

then for any complex numbers 0, Red > c, the integral operator Gs,, given by (2.1.3) is in the class S.
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If we consider 9 = 1 in Theorem 2.2.16, we obtain the next corollary:

Corollary 2.2.16.1. Let v, o, 3;, y; be complex numbers, 0 < Rey < 1 and h;,k; € S, fi',hi', ki € P,
gi € R.If

3 a;— 1] +4 i+ 2 i < —, or O0<exl1
Z o = 1 Z 5] Z il <= f
then the integral operator G,, defined by (2.2.11) is in the class S.

Theorem 2.2.17. Let v, 9, o, B;, Vi be complex numbers, Revy > 0 and M;, N;, P;, real positive numbers,
Ji> 9i» his ki € A If

0/(2) e G e

e RO e T e R
ME| MO, [P
Ze Y o B et B

forall z € U, i = 1,n and

1
e <1—
0]

(1+2M,?)Z|ai—1\+(Nz-+PZ-+4)Z|BZ-\+2Z|%|] ,ceC, c#—1,
i1 i= i=1
then the integral operator Gs ,,, given by(2.1.3) is in the class S.

If we consider 6 = v = aand o; — 1 = 3; = ; in Theorem 2.2.17, we obtain the next corollary:

Corollary 2.2.17.1. Let o be complex number, Reaw > 0 and M, N, P real positive numbers, f,q,h,k €

A If
2f"(z2) zh (2) 2k (2)
Py | = b Rl M h@‘#gm km_qu
zh"(2) zk"(2) 22q'(2)
re |8 ' | per Tt
forall z € U and
le| <1 — a_l‘(2M2+N+P+7), ceC, c# —1,

then the integral operator G,, ,,, defined in

Q=

JRNN D T (4 egi(t)hi(t :
Gan( )—[ /Ot il:[l<fi(t) D) k) (2.2.17)

~
I~
S o~
—~

~
~—
~—
N—
Q
L

QU

~
S —

is in the class S.
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Theorem 2.2.18. Let v, 9, a;, 55, ;, 0; be complex numbers, ¢ = Rey > 0 and M;, N;, P;, Q;, R;, S; real
positive numbers, f;, g;, h;, k; € A. If

fi(z) 9i(2) hi(2)
zki(2) zh!(2) 2k (2)
— = - 11 < iy : S R’La : S Si?
wa Y= |Ee K
forall z €U, i=1,nand
" (2¢+1)°%
Dl = 1 M; + |Bi] Ny + |yl (P + Qi) + 18] (Ri + S3)] < s

=1

then for any complex numbers 0, Red > Rev, the integral operator s, defined by (2.1.4) is in the class
S.

If we consider 6 = 1 in Theorem 2.2.18, we obtain the next corollary:

Corollary 2.2.18.1. Let v, o;, 5;, i, 0; be complex numbers, 0 < Rey < 1, ¢ = Reyand M;, N;, P;, Q;, R;, S;
real positive numbers, f;, g;, h;, k; € A. If

Zfl(Z)—]_’SMZ Zg/l(z) _Nz Zhl(Z)—l‘S_P“
—_1l < 0. < R. < G
k() 4—Q“ e | = e |5
forall z € U, i =1,n and
" (2c+1)°%
Z [lai = L[ M; + [Bi| Ni + il (B + Qi) + 16s] (R + 53)] < o

i=1
then the integral operator T, defined in

To(2) = /0 ) nl [(@)aﬂ (g:(8))” (ZEE; )W (}Z;,((?)))Ji] dt, (2.2.18)

1=

is in the class S.

If we consider 6 = 1 and 9; = 0 in Theorem 2.2.18, we obtain the next corollary:

Corollary 2.2.18.2. Let v, «;, 5;,v; be complex numbers, 0 < Rey < 1, ¢ = Re7y and M;, N;, P;, Q; real
positive numbers, f;, g;, h;, k; € A. If

M@_WSMi 0 | =N M@‘4<R’ M@—qs@,
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forall z €U, i=1,nand

n 2c+1

Z [levi = 1| M + | Bs] Ni + [l (P + Q)] <

i=1

then the integral operator S,, defined in

Su(z) = /0 lj [(fiﬂ)”_l (0:())" (ZE;‘;)W] dt, (2.2.19)

is in the class S.

Remark 2.2.19. The integral operator defined in (2.2.18) if we put them ; = 0, we obtain a known
result demonstrated in [115].

If we consider 6 = 1 and 3; = 0 in Theorem 2.2.18, we obtain the next corollary:

Corollary 2.2.19.1. Let v, o, i, 0; be complex numbers, 0 < Rey < 1, ¢ = Rey and M;, P;, Q);, R;, S;
real positive numbers, f;, h;, k; € A. If

zfi(2)
fi(2)

forall z €U, i=1,nand

zki' (2)

ki(2)

2hl(2)

< Si7

_1‘§Mz’

S o — 1My + |l (P + @) + 16 (R, + 59 <

i=1

then the integral operator X, defined in
T (N (@ R )N
wo- [T G (56) Ja eam

Remark 2.2.20. In the integral operator defined by (2.2.19), if we take a; —1 = 0, we get another known
result introduced in [97].

is in the class S.

If we consider 6 = 1 and a;; — 1 = 0 in Theorem 2.2.18, we obtain the next corollary:

Corollary 2.2.20.1. Let v, 5;,7;, 0; be complex numbers, 0 < Rey < 1, ¢ = Rey and N;, P;, Q);, R;, S;
real positive numbers, g;, h;, k; € A.

If
2g!(2) zh}(z) ’ 2ki(2) ‘ zh!(2) zk!(2)

! < Ni7 s - 1 S R? : - ]- S 79 /Z = Ri» /Z S Si7
5(2) l2) i(2) @ e K()




forall z €U, i=1,nand

n 2c+1
c

i=1

then the integral operator D,, defined in
z N N hz(t)>% (h/(t)))él
D, (2) = (t ﬁ( : dt, 2221
o= 11 [(9( D) Uww ) | 2220

Remark 2.2.21. If in (2.2.20) take 3; = 0, we get the result that was introduced in [97].

is in the class S.

If we consider 9 = 1 and 7; = 0 in Theorem 2.2.18, we obtain the next corollary:

Corollary 2.2.21.1. Let v, «;, B3;, 0; be complex numbers, 0 < Rey < 1, ¢ = Rey and M;, N;, R;, S; real
positive numbers, f;, g;, h;, k; € A. If

! /! " !
2fi(z) _ 1‘ < M, ‘Zg/z (2) < N, Zh/i (2) <R, Zk/i (2) < S,
forall z €U, i=1,nand
" (2¢+1)°%
D llo = 1] Mo+ | N 18] (R + 8)] < =,

i=1

then the integral operator ), defined in

Vulz) = /0 lj [(f iit))ai_l (g:(t))” (}Z;,((tt);)éi] dt, (2.2.22)

is in the class S.

Remark 2.2.22. Putting in (2.2.21) §; = 0, we get the same proven result in [115].

If we considern = 1,0 = v = aand a; — 1 = 3; = ~; in Theorem 2.2.18, we obtain the next
corollary:

Corollary 2.2.22.1. Let o be complex number, Reaw > 0 and M N, P,Q, R, S real positive numbers,

f7 g7 h7 k E 'A' If‘
2'(2) ' 0'(2) H(2) ‘
—1| < M, < N, -1 <P,
f(2) - g(z) h(z)
2k (2) zh"(2) zk"(2)
K:) 1‘ =@ e |20 e |5
forall z € U, and
(2Rea + 1)%
la—1|/(M+N+P+Q+R+S5)< ) ,
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then the integral operator T, defined in

T(z) = [oz /0 o (f(t)g’(t)%fgf(tt)))) : dt] a, (2.2.23)

is in the class S.

Theorem 2.2.23. Let v, o, 3;, i, 0; be complex numbers, ¢ = Rey > 0 and fi, hi, ki € S, ¢, hi', ki’ €

P.If
c
2 o; — 1] + |+ 4 i+ 2 0l < =, or 0<e<l1
;! | ;WI ;M ;\I 5 7
or

22\041-—1|+Z!&|+4Z|M+2Z|éi|g%, for ¢>1
i=1 i=1 i=1 i=1

then for any complex numbers 9, Red > c, the integral operator T;,, defined by (2.1.4) is in the class S.

If we consider 6 = 1 in Theorem 2.2.23, we obtain the next corollary:

Corollary 2.2.23.1. Let v, o;, Bi, i, 0; be complex numbers, 0 < Rey < land f;, hi,k; € S, g/, hi', ki’ €

P.If
2 o; — 1|+ i+ 4 i+ 2 Ol < —, for 0<e<1
;! !EIBI ;M ;H o

then the integral operator T, given by (2.2.18) is in the class S.

Theorem 2.2.24. Let v, 9, o, 55, Vi, 0; be complex numbers, Rey > 0 and M;, N;, P;, real positive num-
bers, [, gi, hi, ki € A If

2fi(2) zg; (2)
fi(2) 9i(2)
forall z €U, i=1,nand

2+ M) o =1+ D Bl + (Ni+ Pi+4)>_ il +22|5i!] 7
=1 = =1

i—1

zh(z)
hZ(Z)

zhi (2)

hi(2)

zki' (2)

<1
ki(2)

— Y

<1

— Y

i <1,

_1‘§M.

!
kG o p
ki(2)

1
lef <1—5
9]

c € C, ¢ # —1, then the integral operator Ty, defined by (2.1.4) is in the class S.

If we consider 6 = v = «, a; — 1 = 3; = v; and n = 1 in Theorem 2.2.24, we obtain the next
corollary:

Corollary 2.2.24.1. Let o be complex number, Reaw > 0 and M, N, P real positive numbers, f,q,h, k €

A. Daca
zf'(z) 2q"(2) zh'(z) 2K (2) zh"(2) zk"(2)
En R B e B el B 7o B e

forall z € U and
a—1
’Clgl-'—‘(Mz—FNl—i‘R,‘i‘S), ceC, c# —1,
«
then the integral operator T, given by (2.2.23) is in the class S.
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2.3 New univalence conditions for analytic functions

This paragraph extends the sufficient conditions of univalence for operators M ,, and 7;,, when the
functions involved are analytic, using the Mocanu-Serb Theorem.

Theorem 2.3.1. Let 7,9, v, Bi,V; be complex numbers, ¢ = Rey > 0, My the positive solution of the
equation (1.1.1), My = 1,5936... and f;,g; € A. If

fi(2)

g9/ (2)

< Mo,
=7 glz)

S MO7

forall z €U, i=1,nand

_Zlaz_1|+( 20+1 Z|ﬁz|+ Z|%|<1

then for any complex numbers 6, Red > Rev, the integral operator M, defined by (2.2.1) is in the
class S.

If we consider 6 = 1 in Theorem 2.3.1, we obtain the next corollary:

Corollary 2.3.1.1. Let v, o;, B;, i be complex numbers, 0 < Revy < 1, ¢ = Re~, M the positive solution
of the equation (1.1.1), My = 1,5936... and f;, g; € A. If

fi'(2) g: (2)
fi(2) 9i(2)

S M07

~ 0

forall z €U, i=1,nand

_Zlaz_1|+ 20+1 ZWA"" Z|%|<1

then the integral operator M,,, given by (2.2.1) is in the class S.
If we considern = 1,0 = v = aand a; — 1 = 1 = 7; in Theorem 2.3.1, we obtain the next
corollary:

Corollary 2.3.1.2. Let o be complex number, a = Rea > 0, My the positive solution of the equation
(1.1.1), My = 1,5936...and f,g € A. If

‘f”(Z)
f'(2)

1 M,
2—-1)| -+ ———5= | <1,
@ (2a+1) =

then the integral operator M, defined by (2.2.5) is in the class S.

9'(z)
g (2)

S M07 S MO7

forall z € U and
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Theorem 2.3.2. Let v, 6, o, B;, Vi, 0; be complex numbers, c = Rey > 0, My the positive solution of the
equation (1.1.1), My = 1,5936... and f;, g;, h;, k; € A. If

fi'(2) g: () hi' (2)
fi(z) 9i(2) hi(2)

forall z €U, i=1,nand

—Z|al—1|+ Zwm me Z|5|<1

then for any complex numbers 0, Red > Re~, the integral operator 7}771, given by (2.1.4) is in the class
S.

ki (2)
ki(2)

~ 0, = 05 = 05 S M07

If we consider 0 = 1 in Theorem 2.3.2, we obtain the next corollary:

Corollary 2.3.2.1. Let v, o, Bi, Vi, 0; be complex numbers, O < Rey < 1, ¢ = Rev, iar M, the positive
solution of the equation (1.1.1), My = 1,5936... and f;, g;, h;, k; € A. If

fi'(2) gi () hi' (2) ki (2)
fi(z) 9i(2) hi(2) ki(2)

forall z € U, i = 1,n and

_Z|al_1|+( 2(,+1Z|/87/|+ Z|%|+ 2¢+1 Z|5|<1

then the integral operator T, defined by (2.2.18) is in the class S.

= 05 = 0 = 0 S M07

If we considern =1, =y =aand oy — 1 = f; = 73 = ¢; in Theorem 2.3.2, we obtain the next
corollary:

Corollary 2.3.2.2. Let o be complex number, a = Rea > 0, M, the positive solution of the equation
(1.1.1), My = 1,5936... and f,q,h, k € A. If

f"(z) 9"(2) h"(2) k"(2)
=M e < Mo, () < Mo, (%) < Mo,
forall z € U and
3(a—1) (1 + —2M°2a+1> <1,
@ (2a+1) 2

then the integral operator T, defined by (2.2.20) is in the class S.

2.4 Univalence conditions for univalent functions

The present paragraph contains sufficient conditions of univalence for the integral operators pre-
sented in this paper when the functions involved are univalent, using Nehari’s Theorem.
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Theorem 2.4.1. Let 6,7, «;, Bi,7vi € C, c = Rey > 0and f;,9; € S. If

zfi(2) — fi(2) <1, 29;(z) — gi(2) <1, gi/ (2) <1,
zfi(2) 2gi(z) 9;(2)
forall z € U, i = 1,n and
>t (o — 1] + 185 + |vl) 1
ITim; (lew — 1Bl i) ’
z 1
(Jai = 1]18i] []) < ,

! 142 | 2] +|%]
i=1 rz"‘g [(1 |2[7) I2] 1+|k||z\]

where .
1> (e — 1) ag; + 28:b9; + 7ibas]|

[ (las = 11183l [il) ’
then for any complex numbers 0, Red > Rev, the function M, defined by (2.1.1) is in the class S.

k| =

Lettingn =1, =v =« and o; — 1 = 3; = ; in Theorem 2.4.1, we obtain the next corollary:

Corollary 2.4.1.1. Let o € C, Rea > O and f,g € S. If

SE-1G| . -] Fe)
2f(2) 29(2) g(2)
for all z € U, and the constant |«| satisfies the condition
1
ol < 2 |2|+]az2+3bs| |’
max [(1 = |21%) Izl 1+|a2i3b2||2\]

then the function M, defined by (2.2.5) is in the class S.

Theorem 2.4.2. Let 5,7, a;, 35,7 € C,c = Rey > 0and f;,9; € S, i = 1,n and M;, N; positive real
numbers. If

z2f;(2) < M, z2g,(2) <N, Zg/z (2) <1,
fi(z) 9i(2) 9:(%)
forall z €U, i = 1,n, and
a 1
D i = 1 (M + 1) + [Bi] + [l (N; + 1)) < — ;
— max | =250 12k
=1 |Z‘§1 C 1+|]€||Z‘

where
> iy [(o — 1) (agi 4+ 1) + 2B;ba; + 7 (bai + 1)]|
> llo = (M + 1) + | Bl + |l (Ni +1)]

then for any complex numbers §, Red > Rev, the function M, defined by (2.1.1) is in the class S.

k| =

The following corollary is a consequence of the Theorem 2.4.2:
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Corollary 2.4.2.1. Let 6, a;, 3,7 € C, ¢ = Red > 0 and f;,g; € S, i = 1,n and M;, N; positive real

numbers. If
zfi(2) < M, 29;(2) < N, Zg/z (2) <1,
fi(2) 9i(2) 9:(2)
and 2c+1
- 2c+1) %
i=1

n

> s — 1) (azi + 1) + 2Bib; + i (bay + 1)]

i=1
then the function M, given by (2.1.1) is in the class S.

n

— Z [levi = 1] (M; + 1) + Bi| + [yl (Ni +1)],

=1

Theorem 2.4.3. Let 6,7, o, 8,7 € C, c =Rey > 0and f;,9;,h; € S. If

2f;(2) = fil2) / zhi(2) = ha(2) hi (2)
— 21 <1 - <1 — | <1 <1
zfi(2) - gl(z)’ - zh;i(2) =7 h(z)| T
forall z € U, i = 1,n and
>z (i = 1+ |Bil + |vil) <1
[Tz (los = 1 1Bil [l ’
" 1
T (e = 1118l [al) < 5 ,
, _ || +k]
i=1 ?;ICSDIC [2 (1= [2F) I« 1+\k\|z|i|

where .
1> iy [(as — 1) (agi + 1) 4 2B;c2; + yicail|

211z (lai = 11183l [l) ’
then for any complex numbers §, Red > Rev, the function Cs,, defined by (2.1.2) is in the class S.

k| =

Lettingn =1,0 = v =« and o; — 1 = [; = ; in Theorem 2.4.3, we obtain the next corollary:

Corollary 2.4.3.1. Let o« € C, Reaw > O and f,g,h € S. If

2 (2) = f(2) ‘ / ’ 2l (2) = h(z) (%)
= 1 1 —_— 1 — 1
TE) <1, |g(2)| <1, (%) <L el <t
for all z € U and the constant || satisfies the condition
1
jof < 2 2|z|+|ag+3ca| |’
m‘i’f [2 (1 — || ) || 2+|a2+302|\z|i|

then the function C, defined by (2.2.10) is in the class S.

Theorem 2.4.4. Let §,~, «;, B;,v: € C, ¢ = Rey > 0 and f;,g;, h; € S and M;, N;, P; are positive real
numbers. If

29,(2)
9i(2)

< MZ‘,

38



forall z € U, 1 =1,n,

3

1

1—|2)% |z[+[k] |’
¢ 1+4|k||#|

> flei = 1) (Mi + Ny + 1) + [Bi] + [yl (P +1)] <

i=1 max |:
|2]<1

where .
_ 1> iy [ — 1) (@i + boi + 1) + 28¢5 + 73 (i + 1)]]
Yoy ey — 1 (M; + N; + 1) + 8| + |l (P +1)]

then for any complex numbers 0, Red > Rev, the function Cs,, defined by (2.1.2) is in the class S.

K|

The following corollary is a consequence of the Theorem 2.4.4:

Corollary 2.4.4.1. Let 6, i, 5,7 € C, ¢ = Red > 0 and f;,9;,h; €S, i = 1,n and M;, N;, P; positive
real numbers. If

G oy PG oy e <, [P cp |G
fi(2) 9i(2) hi(2) hi(2)
and
" (2c+1)°%
Z (i — 1) (@2 + by + 1) + 25,¢9; + 75 (c2i + 1)]| < 5 ;
i—1

Z (i — 1) (agi + ba; + 1) + 2B5c9i + i (cos + 1)]| =

i—1

= "llow — 1 (M; + N; + 1) + 8] + [l (P +1)],

i—1
then the function Cs,,, defined by (2.1.2) is in the class S.
Theorem 2.4.5. Let 6,7, «;, B;,vi € C, c = Rey > 0and f;, 9;, hi, ki € S. If
fi(2) zhi(2) zhi(2) hi(z) ki(2)
forall z € U, i = 1,n and
> iy oy = 1+ 8] + i) 1
[Timy (los = 1 1Bil [il) ’
- 1
(Jai = 1Bl [l) < ,
2 z|+|k
i1 max |2 (1~ |2f*) 2] £ |

where .
| = 2oim (s — 1) (2a9; + 1) + Bi (c2i + dai) + 27 (cai + doi)]|

21T (s = 1Bl 1il) ’
then for any complex numbers 0, Red > Rev, the function Gs ,,, defined by (2.1.3) is in the class S.

Lettingn =1,0 = v = aand o; — 1 = 3; = ; in Theorem 2.4.5, we obtain the next corollary:

39



Corollary 2.4.5.1. Let o« € C, Reaw > O and f,g,h, k € S. If

(2 , ‘ zh'(2) — h(z) 2k (2) — k(2) R (2) k' (2)
1 1, | ——————— 1, | —————= 1 1 1
f,(Z) < ) g (Z) < ? Zh(Z) < ? Zh(Z) < ’ h,<2) < ) k/ (Z) < ?
for all z € U and the constant || satisfies the condition
1
ol <

- L2 2|z|+|2a04+3co+3da+1] |
ﬁ‘i’f [2 (1= 12[%) I#] 2+ |2a2+3c213d2 1 1]|7]

then the function G, defined by (2.2.16) is in the class S.

Theorem 2.4.6. Let 6,7, a;, Bi,7: € C, ¢ = Rey > 0 and f;.9;, hi, k; € S and M;, N;, P; positive real
numbers. If

zf; (2) ’zg;(Z)‘
, 1, <M, |gi(z)| <1,
2hi(2) <N, 2k (2) <P, zhl;’(z) <1 zk;/(z) <1
forall z €U, i=1,n,
n 1
D e = 1 (M + 1) + 8] (N; + P +2) + 2] < 1|2 2| 4]k |
i [=E )

where "
1> i [(ai — 1) (2ag; + by;) + Bi (i + dai + 2) + 2, (o5 + da;)]|

2ima llas = UM+ D)+ B (Ni+ B+ 2) +2]%l]
then for any complex numbers 0, Red > Rev, the function Gs ,,, defined by (2.1.3) is in the class S.

|k =

The following corollary is a consequence of the Theorem 2.4.6:

Corollary 2.4.6.1. Fie 6, «;, 5;,7; € C, ¢ = Red > 0 and f;, g;, h;, k; € S and M;, N;, P; positive real
numbers. If

zh,(z) <N, zk;(2) <p, th (2) <1, Zk,l (2) <1,
e A el e
and -
. Zetl) =

<

Z [(cvi = 1) (2ag9; + byi) + B (cai + da; + 2) + 2; (o5 + da;)]

i=1

2 Y

Z (i = 1) (2ag9; + byi) + Bi (cai + da; + 2) + 2; (o5 + da;)]

i=1

= flow = 1 (M; + 1) + 8] (N; + P+ 2) + 2 |yl]
=1

then the function Gs ,,, defined by (2.1.3) is in the class S.
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Theorem 2.4.7. Let 6,7, o, Bi, Vi, 0; € C, c = Rey > 0 and f;, g;, hi, k; € S. If

A 5| (40|, [ - )|
2fi(2) 9;(2) zhi(2)
zk;(2) — ki(2) <1, h‘z; (2) <1, kz/ (2) <1,
forall z €U, i=1,nand
>icn (i = 1 4+ |Bil + |l + [di) <1
[Tz (lei = 1 1Bil il 16il) ’
- 1
T (lew = 1118:] 1l 183]) < 5 :
5 _ 2]+ %]
i=1 et [2 (1= 127) Il 1+|k||z\]

where .
1> i (e = 1) ag; + 2Bibg; + i (o + dai) 4 205 (c2i + dai)]|
k| = o ,
21Tz (lew = 1] 1Bl [l 16i])
then for any complex numbers 9, Red > Revy, the function s, defined by (2.1.4) is in the class S.

Lettingn =1,0 = v = a and o; — 1 = 3; = ; in Theorem 2.4.7, we obtain the next corollary:
Corollary 2.4.7.1. Let « € C, Reaw > O and f,g,h,k € S. If

2f (2) — f(2) g (z) zh'(2) — h(z)
@ 1S el T e |5
zk'(2) — k(2) h'(2) k' (2)

)| S e <Y | we| b

for all z € U and the constant || satisfies the condition

1

. 2 2|z|+|az+2b2+3ca+3d2| ’
max |2 (1~ |2f*) 2] S et

o] <

then the function T, defined by (2.2.23) is in the class S.

Theorem 2.4.8. Let 0,7, a;, 5;,7,0; € C, ¢ = Rey > 0 and f;, g;, hi, k; € S and M;, N;, P; positive
real numbers. If

zfi(2) < M, Zg/i (2) <1, zh;(2) < N, zk;(2) <P, Zh,z (2) <1, Zk/i (2) <1,
fi(2) 9;(2) hi(2) ki(2) hi(2) ki(2)
forall z € U, 1= 1,n,
- 1
Dl = (M + 1) + 8] + bl (N + P +2) + 216i]] < o e
i=1 "ch [Trkllz\]

where
| = 1> iy [( = 1) (ags + 1) + 283bgs + i (coi + das + 2) + 20; (s + doy)]|
Yoy (e = 1 (M 4 1) + 85 + |yl (Ni + P +2) +215i]] 7
then for any complex numbers , Red > Revy, the function s, defined by (2.1.4) is in the class S.
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The following corollary is a consequence of the Theorem 2.4.8:

Corollary 2.4.8.1. Let 0, o, 5;,7:,0; € C, ¢ = Red > 0 and f;, g;,hi, k; € S and M;, N;, P; positive
real numbers. If

Zfz(z) < M;, Zg/z (2) <1, th(z) <N, Zkz(z) <P, Zh/z (2) <1, Zk'lz (2) <1,
fz(Z) gz(’z) h,(z) ki(z) h’z(z) kz(Z)
and
n (2¢+1)%
(i — 1) (agi + 1) 4 2B;ba; + i (c2i + doi + 2) + 28; (coi + doi)]| < C#,
i1

n

Z [(; — 1) (a9 + 1) + 2B8:b2i + i (Cai + do; + 2) + 20; (21 + dai)]

i=1

= llow = (M + 1) + [Bi] + [yl (N + P, +2) +2],]],
=1

then the function s, defined by (2.1.4) is in the class S.

2.5 Univalence conditions for the class G,

In this section we present sufficient conditions of univalence of integral operators M ,,, 75, for the
situation when the functions involved belong to the class of functions G, 0 < b < 1.

Theorem 2.5.1. Let ~, 6, o;, B;, v; be complex numbers, c = Re~y > 0, with

c> Z [levi — 1|+ (2b; + 1) | Bi] + [l -

i=1
Ifgiegbi,0<bi§1,fi€.»4and
! /
2fi(z) _ 1‘ <1, 2g;(2) _ 1‘ <1,
fi(Z) gi(z)

forall z € U, i = 1,n, then the integral operator M., defined by (2.1.1) is in the class S.

Puttingn =1,0 = v = aand oy — 1 = 31 = 7, in Theorem 2.5.1, we obtain the next corollary:
Corollary 2.5.1.1. Let o be complex number, Reaw > 0, with
Rea > |ao — 1] (2b+ 3) .
IfgeG, 0<b<1, fe Aand

2f'(2) z2g'(2)
f(2) 9(2)

for all z € U, then the integral operator M, defined by (2.2.5) is in the class S.

—1‘<1,

—1’<1,
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Theorem 2.5.2. Let «;, 3;,v; be complex numbers, M; > 1, N; > 1 positive real numbers, for all
i =1,nand vy € Cwith c = Rey and

¢ > ) lo — 11 (2M; + 1) + (b [Bil + 18] + 1il) (2N; + 1) + by [ Bil]

i=1

Ifgl-Egbi,0<bi§1,fi€Aand

211(2) 1‘
[fi(2)] ’
forall z € U, i = 1,n, then for any complex numbers 6, Red > Re~, the integral operator M, given
by (2.1.1) is in the class S.

2./
2gi(2)

PYE A fi(2)] < Mi, |gi(2)] < NV,

If we considern = 1, &« — 1 = 3; = 7, and b; = b in Theorem 2.5.2, we obtain the next corollary:

Corollary 2.5.2.1. Let o be complex number, M > 1, N > 1 positive real numbers, Rea: > 0 and
Reav > |ov — 1] (2M + 20N + 4N +2b+ 3).

IfgeG,0<b<1, fe Aand

ZQf/(Z) B 2291(2) B . )
() 1‘ <L 9(2))? 1‘ <1 fI <M, |g(z)] <N,

for all z € U, then the integral operator M, defined by (2.2.5) is in the class S.

Theorem 2.5.3. Let «;, 5;,v; be complex numbers and § € C with

Red > Z [Jevi = 1] + (2b; + 1) [Bs] + |l ,

i=1
and let ¢ € C be such that

n

1
e <1 - @Z [lei = 1+ (2b; + 1) | Bi] + il -

=1

Ifgiegbi,()<bi§1,fi€¢4and

zfi(2) 2g;(2)
fi(2) 9i(2)

forall z € U, i = 1,n, then the integral operator M, defined by (2.1.1) is in the class S.

—1’<1, ‘ —1‘<1,

Lettingn = 1, &y — 1 = 31 = 7, and b; = b in Theorem 2.5.3, we obtain the next corollary:

Corollary 2.5.3.1. Let o € C* with

Rea > |a — 1] (20 + 3),
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and let ¢ € C be such that
o <1——|a—1](2b+3)
- Rea '
IfgeG,0<b< 1, fe Aand
2f'(2) zg'(2)
f(z) 9(2)
for all z € U, then the integral operator M, defined by (2.2.5) is in the class S.

—1‘<1,

—1‘<1,

Theorem 2.5.4. Let «;, 5;,y; be complex numbers, M; > 1, N; > 1 positive real numbers, 6 € C with

Red > Z [lai = 1] (2M; + 1) + (bs | Bi| + |8l + [7l) (2N; + 1) + b: |3:]]

i=1

and let ¢ € C be such that

1 n
o <1- R_eéz [lai = L[ (2M; 4 1) + (bs | 8] + 1Bl + [l) (2Ni +1) + b [ Bil] -

i=1
Ifg; € Gy, 0<b; <1, fi € Aand

2 g1 2/
Z fz(zg o 1’ <1, Z gz(zg
forall z € U, i = 1,n, then the integral operator M., defined by (2.1.1) is in the class S.

—1‘<1,

Lettingn = 1, &y — 1 = 31 = 7, and b; = b in Theorem 2.5.4, we obtain the next corollary:
Corollary 2.54.1. Let o« € C*, M > 1, N > 1 positive real numbers, with
Rea > |a — 1| (2M + 20N + 4N + 2b+ 3),
and let ¢ € C, be such that

1
e

IfgeG,0<b<1, feAand

2 £ 2./

2]“(,22)_1‘<17 zg(zz)
[/ (2)] l9(2)]
for all z € U, then the integral operator M, defined by (2.2.5) is in the class S.

—1'<1

Theorem 2.5.5. Let v, 6, o, B;, Vi, 0; be complex numbers, ¢ = Revy > 0, with

¢ > flag = 1+ (2b; + 1) [Bi] + 2 |7l + (4b: + 2) |5:]]

i—1
Ifgi,hiki € Gp,, 0 <b; <1, f; € Aand

i) 2d(2)
1) 1’ b e

forall z € U, i = 1,n, then the integral operator Ts,,, defined by (2.1.4) is in the class S.

zhi(2)

zki(2)

—4<L —4<L

—4<L
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If we considern =1, =y =«aand a; — 1 = §; = y; = 0; in Theorem 2.5.5, we obtain the next
corollary:

Corollary 2.5.5.1. Let o be complex number, Reaw > 0, with
Rea > 6la—1|(b+1).
Ifg,hk€ G, 0<b<1feAand

2f1(2) 0e)
1) 5(2)

then the integral operator T, defined by (2.2.23) is in the class S.

zhi(2)
hZ(Z)

zki(2)
]i]l(Z)

—1‘<1,

—1‘<1,

—1’<1,

Theorem 2.5.6. Let o;, 53;, i, 0; be complex numbers, M; > 1, N; > 1, P, > 1, Q; > 1 positive real
numbers, v € C, ¢ = Rey and

¢> ) flas =1 (2M; + 1) + (b Bl + |B]) (2Ni + 1)) +

=1

"‘Z (el =+ 103] b3 + [:]) (2F; + 2Q; + 2) + bi | Bi| + 2b; |6i]] -

i=1

Ifgi,hi ki € Gy, 0 <b; <1 f; € Aand

Qf/(zg 1' “1,
[£i(2)]

<1,

2gi(z) 1‘ 1 22hi(2) 1‘ 1 2ki(2) 1
[9:(2))? ()P " ki(2)]
|fi(2)] < M, |gi(2)] < Ni, [hi(2)| < B, [ki(2)] < Qs

forall z € U, i = 1,n, then for any complex numbers 5, Re§ > Revy, the integral operator Ty, defined
by (2.1.4) is in the class S.

Lettingn =1, a3 — 1 = 81 = 71 and b; = b in Theorem 2.5.6, we obtain the next corollary:

Corollary 2.5.6.1. Let o be complex number, Reaw > 0, M > 1, N > 1, P > 1, Q) > 1 positive real
numbers, with

Rea > 2ja— 1| (M +N+2P +2Q+3)+2|a—1b(N+ P+ Q+3)].
Ifg,h,keG,0<b<1, feAand

2f(2)
[f(2)]

2°g'(z) 1‘ . 2h(2) 1‘ . 22K (2)
l9(=))’ P RGP
<M, Jg(z)| <N, [h(z)| <P [k(z)] <Q,

for all z € U, then the integral operator T, defined by (2.2.23) is in the class S.

—1‘<1,

—1‘<1
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Theorem 2.5.7. Let «;, 5;, i, 0; be complex numbers, § € C with

Red > Z [lo; = 1] 4+ (2b; + 1) | Bi] + 2 || + (4b; + 2) |6:]
i=1
and let ¢ € C be such that

n

1
lof <1 == flag = 1+ (2bi + 1) |5l + 2 |l + (46 +2) [5]].

Red —
If gi, his ki € Gy, 0 < b; <1, f; € Aand
/ / / /
hl2) g oy, |22 1‘ <1, |t 1‘ <1, BB 1' <1,
fi(z) 9i(2) hi(2) ki(z)

forall z € U, i = 1,n, then the integral operator Ts.,, defined by (2.1.4) is in the class S.

Puttingn = 1, &y — 1 = 1 = 7, and b; = b in Theorem 2.5.7, we obtain the next corollary:

Corollary 2.5.7.1. Let o € C* with
Rea > 6la—1|(b+1)
and let ¢ € C be such that ¢
|c| Sl—@\a—ﬂ(b—l—l).

Ifg,hk€G,0<b<1, feAand
2f'(z) 2ki(2) zh (2) 2k (2)
f(z) ki(z) h(z) k(z)
forall z € U, then the integral operator T, defined by (2.2.23) is in the class S.

Theorem 2.5.8. Let o;, 5;, i, 0; be complex numbers, M; > 1, N; > 1, P, > 1, Q; > 1 positive real
numbers, 6 € C with

—1‘<1,

—1‘<1,

—1'<1,

—1‘<1,

Red > 3" [loy — 1] (2M; + 1) + (b 8] + |6i]) (20 + 1)] +

=1
+ (sl + 16:1 bi + 10:]) (2P + 2Q; + 2) + by |Bi] + 2b; |63]

i=1
and let ¢ € C be such that

le] <1— 52 o — 1] (2M; + 1) + (b; | 3| + |B:]) (2N; + 1)] —

n

[(Jyal 4 16:] b + 104]) (2P + 2Q; + 2) + b; |Bi| + 2b; 5] -

_R_eé =1
Ifgi,hi,ki € Gy, 0 <b; <1, f; € Aand
_Zfo’(iZ - 1’ <1, —ZQQ%{(ZQ - 1' <1, GG 2 1’ <1, _Z%?(Zg - 1’ <1,
[fi(2)] [9:(2)] [724(2)] [ki(2)]

forall z € U, i = 1,n, then the integral operator Ts,, defined by (2.1.4) is in the class S.

46



Lettingn = 1, ; — 1 = 31 = 7, and b; = b in Theorem 2.5.8, we obtain the next corollary:

Corollary 2.5.8.1. Leta € C*, M > 1, N > 1, P > 1, Q > 1 positive real numbers, with
Rea > [2la— 1| (M + N +2P+2Q +3)+2|a—1|b(N+ P+ Q + 3)]
and let c € C be such that
o] < 1—I%[2|a—1|(M+N+2P+2Q+3)+2|a—1|b(N+P+Q+3)].

Ifg,hk€ G, 0<b<1, feAand

20(2) 24/(2) 2H(2) 2K (2)
() [9(=))* [A(2))" [k(2)]”
forall z € U, then the integral operator T, defined by (2.2.23) is in the class S.

—1

—1’<1,

<1,

—1‘<1,

—1‘<1,

2.6 Univalence conditions for the classS(p)

This section contains sufficient conditions of univalence of the four integral operators if the func-
tions involved belong to the class of functions 5,, 0 < p < 2.

Theorem 2.6.1. Let f;, g; € A, where f;, h; be in the class S (p;), 0 < p; < 2, iar M;, N; are real
positive numbers and §, o;, B;, i, ¢ be complex numbers for all i = 1,n, with

Red > Zﬂ%‘ — [ +pi) M + 1]+ |Bi] + [l [A+p) Ni + 1]}, [e] <1, c# 1
=1

I‘f‘ "
9; (2) <1

5 <M o)< N |55

Y

and

1 n
lef <1— R_eé;{’ai = {4 pi) My + 1] + [Bi] + [l [(T+ pi) Ni + 1]}

forall z € U, i = 1,n, then the integral operator M., defined by (2.1.1) is in the class S.

Letting M; = N; = 1 in Theorem 2.6.1, we obtain the next corollary:

Corollary 2.6.1.1. Let f;,9; € S (p;), 0 < p; < 2and §, o, 3, i, ¢ be complex numbers for all i = 1, n,

with .
Res >3 [(pi+2) (Jos — 1+ [ul) + 18], Jel <1
If h ”
LG <1 gl <1, f;T())g
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and

1 n
el <1 =2 ; [(pi +2) (Joi = 1] + [7l) + 18],

oricare ar fi z € U, © = 1,n, then the integral operator M, defined by (2.1.1) is in the class S.

If we consider n = 1 and oy — 1 = 31 = 7 in Theorem 2.6.1, we obtain the next corollary:

Corollary 2.6.1.2. Let f,g € S (p), 0 < p < 2, M, N positive real numbers and o, c complex numbers,

with
Rea > |a —1|[(1+p) M+ (1+p)N+3], | <L
If
g//<z>
f(z) <M, |g(2)| <N, ; <1,
|f (2)] |9 (2)] 70
and

1
<1——la—-1][(1 M+ (1 N+3
el <1—=2—la—1[(L+p) M+ (L+p) N +3],
for all z € U, then the integral operator M, defined by (2.2.5) is in the class S.

Theorem 2.6.2. Let f;, g;, h; € A, where f;, g;, h; be in the class S (p;), 0 < p; < 2, M;, N;, P; are real
positive numbers and §, o;, B;, i, ¢ be complex numbers for all i = 1,n, with

Red > Z{lai = [(Mi + N2) (U4 p) + 1] + Bl + ul (A +p) P+ 1]}, el <1, e # —1.

=1
If
hi (2)
|fi (2)] < My, |gi (2)] < N, i <1, |h(2) <P
and
1 n
el <1= o= > {los = 1 [(Mi+ NF) (L4 pi) + 1] + 18] + Pl [(1+po) P+ 1]}

forall z € U, i = 1,n, then the integral operator Cs ,,, defined by (2.1.2) is in the class S.

Letting M; = N; = P, = 1 in Theorem 2.6.2, we obtain the next corollary:
Corollary 2.6.2.1. Let f;,g;,h; € S(p;), 0 < p; < 2 and 6, a, B, 7, ¢ be complex numbers for all

1= 1,n, with

Red > [(2p; +3) oy = 1+ [B:] + (i + 2) [ul], e < 1.

i=1

I
b
FEISL eI [FE <1 e
and .
e < 1— - S [@pr 4 3) s — 1] + 18] + (s +2) [l

Red —

forall = € U, i = 1,n, then the integral operator Cs,, defined by (2.1.2) is in the class S.
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Lettingn =1, = =« and a; — 1 = f; = =; in Theorem 2.6.2, we obtain the next corollary:

Corollary 2.6.2.2. Let f,g,.h € S(p), 0 < p < 2, M, N, P be real positive numbers and o, ¢ complex
numbers, with
Rea > |a—1|[(M+N*+P)(14+p)+3], <1

If
R (2)

FEI<M @ <N, |5

<1, |h(z)|<P

and .
]c|§1—a|a—1][(M+N2—|—P) (1+p)+3],

for all z € U, then the integral operator C, defined by (2.2.10) is in the class S.

Theorem 2.6.3. Let f;, g, hi, k; € A, where g;, h, k; be in the class S (p;), 0 < p; < 2, M;, N;, P; are
real positive numbers and 9, «;, 3;, 7;, ¢ be complex numbers for all 1 = 1, n, with

Red > Z{|Oéz‘ — U [(1+p) MZ+1] + Bl [(Ni + P) (U4 pi) + 21+ 2|7}, fel <1, e # —1.

=1

If

l9: ()] < Mi,  [hi (2)] < Ni, ki (2)] < P,

and
1 < )
o] <1- I@; {lai = 1 [(L+pi) MZ + 1] + 1B [(Ni + P) (1 +pi) + 2] + 2 |l }
forall z € U, i = 1,n, then the integral operator Gy, defined by (2.1.3) is in the class S.

Putting M; = N; = P, = 1 in Theorem 2.6.3, we obtain the next corollary:

Corollary 2.6.3.1. Let f;, g;, hi, ki € S(pi), 0 < p; < 2 and 6§, «;, B, 7, ¢ be complex numbers for all
i=1,n, with

Red > [l — 1] (2+p;) + 218 2+ pi) + 2|l [el < 1.

i=1

If
@<t @<t i< [EElsn Gl [
and
el <1 -2 Z\% |2 +p) + 2181 2+ p) + 2 17l)

forall 2 € Uand i = 1,n, then the integral operator Gs ,,, defined by (2.1.3) is in the class S.
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If we considern =1, —1 =+ =aand ay; — 1 = 3; = ~; in Theorem 2.6.3, we obtain the next
corollary:

Corollary 2.6.3.2. Let f,g,h,k € S(p), 0 < p < 2, M, N, P are real positive numbers and «, c be
complex numbers for all

Rea > |a—1|[(14+p) (M*+N+P)+5], | <1

If
lg () <M, [h(z)| <N, [k(z)] <P

and .
yc|§1—@\a—1y[(1+p)(M2+N+P)+5],

for all z € U, then the integral operator G, defined by (2.2.16) is in the class S.

Theorem 2.6.4. Let f;, g;, hi, k; € A, with f;, h;, k;, be in the class S (p;), 0 < p; < 2, M;, N;, P; are
real positive numbers and 6, o, 3;, Vi, 0;, ¢ be complex numbers for all i = 1,n, with

Red > Z{Iaz = UM (14 pi) + 1] + Bl + [l [(Ni + P) (14 pi) + 2] + 26},

forlc] <1, c#-11If

F() <M, Jhi(2) < Noo ki (2)] < P, "C’;;((ZZ)) <1, Z(()) <1, ’Z(f)) <1,
and
ol <1 Zﬂaz—ll (L) E 14 18]+ Pl [V + P (L4 p) + 2] + 2161}

forall z € U, i = 1,n, then the integral operator Ts,,, defined by (2.1.4) is in the class S.

Letting M; = N; = P, = 1 in Theorem 2.6.4, we obtain the next corollary:
Corollary 2.6.4.1. Let f;, g;, hi, k; € S (p:), 0 < p; < 2and §, «;, B, i, 0i, ¢ be complex numbers for all
i=1,n, with
Red > [l — 1] (pi +2) + |Bi] + 21l (0 +2) +216:[], el < 1.
i=1

If
Ifi(x)| <1, |hi(2)] <1, [ki(2)] <1,

and
n

1
el S 1= 2= > llos = 11 (i +2) + 5] + 2|l (s + 2) + 2161

=1

forall z € U, i = 1,n, then the integral operator Ts,,, defined by (2.1.4) is in the class S.
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If we consider n = 1 and 1 — 1 = 31 = 7 in Theorem 2.6.4, we obtain the next corollary:

Corollary 2.6.4.2. Let f,g,h,k € S(p), 0 < p < 2, M, N, P are real positive numbers and «, c be
complex numbers, for all

Rea > {|la —1|[(M + N+ P)(1+p)+6]}, |¢f <1

If

[f (<M, [h(Z)] <N, [k(z)] <P

and
e £ 1= = {Jla = 1[[(M + N + P) (1) + 6]},

for all z € U, then the integral operator T, defined by (2.2.23) is in the class S.

2.7 Univalence conditions for classes 5(x) and S,

This paragraph describes sufficient conditions of univalence for the four integral operators whose
functions belong to the classes of functions. B(p),0 < < landS,, 0 < pu < 1.

Theorem 2.7.1. Let v, 6, o, 3;, Vi be complex numbers, c = Rey > 0, i = 1,n and fi, g; be in the class
B(u;), 0 < p; < 1,4 = 1,n satisfy the inequality
g e, if 0O<c<i
_ o . N<d5 2
(- m)@la-1l+3ial+2hh < {00505

i=1

then for all 6 complex numbers, Red > Rev, the integral operator M ,,, given by (2.1.1) is analytic and
univalent in S.

Theorem 2.7.2. Let 7,6, o, B;, v be complex numbers and the analytic functions f;, g; be in the class
S, 0 < p; < 1,4 = 1, n satisfy the inequality

/!
gz(z)
If v € C, withRey = ¢ > 0 and
n 2c+1
(2¢+1) 2
> (ilos = 1)+ il + g [l) < ~——,

i=1
then for any complex number o, Red < c, the general integral operator M, defined by (2.1.1) is
analytic and univalent in U.

Lettingn =1,0 =y =« and o; — 1 = 3; = ; in Theorem 2.7.2, we obtain the next corollary:
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Corollary 2.7.2.1. Let be the analytic functions f, g be in the class S,, 0 < p < 1 satisfy the inequality

29" (2)
q'(z)

< |z].

If a € C, where Rea = ¢ > 0 and

2c+1

(2¢+1) 2
2 ?

a—1]@2u+1) <

then the integral operator M, defined by (2.2.5) is analytic and univalent in U.

Theorem 2.7.3. Let be the analytic functions f;, g; be in the class B(u;), 0 < y; < 1, i = 1,n and
0,7, u, Bi, Vi be complex numbers, with § # 0. Suppose that M; > 1, N; > 1 are positive real numbers,
with Rey = ¢ > 0 and

Red >3 {las = 1 [(2 = us) My 1]+ | + bl [(2 = as) Ni 10}
If
2g; (2)

\fi (2)] < M;,  |gi (2)] < Ny, | =
9; (2)

and
1 n
o < 1—R—eéz{lai—1|[(2—ui)Mi+1]+|B¢|+I%I[(2—m)Ni+1]}, ceC, c#0,
i=1
then the integral operator M ,,, defined by (2.1.1) is analytic and univalent in S.

Putting n = 1 and 0 = v = A, in Theorem 2.7.3, we obtain the next corollary:

Corollary 2.7.3.1. Let be the analytic functions f, g be in the class B(i), 0 < o < 1 and \, o, B, be
complex numbers, with \ # 0. Suppose that M > 1, N > 1 are positive real numbers, with

Red > {o = 1[[(2 = p) M + 1] + 6] + [7[[(2 = p) N + 1]}

I

If (<M, g (2)] <N,

and
!C\S1—R—;{\Oé—1I[(2—M)M+1]+!ﬂ!+!’yl[(2—u)N+1]}, ceC,c#0

then the integral operator M, defined in

M (2) = /D [(@)a_l (d(1) (@)1 dt 2.7.1)
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Theorem 2.7.4. Let v, 6, o, B, 7vi, ¢ = Rey > 0 be complex numbers and the analytic functions f;, g;,
h; be in the class B(y;), 0 < p; < 1 and g;(2) € R(u;), i = 1, n satisfy the inequality

- c, if 0<ec<i
— o : . 1< 2

S0 -mele 148l e +2le - {5 305 SE

then for any complex number 6, Red > Revy, the general integral operator Cs,,, defined by (2.1.2) is in

the class S.

Theorem 2.7.5. Let v, 0, «;, B;, v; be complex numbers and the analytic functions f;, g;, h; be in the class
S 0 < p; < 1,4 =1, n satisfy the inequality

zhi(2)
hi(2)

9:(2)] < 1,

< lz].

If v € CwithRey = c > 0and

n 2c+1

Z[(Q,Uri-l) i — 1]+ |8:| + i |v]] < (2c+1) 2

9 )
=1

then for any complex number 0§, Red < c, the general integral operator C;,,, given by (2.1.2) is analytic
and univalent in U.

Lettingn =1, =y =« and o; — 1 = 3; = ; in Theorem 2.7.5, we obtain the next corollary:

Corollary 2.7.5.1. Let be the analytic functions f, g and h be in the class S,, 0 < p < 1 satisfy the

inequality
h//( )

W (z)

l9(2)] <1, < Iz

If « € CwithRea = ¢ > 0 and

2c+1

(2c+1) 2
2 Y
the integral operator C, defined by (2.2.10) is analytic and univalent in U.

o =1 (Bu+2) <

Theorem 2.7.6. Let be the analytic functions f;, g; and h; be in the class B(p;), 0 < p; < 1,7 =1,n
and 6,7, «;, B, Vi be complex numbers, with 6 # 0. Suppose that M; > 1, N; > 1 1 ]
real numbers, with i = 1,n, with Rey = ¢ > 0 and

Res > {la; — 1/ [(2 = ) (M + N2) + 1] + |Bi] + |l [(2 — ) P+ 1]} .

=1

If
h;
FEIS M @< N )< P | T <,
forall z €U, i=1,nand
C|<1__Z{|az |12 = ) (M; + N7) + 1] + 18l + %] [(2 — ) P+ 1]},

c € C, c # 0, then the integral operator Cs,, defined by (2.1.2) is in the class S.
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If we consider n = 1 and 6 = v = « in Theorem 2.7.6, we obtain the next corollary:

Corollary 2.7.6.1. Let be the analytic functions f, g and h be in the class B(p), 0 < pp < land A\, o, 5,7y
be complex numbers, with A\ # 0. Suppose that M > 1, N > 1, P > 1 are positive real numbers and

ReA > {la—1|[2—p) (M +N?) +1] + 18|+ 7| [2— ) P+ 1]}

If

and
ol < 1= = {la—1[@—p) (M + N?) +1] + 18l + bl [2 - p) P+1]}, c€C, c£0,

then the integral operator C*, defined in

C*(z) = /0 [(@egm)a—l (1) (@)1 dr, (2.7.2)

Theorem 2.7.7. Let 7,0, o, Bi, vi» ¢ = Rey > 0 be complex numbers and the analytic functions f;, h;,
k; be in the class B(11;), 0 < p; < 1, g;(2) € R(us), i = 1, n satisfy the inequality

is in the class S.

. c, if 0O<ec<li
El (1 Ml) (3|al 1‘ 4|ﬁ2‘ 6|71|) 2 |O‘Z 1| = {% Zf % < ¢ < 0o,

then for any complex number 0, Red > Rev, the integral operator Gs ,,, defined by (2.1.3) is in the class
S.

Theorem 2.7.8. Let 7,9, «;, B;, v; be complex numbers and the analytic functions f;, g;, h;, k; be in the
class S, 0 < p; < 1,1 = 1,n satisfy the inequality

2fl'(2) zh!(z2) zk!(2)
] < 17 /l ) /Z ) /Z :
sl <L |2 <l [ < | <
If v € C, withRey = ¢ > 0 and
n 2c¢+1
2% +1)°%
S (2 g o — 1+ 2016 + 2 ) < EED T

i=1
then for any complex number 9, Red < c, the integral operator Gs ,,, defined by (2.1.3) is analytic and

univalent in U.

Lettingn =1,0 = v = aand o; — 1 = 3; = ; in Theorem 2.7.8, we obtain the next corollary:
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Corollary 2.7.8.1. Let be the analytic functions f, g, h, k be in the class S,, 0 < p < 1 satisfy the
inequality

zf"(2) zh"(2) ‘ zk"(2)
g2)| <1, |1 <2, |—F/—=|<]|% —| < |7].
(=) <l e < | <
Dacd o € C withRea = ¢ > 0 and
%+ 1)
o1/ (3 + ) < EEDE

then the integral operator G, defined by (2.2.16) is analytic and univalent in U.

Theorem 2.7.9. Let be the analytic functions fi;, g;, hi, k; be in the class B(p;), 0 < u; < 1 and
0,7, u, Bi, Vi be complex numbers, with 6 # 0. Suppose that M; > 1, N; > 1, P, > 1 are positive real
numbers and i = 1,n, with Rey = ¢ > 0 and

Red > Z{|ai — 1| [1 + (2 — 1) Mﬂ + 8l [(2 = ps) (N; + P;) + 2] +2|%‘|}-

i=1

If
5@ <M b2 < N ki ()] < P
AP EAC PN A e
O =] R FE] S
and

el <1 - 52{@ [1+ (2= ) M7] + 18] [(2 = i) (Ni + P) + 2] +2|yl}, c€C, ¢ £0,
then the integral operator Gs ,,, defined by (2.1.3) is in the class S.

Lettingn = 1 and 0 = v = X in Theorem 2.7.9, we obtain the next corollary:

Corollary 2.7.9.1. Let be the analytic functions f, g, h, k be in the class B(p), 0 < p < 1, and X\, o, 3,7y
be complex numbers, with A\ # 0. Suppose that M > 1, N > 1, P > 1 are positive real numbers and

Red > {|la— 1| [1+ (2— p) M?*] +|B][(2 — p) (N + P) + 2] + 2 |~]} .

If
g <M, [h(z)] <N, [k(z)]<P
zf" (2) zh" (2) zk" (2)
HE ] i VICE e PO Sl
and

|c|§1—]%{|a—1|[1—|—(2—,u)M2}—I—|B|[(2—,u)(N—|—P)—I—2]+2|7|},CEC,C%O

then the integral operator G*, defined by
* - - / g(t) a—1 h’(t)>6 (h/(t)))7
G (2) = /0 [( f(t)e’™) ( PO 70 dt, (2.7.3)
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Theorem 2.7.10. Let 7,5, o, B;, Vi, 0; be complex numbers, c = Rey > 0, i = 1,n and f;, g;, hi, k; be
in the class B(p;), 0 < p; < 1, i = 1, n satisfy the inequality

n . 1

S (1 ) @l — 1]+ 3[5:] + 4] +616.]) < {

=1

then for any complex number 0, Red > Rev, the integral operator Ts,,, defined by (2.1.4) is in the class
S.

Theorem 2.7.11. Let v, 0, o, 3;, i, 0; be complex numbers and f;, g;, h;, k; be in the class S, 0 < p; <
1, i = 1, n satisfy the inequality

2q! (2 zh!(z 2k (2
dol < [ < [ <
If v € C, withRey = c > 0 and
S (elos = 11+ 18] + 2ol + 216 < EEE

=1

then for any complex number §, Red < c, the integral operator Ts,, defined by (2.1.4) is analytic and
univalent in U.

If we considern = 1,0 = v = aand a; — 1 = 3; = ~; in Theorem 2.7.11, we obtain the next
corollary:

Corollary 2.7.11.1. Let be the analytic functions f, g, h, k be in the class S, 0 < p < 1 satisfy the
inequality
h/l( ) k//(z>

29" (2) ‘
W (2) K (2)

q'(2)
If a € C, with Rea = ¢ > 0 and

<z, < Izl <z

2c+1
2 ]_ 2c
3\04—1|(,u—|—1)§—(c+2) ,

then the integral operator T, defined by (2.2.23) is analytic and univalent in U.

w<li=T1n

Theorem 2.7.12. Let be the analytic functions f;, g;, hi, k; be in the class B(u;), 0 <
1, P, > lare positive

and 0,7, o, Bi, Vi, 0; be complex numbers, with 6 # 0. Suppose that M; > 1, N; >
real numbers and i = 1, n, with Rey = ¢ > 0 and

Res > 3 {law = 112 — ) M+ 1+ |8 + [l (2 — ) i+ (2 — i) Py +2) + 251}

i=1

If

i ()| < M;, |hi(2)] < Niy,o ki (2)] < P,




forall z €U, i=1,nand

|CI_1——Z{|%—1| (2 = i) Mi + 1] + |5} -

1 n
—R—eaz{ml[(2—ui)Ni+(2—ui)Pi+2]+2|5iy}, ceC, c¢#0,
=1

then the integral operator Ts,, defined by (2.1.4) is in the class S.

Lettingn = 1 and 6 = v = ), in Theorem 2.7.12, we obtain the next corollary:

Corollary 2.7.12.1. Let be the analytic functions f, g, h, k be in the class B(u), 0 < pu < 1, be complex
numbers, with \, o, 3,7, , 6, with A # 0. Suppose that M > 1, N > 1, P > 1 are positive real numbers
and

Red > {lo =1 [(2 = p) M + 1] + 6] + Y[ [(2 = ) N + (2 = p) P+ 2] + |3} .

If
[f(I <M, |h(z)| <N, [k(z)] <P
zg" (2) zh" (2) 2k" (2)
7 ) <1, W (2) <1, P ) <1l,zeU
and

!C!S1—%&{\04—1![(Q—M)MJrl]+!B!+!’Y![(2—M)N+(2—H)P+2]+!5|}, ceC, c#0,

then the integral operator T, defined by

ro- [ () v (i) () ]a e

is in the class S.

2.8 Univalence conditions for the class B(u, a)

This paragraph presents sufficient conditions of univalence for the integral operators of this paper
in the situation when their functions belong to the class of functions. B(u, ), 0 < a < 1, u > 0.

Theorem 2.8.1. Let 5,7, ;, Bi,v € C, ¢ = Rey > 0 and M;, N;, P, > 1, i = 1,n are positive real
numbers, such that

n

2e+ 1) Y o — 1 L+ (2= X)) M7 +2¢ Y (8] Nit
=1

=1

2c+1

+ (24 1) Z{I% 1+ @2—n) P} <c(2e+1) =
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If fi € B(pis Ni), 9o € B(vi,mi), 0 < Niymi < 1, pi, v > 0 satisfies
g (2)
9:(2)

forall z € U, i = 1, n, then for any complex number 6, Red > Rev, the function M, defined by (2.1.1)
is in the class S.

|fi (2)] < M;,

Putting y1; = v; = M; = N; = P, = 1 and n; = ); for all i = 1, n in Theorem 2.8.1, we obtain the
next corollary:

Corollary 2.8.1.1. Let 6,7, c;, Bi,vi € C,c=Rey > 0and 0 < \; < 1, 1 = 1, n, such that

(2e+ 1) Y 3= A) (Jauw — 1+ [ul) + 2D 1B < e2e+1) 5
=1 =1
If fi,g: € S* (\;) and
g; (2)
g:(2)

forall z € U, i = 1, n, then for any complex number 6, Red > Rev, the function M, defined by (2.1.1)
is in the class S.

i (2)] <1,

\s Lo lg () < 1,

Theorem 2.8.2. Let ¢, d, o;, Bi,v; € C, Red > 0 and M;, N;, P; > 1, i = 1,n are positive real numbers.
Suppose that f; € B (pi, \i), gi € B(vi,m:), 0 < Nymi < 1, i, v; > 0 satisfy

|fi ()] < M, ZQQTS) <N;, lg:(2)] <P
If
Red > Z {|Oél — 1| )Mﬂl_l] + |ﬁz| N, + |'Y7,| [ (2 _ nz) Piwfl]}
and
lef <1— Z {loi = 1/ [T+ (2= X) MP7 ] + 1B N+ [yl 1+ (2 —mi) PP}

forall z € U, i = 1,n, then the function Ms.,, defined by (2.1.1) is in the class S.

Letting ji; = v; = M; = N; = P; = 1 and n); = \; for all i = 1, n in Theorem 2.8.3, we obtain the
next corollary:

Corollary 2.8.2.1. Let ¢, 0, cv;, B, v; € C with Red > 0. Suppose that f;, g; € S* (N\;), 0 < \; < 1 satisfy

el <1, '“’?(” <1 g <1

9;(2)
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If

Reb > Z (8= ) (Jos = 11 + Jul) + 18]

and

1 n
e < 1 =37 (3 = 20 (o = 1]+ ) + 154,
=1

forall z € U, i = 1,n, then the function Ms.,, defined by (2.1.1) is in the class S

If we consider n = 1 and o; — 1 = 3; = 7; = 0 in Theorem 2.8.3, we obtain the next corollary:

Corollary 2.8.2.2. Let ¢,0 € C with Red > 0 and M, N, P > 1 are positive real numbers. Suppose that
feB(u,N),geB(vn), 0 < \n<1, pv>0satisfy

< |28

Red > |5 [(2— A) M~ +

<N, lg()| <P
If

+@2-n) P+ N+2]
and

4]
lc| < 1—1% (=AM +2-np) P "+ N+2],
for all z € U, then the integral operator M, defined by (2.2.5) is in the class S

Theorem 2.8.3. Let 0, «;, 5;,7; € C, ¢ = Red > 0, My the positive solution of the equation (1.1.1.)
My = 1,5936... and f; € B (i, Ni), 9 € B(vi,n:), 0 < A\ijymi < 1, g, v; > 0 forall z € U, i
Suppose also that

1,n.
9 (2)
‘fl (Z)l <Mi7 7 <M07
9;(2)
where M; are positive real numbers. If
IR _ 2
=3 o= 1)@= 2 M 48] +
i=1

——— )l Mo < 1,
(2¢+1)°% Z

=1

then the function M ,,, defined by (2.1.1) is in the class S

Theorem 2.8.4. Let 5,7, 3i,v € C, ¢ = Rey > 0 and M;, N;, P;,Q; > 1, i = 1,n positive real
numbers, such that

e+ )5 3 {las =1 [+ @ =0 MET] il L4 2 - ) @F 1T}
i=1

2c+1
+2cz low — 1) (2= ) N + 3| P] < ¢(2c+ 1) %
=1

If fi € B(pis Ai)y g5 € B(imi),  hi € B(0i,0:), 0 < Aiymiy pi < 1, i, v4,0; > 0 satisfies
hi (2)
i < M;, i < N, ;
5 (2) 91 (2) e
for all z € U, i = 1,n, then for any complex number &, Red > Revy, the function Cs,,, defined by (2.1.2)
is in the class S.

<P, |hi(2)]<Q,
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Lettlngm:y,:@:MZ:NZ:R:QZ:lande:nZ:)\zforall

= 1,n in Theorem
2.8.5, we obtain the next corollary:

Corollary 2.8.4.1. Let 6,7, c;, 5,7 € C,c=Rey > 0and 0 < \; < 1,1 = 1,n, such that

n n

(2e+1)% 37 (3= A) (Jow = 1+ [ul) +2¢ Y llow = 12 = A) + 8] S e(2e+ 1)

i—1 P
If fi, g, hi € S* (Ni) and

hi ()
hi(2)

forall z € U, i = 1,n, then for any complex number 6, Red > Rey, the function Cs,, defined by (2.1.2)
is in the class S.

[fi(2) <1 e (2)] <1, <1, |2 <1,

, © = 1,n are positive real

Theorem 2.8.5. Let c¢,d,;, Bi,vi € C, Red > 0 and M;, N;, P;,Q); > 1
O )\ZanZJpl < 1’ :uiuyiuei Z 0

numbers. Suppose that f; € B (i, \i), g; € B (vi,m:), hi € B(0;,15),
satisfies

zh; (2)
hi(z)

f () < My |26, (2)] < s

<P, |hi(2)] <@
forall z €U, i = 1,n. If

R@>z]mfﬂ = X) MET N 1B P Pl [T+ (2 - o) Q07

and

c|_1——Z{|a,—1| — X)) MET 4 N 1B P+ il [14 (2= i) Q7' }

forall z € U, ¢ = 1,n, then the function Cs , defined by (2.1.2) is in the class S.

If we consider t; = v; = 0; = M; = N; = P, = Q; = land p; = 1, = \; forall i = 1,n in
Theorem 2.8.6, we obtain the next corollary:

Corollary 2.8.5.1. Let ¢, 0, o, i, € C with Red > 0. Suppose that f;, gi,h; € S*(N;), 0 < \; < 1

satisfies
, h!
If(2) <1, |2q(2)| <1, Z;@)<1,|m@n<L.
hz(z)
If
Res > " [(4=Ni)Jow — 1| + |8 + [l (3= M)
=1
and

n

1
e 1= 2 D 1A= Ao = 1+ il + 1l (3 = M),

=1

forall z € U, i = 1,n, then the function Cs., defined by (2.1.2) is in the class S.
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Puttingn = 1 and o; — 1 = 3; = 7; = ¢ in Theorem 2.8.6, we obtain the next corollary:

Corollary 2.8.5.2. Let ¢,0 € C with Red > 0 and M, N, P,(Q > 1 are positive real numbers. Suppose
that f € B(u,\), g € B(v,n), he B(0,p), 0 < A\n,p<1, u,v,0 >0 satisfy

zh" (2)
W (2)

[f ()| < M,

2 (2)] < NV,

’ <P, |h(2)|<Q.

forall z € U. If
Res > |0 [2— AN M '+ (2-p) Q"'+ N+ P +2]
and

9]

E |<1_R (2= N)M 4+ 2-p) Q"'+ N+P+2],

then the integral operator C, defined by (2.2.10) is in the class S.

Theorem 2.8.6. Let 6, c;, B;,vi € C, ¢ = Red > 0, My the positive solution of the equation (1.1.1),
My = 1,5936... and f; € B (i, Ni), gi € B(vi,m), by € A, 0 < \jymi < 1, pg,v; > 0 forall z € U,
i = 1,n. Suppose also that

I
£ < My g (2)] < N, %(’”‘ < Mo,

where M;, N; are positive real numbers. If

S a1 [ 2= 20 M ol +
=1

n

p .
P} Z [18:] Mo =+ [l o = 1[ (2 — ;) N;"] < 1,
(2c+1) > =
then the function Cs,,, defined by (2.1.2) is in the class S.
Theorem 2.8.7. Let 8,7, o, B, € C, ¢ = Rey > 0 and M;, N;, P, Q;, R;, S; > 1, i = 1, n positive
real numbers, such that

(2c+1 Z\@ — ) PP (2 - p) Q0 4 2] +

2¢+1

i=1
Iffie A, g€ B(ui,Ni), hi €Bw,m), ki €B(0;,p:),0<Ni,mi,pi <1, i, vi,0; > 0 satisfies
fi (2) hi (2) ki (2)
l/ S Mi7 g’L z < Ni7 hl ¥ < Pia kl ¥ < Qi) Z/ S Ri7 Z/ S Si7
L W@ <N < Pe (o) e b

forall z € U, i = 1,n, then for any complex number 6, Red > Rev, the function Gs , defined by (2.1.3)
is in the class S.
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Lettlng,ulzyzzﬁz:MZ:NZ:PZ:QZ:RZ:SZ: 1ande:m:)\Zf0raHZ:1,_nm
Theorem 2.8.8, we obtain the next corollary:

Corollary 2.8.7.1. Let §,~v, c;, Bi,vi € C,c=Rey > 0and 0 < \; < 1, 1 = 1,n, such that

(2 +1)°% Zz]ﬁ, (3-\) —1—202 low — 11 (3 = \) +2|3l] < c(2c+ 1) .

"

fi(2)

forall z € U, i = 1,n, then for any complex number 6, Red > Re~, the function Gs ,, defined by (2.1.3)
is in the class S.

hi (%)
hi(2)

)

K
ki(2)

7

<L a2l <1, h(z)] <1, Jk(z)] <1

Y — Y

— )

Theorem 2.8.8. Let ¢, d, o, Bi,v; € C, Red > 0and M;, N;, P;, Q;, Ri, S; > 1, i = 1, n are positive real

numbers. Suppose that f; € A,  h; € B (i, Ni), ki € B(vi,mi), g: € B(0:i,p:), 0 < Njymi, pi < 1,
Wi, Vi, 0; > 0 satisfies

2f; (2)
fi(2)
forall z €U, i=1,n. If

’ h//
<My [agi @] < Mo i@ < Py ()] < Qs ‘ 5

Red > Z {les = 1| (M; + No) + B8] [(2 = X) P+ (2= m) QT +2] + [l (Ri + S) }
=1

(2

and

1 - s
e <1~ gz 2 Ao =1 (M4 N 180 [ (2= 0) P +

Reéz{lﬁl ) Q7 1+2} +‘%"(Ri+5i)},

forall z € U, i = 1,n, then the function G, defined by (2.1.3) is in the class S.
Putting i = v; =0, = M; = N; =P, =Q;, = R, = S; = land p; = n; = \; foralli = 1,n in
Theorem 2.8.9, we obtain the next corollary:

Corollary 2.8.8.1. Let c,0, o, Bi,v: € C with Red > 0. Suppose that g;, h;, k; € S*(N\;), 0 < \; < 1
and f; € A satisfies

2fi (2)

, zh; (2) 2k (2)
; <1, |zg;,(2)| <1, |hi(2)] <1, Jki(2)] <1, ‘ - <1, . <1
P < Ol @< < (5 )
If
R6522Z[|04i—1|+|5¢|(3—)\i)+|%|]
i=1
and

2 n
R i—1 i (3 =N il
o<1 o5 2 llas =11+ 153 =30 + il
forall z € U, ¢ = 1,n, then the function G, defined by (2.1.3) is in the class S.
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If we consider n = 1 and o; — 1 = 3; = ; = ¢ in Theorem 2.8.9, we obtain the next corollary:

Corollary 2.8.8.2. Let ¢,0 € C with Red > 0 and M, N, P,Q, R, S > lare positive real numbers.
Suppose that f € A, h € B(u,\), k€ B(v,n), g€ B(0,p),0 < \,n,p<1, pv,0>0suchthat

2f'(2)
f'(2)

forall z € U. If

zh" (2)

W) <R,

<M, (zg’(z)(<N, h(z)| <P, |k(2)]<Q,

Red > 6| [M+N+(2-XNP "+ 2-n)Q" '+R+S5+2]

and
)
lc| < 1—% [M+N+@2-N)P'+2-nQ" '"+R+S+2],
then the integral operator G, defined by (2.2.16) is in the class S.

Theorem 2.8.9. Let 9, v, B;,7: € C, ¢ = Red > 0, My the positive solution of the equation (1.1.1),
My = 1,5936... and fl € A, g; € B(,uz,)\z), h; € B(Vi,m), k;, € B(Ql,pl), 0 < )\Z,’I’}Z,pZ < 1,
Wi, Vi, 0; >0, forall z € U, i = 1,n. Suppose also that

fi (2)
fi(2)

where M; are positive real numbers. If

<My, lgi(2)] <M,

< MQ,

1 — 2 “ ,
= 1B+ = > {las — 1 [Mo + (2 = \i) M)+ 2M |3} < 1,
S (2¢+1) =

then the function Gs ,,, defined by (2.1.3) is in the class S.

Theorem 2.8.10. Let 5, v, o, Bi,7i,0; € C, ¢ = Rey > 0 and M;, N;, P, Q;, R;, S; > 1,1 = 1,n,
positive real numbers, such that

(2c+ 1)% Z {las =1 [L+ 2= N) M) + [yl [2+ @ —m) P71} +
i=1

2c+1

2+ 1) Zm (2 - p) f'—1+2cz [18: N + 16;] (R; + 5;)] < e (2c+ 1) =

=1

Iffi € B(pisNi), g€A h€eB,m), kieB(,p)0< X N,m,pi <1, i, v, 6; > 0 satisfies
g; (2) h; (2)
9:(2) hi(z2)

forall z € U, i = 1,n, then for any complex number 0, Red > Revy, the function Ty, defined by (2.1.4)
is in the class S.

|fi (2)| < M;, <N, |hi (2)] < B, ki (2)] < Qs < R;,

ki(2)

(2

LettlngMZ:VZZQZ:MZ:NZ:PZ:QZ:RZ:SZ: 1ande:m:)\Zf0raHZ:1,_nm
Theorem 2.8.11, we obtain the next corollary:
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Corollary 2.8.10.1. Let 0,7, a;, 8;,7,0; € C,c=Rey>0and 0 < \; < 1,i =

n

,n, such that

n

S5 B M) (s — 1+ 2]l +2¢ S (18] +206]) < e(2e+ 1)

i=1 i=1

Ifgi € A, fi,hi, kz e S* (/\z), 0< /\Z < 1and
i (2 hi (2) ki (2)
9:(2) hi(2) ki (2)

forall z € U, i = 1,n, then for any complex number §, Red > Revy, the function Ts,,, defined by (2.1.4)
is in the class S.

(2¢ + 1)

~—

N

|fi(2)] <1, <1, |h(2) <1, [|k(2)]<T1,

— Y

<1,

Theorem 2.8.11. Let ¢, 8, o, Bi,7i,0; € C, Red > 0 and M;,N;, P;,Q;, R;,S; > 1, i = 1,n are
positive real numbers. Suppose that f; € B (i, \;),

i) gi € A h; € B(Vum),_ ki € B(0:,pi),
0 é )\lanlapz < 1’ Mi?yhei 2 0 satisﬁes
z2g; (2 zh zk; (2
5 < M 2D <N ) < P ) < @ [P < R, [EE) s,
forall z €U, i=1,n. If
Res > {Joy — 1| [(2 = X)) M 1] + |8 N;} +
i=1
+Z{I% — i) B 4 (2= ) Q7 4 2] + |6 (Ri + S))}

and

dJ——Zmnu%>wﬂﬂhwm—

“Res Z (il [@ = m) PE 2= p) Q07 +2) 418 (Ri+ 50}
forall z € U, i = 1,n, the function Ty, defined by (2.1.4) is in the class S.

Puttingn = 1 and o; — 1 = ; = 7; = 0 in Theorem 2.8.12, we obtain the next corollary:

Corollary 2.8.11.1. Let ¢,0 € C with Red > 0 and M,N,P,Q, R,S > 1 are positive real numbers
Suppose that f € B(u,\), g€ A he B(v,n), ke B(0,p),0<\n,p<1, puv0>0suchthat

B 2g" (2) s B zh" (2) 2k" (2)
e <on | < v men < pel <@ |55 < v TS
forall z € U. If

<R,

< S,

Res > 6| [2—= AN M +2-n)P ' +2-p)Q" '+ N+ R+ S+3]
and

)
lc| < 1—1% (=M "+ 2= P '+(2-p Q" "+ N+R+S+3],
then the integral operator T, defined by (2.2.23) is in the class U.
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Theorem 2.8.12. Let 0, «;, 5;,7;,0; € C, ¢ = Red > 0, My the positive solution of the equation (1.1.1),
My = 1,5936... and f; € B (i, Ns), gi, hi, ki € A, 0< N, < 1, u; >0, forall z € U, i = 1,n. Suppose
also that

9 (%) hi (2) ki (2)
i < Mi7 7 < M, ) 7 < M ) | < M, )
A o) | <M ] <M R <
where M; are positive real numbers. If
15N pi—1 2 -
_ZUO‘i_H(Q_)\i)Mi +2’%’|]+—M [18il Mo + 2 0;| Mo] <1,
€= (2c+1) 2 =

then the function s, defined by (2.1.4) is in the class S.
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Chapter 3

Sufficient convexity conditions for new integral
operators

In this chapter we fix § = 1 for integral operators defined in the relation (2.1.1)-(2.1.4) and we obtain the
following integral operators:

Mo(2) = /Oﬁ [(fiit)yi_l (gi' ()" (g"(tt))>%] dt. (3.0.1)

Cu(2) = /Of[ [(@e%“))%_l (hi' (1)) (hi(tt)))%] dt. (3.0.2)
o= [Ti[womr () () ] oo

(2O iy (1) (Zii’f)] & R

3.1 Convexity conditions for the class G,

This paragraph includes the study of the convexity of the above integral operators, as long as their
functions belong to the classes G;, 0 < b < land B(u, ), p > 1,0 < ar < 1.

Theorem 3.1.1. Let be the analytic functions f;,g; and g; € Gy, 0 < b; < 1. For M;, N; > 1, which
verify

2f; ()
fi(2)

< M,
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forall z € U, 1 = 1,n, there are «;, (3;,; real positive numbers and «; > 1 so that

n

A=1= (s — 1) (M;+1) + B; (biN; + 2b; + N; + 1) +7; (N; + 1)] > 0.

=1

In these conditions, the integral operator M., defined by (3.0.1) is in the class IC(\).

Lettingn = 1 and o; — 1 = 3; = 7; = a in Theorem 3.1.1, we obtain the next corollary:
Corollary 3.1.1.1. Let f,g € Aand g € Gy, 0 < b < 1. For M, N > 1, which verify
:f (2)
f(2)

forall z € U, there is « a real positive number so that

29 (2)

9(2)

SNu

" Y

A=1—a(M+2N +bN +2b+3) > 0.
In these conditions, the integral operator M, defined by (2.2.5) is in the class IC(\).
Theorem 3.1.2. Let f;,g; € Aand g; € Gy, 0 < b; < 1. If

2i2) <1 20,(2)

fi(2) 9i(2)

forall z € U, i = 1,n, there are «;, B;,7; real positive numbers and «; > 1 so that

-1

<1,

n

)\:1—2[(@i—1)+ﬁi(2[%+1)+%}>0;

=1

then the integral operator M., defined by (3.0.1) is in the class KC(\).

Puttingn = 1 and o; — 1 = 3; = 7; = a in Theorem 3.1.2, we obtain the next corollary:
Corollary 3.1.2.1. Let f,g € Aand g € G, 0 < b < 1. If
2f (2)
f(z)
forall z € U there is « a real positive number so that
A=1—a(2b+3)>0.
then the integral operator M, defined by (2.2.5) is in the class IC(\).

29 (2)
9(2)

-1

<1,

—1‘<1,

Theorem 3.1.3. Let be the analytic functions f;, g;, h; and g; € B(ui;, \;), i > 1, 0 < X\, < 1 and
hi; € Gy,, 0 < b; < 1. For M;, N;, P; > 1, which verify

2fi (2)

fi(2) hi(z)

forall z € U, i = 1,n, there are «;, 5;,7; real positive numbers and «; > 1 so that

h
<M gl <N, [P

= 1y,

n

p:1—2[(%—1)(Mi+(2—AZ-)N;“+1)+6,-(bi(Pi+2)+I%-+1)+%(R-+1)]>o.

i=1

In these conditions, the integral operator C,, defined by (3.0.2) is in the class K(p).
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Lettingn = 1 and o; — 1 = 3; = 7; = a in Theorem 3.1.3, we obtain the next corollary:

Corollary 3.1.3.1. Let f,g,h € Aand g € B(p,\), p > 1,0 < A< landh € G, 0 < b < L.For
M, N, P > 1, which verify

2f (2)
f(2)

for all z € U, there is « a real positive number so that

<M, [f(z)] <N,

p=l—a(M+(2—-ANN'+bP+2)+2P+3)>0.
In these conditions, the integral operator C, defined by (2.2.10) is in the class K(p).

For 11; = 0 in Theorem 3.1.3, we obtain the next corollary:

Corollary 3.1.3.2. Let f;,g:,h; € Aand g; € Ry, 0 < \; < land h; € Gy, 0 < b; < 1. For
M;, N;, P; > 1, which verify

2fi(2) 2hy(2)

forall z € U, i = 1,n, there are «;, 5;,7; real positive numbers and «; > 1 so that

<M, |fi(z)] < N;,

= 1L,

P:1—zn:[(ai—l)(S‘i‘Mz‘—)\i)+5i(bi(13fi+2)+Pz'+1)+%‘(Pi+1)]>0-

=1

In these conditions, the integral operator C,, defined by (3.0.2) is in the class K(p).

For ;1; = 1 in Theorem 3.1.3, we obtain the next corollary:

COI’Ollary 3.1.3.3. Let fwgl;hl c A and g; € S*i, 0 < X\, < landh; € Qbi, 0 < b <1 For
M;, N;, P; > 1, which verify

2fi(2) 2hi(2)

forall z € U, i = 1,n, there are «;, B;,7; real positive numbers and «; > 1 so that

< M;, [fi(z)| <N; <P

p:1—%[(0@—1)(Ml-—i—(2—)\Z-)Ni+1)—|—ﬁi(bi(Nl-+2)—|—Pi+1)—1—%-(]31-—1—1)]>O.

i=1

In these conditions, the integral operator C,, defined by (3.0.2) is in the class K(p).

Theorem 3.1.4. Let f;, gi,h; € Aand h; € Gy, 0 < b; < L. If

2fi(2) ' ’ZQXZ) ’ 2hy(2)
D1 < 1, 21 <1, |gi(2)| € N; -

(2 e ) h(2)

forall z € U, i =1,n and «;, B;, 7; real positive numbers and c; > 1 so that

—1’<1,

n

p=1=> [l —1) (1+2N;) + B; (2bi + 1) + %] > 0,

=1

then the integral operator C,, defined by (3.0.2) is in the class K(p).
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Puttingn = 1 and o; — 1 = 3; = 7; = a in Theorem 3.1.4, we obtain the next corollary:

Corollary 3.1.4.1. Let f,g.h € Aandh € G,, 0 <b < 1. If

2f (2)
f(2)

for all z € U there is « a real positive number so that

29 (x)

e !

<L Jg(z)| <N,

<1,

—1‘<1, ‘

p=1—a(2N+2b+3)>0.
then the integral operator C, defined by (2.2.10) is in the class IC(p).

Theorem 3.1.5. Let be the analytic functions f;, g;, hi, k; and g; € B(ui, \), pi > 1, 0 < \; < 1 and
fi € lei, h; € Qb%, k; € ngi, 0< bli, bgi, bs; < 1. For Mi, Ni, PZ', Qz > 1, which versz}z

2fi(2)

fi(2)

forall z € U, i = 1,n, there are «;, B;,7; real positive numbers and «; > 1 so that

zhi(2)

<P
- ki(2)

S Qi7

n

p=1- (a;—1) (biM; +2by; + 2M; + (2 — \) NI +1) —

i=1

n

— Z 1B (P 4+ Qi + 2) 4+ i (b Py + 2by; + Py + bs3;Q; + 2b3; + Qi + 2)] > 0.

=1

In these conditions, the integral operator G, defined by (3.0.3) is in the class IC(p).

Lettingn = 1 and o; — 1 = ; = 7; = a in Theorem 3.1.5, we obtain the next corollary:

Corollary 3.1.5.1. Let f,g,h,k € Aand g € B(p, \), u > 1, 0< A< 1land f € Gy, h € Gy, k € Gy,
0 < by,by,b3 < 1. For M,N, P,(Q > 1, which verify

2f (2)
f(2)

for all z € U, there is a a real positive number so that

zh (2)
h(z)

<M, [f(z)] <N, <P

p=1—a M+ byP +b1Q + 2by + 2by + 2b3 + 2M + 2P + 2Q + 6 + 2N* — AN*) > 0.

In these conditions, the integral operator G, defined by (2.2.16) is in the class KC(p).

For 11; = 0 in Theorem 3.1.5, we obtain the next corollary:

Corollary 3.1.5.2. Let fi,gi, hi, k’l € Aand g; € ,R,)\i, 0<L /\z < 1 and fz € gbli, hl S gb%, kz € ngi,
0< blia bzi,bgi < 1. For MZ',NZ',Pi, Qz > 1, which verify

2fi(2)

fi(2)

zh(2)
hZ(Z)

2k;(2)
kl(Z)

S Mi7 ’gl(z)| < Ni7

< F,

S Qi7
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forall z € U, 1 = 1,n, there are «;, (3;,; real positive numbers and «; > 1 so that

P = 1 — Z(OéZ — 1) (blez + 2b11 + 2MZ + 4 — >\z> —
=1

n

— Z 1Bi (P, + Qi + 2) + i (b2i Py + 2bg; + Pi + b3, Qi + 2bs; + Q; + 2)] > 0.
i1

In these conditions, the integral operator G, defined by (3.0.3) is in the class K(p).

For yi; = 1 in Theorem 3.1.5, we obtain the next corollary:

Corollary 3.1.5.3. Let fi,gi; hi, k; € A and g; € 8;\:, 0< N < 1land fl S Qbu, h; € Qbm, k; € gb&,
0< bh‘, bgi,bgi < 1. For MZ‘,NZ‘,PZ', Qz > 1, which verify

2fi (2) 2hy(2) 2k;(2)
fi(2) hi(2) ki(2)

forall z € U, 1 = 1,n, there are «;, 5;,; real positive numbers and «; > 1 so that

< M;, lgi(2)| < N, < @i,

= 1Ly,

p=1-> (a;—1) (biM; +2by; + 2M; + (2 = \) N; +2) —

i=1
_Z[Bi(Pi+Qi+2) + i (bai Pi + 2ba; + P + b3iQ; + 2b3; + Qi + 2)] > 0.
i=1
In these conditions, the integral operator G, defined by (3.0.3) is in the class K(p).
Theorem 3.1.6. Let fi;gia hi, k; € A and fi, hi, k; € Qbi, 0<bh <1 If
zfi(2) ‘ zhy(2) 2k (2)
L — 1l < 1, g;\z § Nz L L
7(2) e =N 50 B

forall z € U, i = 1,n, there are «;, 5;,7; real positive numbers and «; > 1 so that

2g:(2)

—1‘<1,

—1‘<1,

—1‘<1,

n

p=1=> [(o—1)(2b; + 2N; + 1) + 28; + 2% (2b; + 1)] > 0,

i=1

then the integral operator G, defined by (3.0.3) is in the class IC(p).

Putting n = 1 and a; — 1 = 8; = ; = « in Theorem 3.1.6, we obtain the next corollary:

Corollary 3.1.6.1. Let f,g,h,k € Aand f, h;,k; € G, 0 < b< 1. If

Zf/(Z) o Zg/(z) B .
e 1‘ R e 1’ <1 ) <N,
e ) 2 (2) K (2)
f(2) _1‘<1’ R RIS e _1’<1> ) —1‘<1,

forall z € U, there is « a real positive number so that
p=1—a(2N+6b+5) >0,
then the integral operator G, defined by (2.2.16) is in the class K(p).
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Theorem 3.1.7. Let be the analytic functions f;, g;,hi,k; € A and g; € Gy,,, hi € Gu,,, ki € G,
0< bh’, bgi,bgi < 1. For MZ‘,NZ‘,PZ', QZ > 1, which verify

2fi(2) 29,(2) zhy(2)
hi(z)

fi(2) 9:(2)

forall z € U, i = 1,n, there are «;, B;,7;, 0; real positive numbers and c«; > 1 so that

2ki(2)
W < Qi7

=~ (2 = I3l =~ 1L

A=1-= (i — 1) (M;+ 1) + B (buNi + 2by; + N; + 1)] —
i=1

"1 (P + Qi +2) + 8 (boi Py + 2byi + b3iQi + 2bss + P+ Qi +2)] > 0.
i=1
In these conditions, the integral operator Ty, defined by (3.0.4) is in the class KC()\).

Lettingn =1 and o; — 1 = 3; = 7; = §; = « in Theorem 3.1.7, we obtain the next corollary:

Corollary 3.1.7.1. Let f,g,h,k € Aand g € Gy, h € Gy,, kK € Gp,, 0 < by, be,b3 < 1. For
M, N, P, Q) > 1, which verify

2f'(2)
f(2) 9(2)

for all z € U, there is « a real positive number so that

A=1—a(M+bN+2b+N+2P+2Q + by P+ 2by + b3Q + 2b3 + 6) > 0.

zh (2)
h(z)

29 (2)

<N

— )

<P

— )

In these conditions, the integral operator T, defined by (2.2.23) is in the class IC()).
Theorem 3.1.8. Let fi;gia hi, ki, € Aand i, hi, k’i, € gbi, 0<b <1 If

2fi(2) 2hy(2)

i) 1‘ <b e

forall z € U, i = 1,n there are «;, 3;,;, 0; real positive numbers and «; > 1 so that

2g:(2)

5:(2) !

<1,

—1'<1,

n

A=1-=) (i — 1)+ Bi (2b; + 1) + 27 + 26; (2b; + 1)] > 0,

=1

then the integral operator T,, defined by (3.0.4) is in the class IC(\).

Puttingn = 1 and o; — 1 = ; = 7; = §; = « in Theorem 3.1.8, we obtain the next corollary:

Corollary 3.1.8.1. Let f,g,h,k € Aand g, h,k € G, 0 < b < 1. If

2f(2) 2 (2) 2l (2)
f(z) 9(2) h(z)

forall z € U, there is « a real positive number so that

2k (2)
k(z)

—1‘<1,

—1‘<1,

—1’<1,

—1‘<1,

A=1-6a(b;+1)>0,
then the integral operator T, defined by (2.2.23) is in the class IC(\).
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3.2 Convexity conditions for starlike functions

In this section we present sufficient conditions to ensure the convexity of the four integral operators

but also their order of convexity, considering the functions in the class of starlike functions S*(«a), 0 <
a < 1.

Theorem 3.2.1. Let f; € S* (1), g; € K(\;) and g; € S*(v4), 0 < i, Miy v < 1. If «y, B, y; are strictly
positive real numbers and co; > 1 so that

n

D Mo = 1) i+ Bi (1= X)) + 3] < 1,

i=1
then the integral operator M,,, defined by (3.0.1) is convex by the order

n

P:1—2[(04@‘_1)”i+ﬁi(1_/\i)+’7iyi]»

i=1

foralli=1,n.

Lettingn = 1 and o; — 1 = 3; = 7; = a in Theorem 3.2.1, we obtain the next corollary:

Corollary 3.2.1.1. Let f € S*(n), g € K(A\) and g € S*(v), 0 < p, \,v < 1. If a is a real positive
number so that

alp+rv—A+1) <1,
then the integral operator M, defined by (2.2.5) is convex by the order

l+a(A—p—v—1).

Theorem 3.2.2. Let f; € S*(w;), g; € K(\;) and g; € S*(N\;), 0 < i, Ny < 1. If ey, B, 7 are strictly
positive real numbers and o; > 1 so that

n

D llai=D) (=D +BN—-D+n -1 <1,

i=1
then the integral operator M,,, defined by (3.0.1) is convex by the order

n

1—2[(%‘—1)(Mz‘—1)+5¢(/\i—1)+%‘()\i—1)]7

i=1

foralli=1,n.

Puttingn = 1 and o; — 1 = 3; = 7; = a in Theorem 3.2.2, we obtain the next corollary:

Corollary 3.2.2.1. Let f € S*(u), g € K(N) and g € S*(N), 0 < pu, A < 1. If ais a real positive number
so that

a(p+2\—-3) <1,
then the integral operator M, defined by (2.2.5) is convex by the order

l—a(p+2)-3).
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Theorem 3.2.3. Let f; € S* (a; — 1), zg, € S* (B;) and g; € S* (vi), i = 1,n. If o, B;, Vi are positive
real numbers and o;; > 1, B;,; > 0 forall i = 1,n so that

0<Z[(ai—1)+ﬁi+%] <1,
=1

then the integral operator M., defined by (3.0.1) is convex by the order

n

Z[(O‘i_1>2+5i2+%2—0%—5¢—%+1]+1,

i=1

Lettingn = 1 and o; — 1 = 3; = 7; = a in Theorem 3.2.3, we obtain the next corollary:

Corollary 3.2.3.1. Let f,z¢', g € S* («). If v is a real positive number so that
0<3a<l,
then the integral operator M, defined by (2.2.5) is convex by the order
30 — 3a + 1.

Theorem 3.2.4. Let fz S S*(,uz), g; € S*(Vi), h; € IC(/\Z) and h; € S*(ﬁl), 0 < Mia)\i77/i777i < 1. If
oy, Bi, i are strictly positive real numbers and o; > 1 and |g;(2)| < 1 so that

n

D llew = 1) (i + i) + B (1= Ng) + 7mi] < 1,

i=1
then the integral operator C,, defined by (3.0.2) is convex by the order

n

pI1—2[(%—1)(/~Lz‘+l/¢)+ﬁz‘(1_>\i)+%77i]7

=1

foralli=1,n.

Lettingn = 1 and o; — 1 = 3; = 7; = a in Theorem 3.2.4, we obtain the next corollary:

Corollary 3.24.1. Let f € S*(u), g € S*(v), h € K(A\) and h € §*(n), 0 < p, \,v,n < 1. Ifaisa
real positive number so that |g(z)| < 1 so that

alp+r+n—A+1) <1,
then the integral operator C, defined by (2.2.10) is convex by the order
l+aAN=—p—v—n—1).

Theorem 3.2.5. Let fz S S*(MZ), g; € S*(Vi), hl € }C()\z) and hl S S*(AZ), 0 < ,ui,)\i,l/i < 1. If
a;, Bi,; are strictly positive real numbers and c; > 1 and |g;(z)| < 1 so that

n

=D (mi+vi—1)+BN—1)+%N-1] <1,

=1
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then the integral operator C,,,defined by (3.0.2) is convex by the order

n

1—2[(%‘—1>(M¢+Vi—1)+5i()\z‘—1>+%()\z‘—1)],

=1

foralli=1,n.

Puttingn = 1 and o; — 1 = 3; = 7; = a in Theorem 3.2.5, we obtain the next corollary:

Corollary 3.2.5.1. Let f € S*(u), g € S*(v), h € K(A\) and h € S*(A\), 0 < p, \,v < 1. If a is a real
positive number so that |g(z)| < 1 so that

alp+rv+22-3) <1,
then the integral operator C, defined by (2.2.10) is convex by the order
l—a(p+v+2\-3).

Theorem 3.2.6. Let f;,g; € S*(a; — 1), zh € 8*(B;) and h; € S8* (vi), i = 1,n. If oy, Bi,v: are
positive real numbers and o; > 1, B;,7; > 0 for all i = 1,n and Re (g;(2)) > 1 so that

0<Z[(ai—1)+ﬁi+%] <1,
=1

then the integral operator C,, defined by (3.0.2) is convex by the order

n

S [2(0 =1+ B+~ — =i+ 1] + 1.

i=1

Lettingn = 1 and o; — 1 = 3; = 7; = a in Theorem 3.2.6, we obtain the next corollary:

Corollary 3.2.6.1. Let f,g,h € S*(a) and zh; € S*(«). If « is a real positive number so that
Re (g(2)) > 1 so that

0<3a<l,
then the integral operator C, defined by (2.2.10) is convex by the order

40 — 3o + 1.

Theorem 3.2.7. Let fl < IC(,LLZ), gi € S*<Vi), hl < ]C()\J, hz € S*(ﬁl), kl < lC(CUl) and k’l c S*<€z>,
0 < pi, Vi, iy iy wiy & < 1. If oy, By, i are positive real numbers and «; > 1 and |g;(2)| < 1 so that

n

Y= W=+ D) +Bim+&) +7nQ2—X—w) <1,

i=1
then the integral operator G, defined by (3.0.3) is convex by the order

n

P:1—2[(0%—1)(”2‘—Mi+1)+5¢(77i+§i)+%(2_)\i—wi)]>

i=1

foralli=1,n.

74



Lettingn = 1 and o; — 1 = 3; = 7; = a in Theorem 3.2.7, we obtain the next corollary:

Corollary 3.2.7.1. Let f € K(u), g € S*(v), h € K(A), h € §*(n), k € K(w), k € §*(§), 0 <
w, vy, A, w, & < 1. If v is a real positive number and |g(z)| < 1 so that

alv+n+E—p—A—w+3) <1,
then the integral operator G, defined by (2.2.16) is convex by the order
l—a+n+&—p—A—w+3).

Theorem 3.2.8. Let f; € IC(/LZ), g; € S*<Vi), h; € ’C()‘z): h; € S*(/\z), k; € lC(wz) and k; € S*(wi),
0 < s, vi, Niyw; < 1 If oy, By, i are positive real numbers and o; > 1 and |g;(z)| < 1 so that

n

D o= 1) (mitvi—1) + (Bi+m) (\—w)] <1,

i=1
then the integral operator G, defined by (3.0.3) is convex by the order

n

1—2[(%—1)(,ui+vi—1)+(5i+’7¢)()\¢—w7;)]7

=1

foralli=1,n.

Putting n = 1 and a;; — 1 = 8; = ; = « in Theorem 3.2.8, we obtain the next corollary:

Corollary 3.2.8.1. Let f; € K(u), g € S*(v), h € K(\), h € §*(\), k € K(w) and k € S*(w),
0 < p,v, \,w < 1. If ais a real positive number and |g(z)| < 1 so that

alp+r+2)2—2w-—1) <1,
then the integral operator G, defined by (2.2.16) is convex by the order
l—a(p+rv+22—2w-—1).

Theorem 3.2.9. Let 2 f;, g, € S* (o; — 1), zhl € S* (1), hi € S*(5;), 2k} € S* (i) and k; € S* (5;),
i = 1,n. If a;, Bi, i are positive real numbers and o; > 1, 3;,v; > 0 forall i = 1,n and Re (g;(z)) > 1
so that

0<Z[(ai—1)+5i+%’] <1,
=1

then the integral operator G, defined by (3.0.3) is convex by the order

n

d 201" = (i —1)] + 1.

i=1

Lettingn = 1 and o; — 1 = 3; = 7; = a in Theorem 3.2.9, we obtain the next corollary:
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Corollary 3.2.9.1. Let g, h, k € 8" («) and zf], zh, zk. € S* (). If « is a real positive number and
Re (g(z)) > 1 so that

0<3a<1,
then the integral operator G, defined by (2.2.16) is convex by the order

20 — a + 1.

Theorem 3.2.10. Let f; € S*(w;), gi € KK(\;), hi € S*(vy), ki € S*(0:), hi € K(n;) and k; € K(0;),
0 < pi,v,0; <1,0< \,m,0; < 1. If oy, B, Vi, 0; are positive real numbers and o; > 1 so that

n

S e = 1) i Bi (1= X)) + 7% (v + 0) + 6 (2= — 0)] < 1,

i=1
then the integral operator T, defined by (3.0.4) is convex by the order

n

p=1- (i = D) ps + B (L= X)) +7 (v +0:) + 0, (2 —m; — 03)],
=1

foralli=1,n.

Lettingn = 1 and o; — 1 = 3; = 7; = 9; = « in Theorem 3.2.10, we obtain the next corollary:

Corollary 3.2.10.1. Let f € S*(u), g € K(\), h € S*(v), k € §*(#), h € K(n) and k € K(0),
0<p,v,0<1,0<A\n,o<]l Ifaisa real positive number so that

ap+v+0—-A—n—oc+3) <1,
then the integral operator T, defined by (2.2.23) is convex by the order
l+aA+n+o—p—v—60-3).

Theorem 3.2.11. Let fz € S*(,uz), g; € ’C()\l), h; € S*(Vi), k;, € S*(Qz), h; € ]C(Vl) and k; € IC(QZ),
0 < i, i, v, 0; < 1. If au, By, i, 0; are positive real numbers and o; > 1, so that

n

D =1 (=D + BN = 1)+ (3 +6) (v — 6] < 1,

=1

then the integral operator T, defined by (3.0.4) is convex by the order

n

1= [l = 1) (i — 1)+ Bi (A = 1) + (v + 6) (v — 6:)]

i=1

foralli=1,n.

Lettingn =1 and o; — 1 = 3; = 7; = 9; = o in Theorem 3.2.11, we obtain the next corollary:
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Corollary 3.2.11.1. Let f € S*(u), g € K(A), h € S*(v), k € §*(0), h € K(v) and k € K(0),
0 < p,\,v,0 < 1. If ais a real positive number so that

alp+A+2v—20-2) <1,
then the integral operator T, defined by (2.2.23) is convex by the order
l—a(p+A+2v—20-2).
Theorem 3.2.12. Let f; € S* (a; — 1), zg} € S* (), hi € S* (), zhi, € §* (&), ki € S* (i),

2kl € 8*(6;) i = 1,n. If o, B3, i, O; are positive real numbers and o; > 1, B;,7;,6; > 0 foralli =1,n
so that

=1

then the integral operator T, defined by (3.0.4) is convex by the order

n

>l =1+ 8 - = Bi+1] +1.

=1

If we considern = 1l and o; — 1 = 3; = 7 = 6; = « in Theorem 3.2.12, we obtain the next
corollary:

Corollary 3.2.12.1. Let f,h, k € S* (a) and zg', zI, zk] € §* (). If a is a real positive number so that
0<4da <1,
then the integral operator T, defined by (2.2.23) is convex by the order

20% — 2o + 1.

3.3 Convexity conditions for the class SP(«, )

This section contains sufficient convexity conditions for new integral operators with class functions
SP(a,p),a>0,0< 8 < 1.

Theorem 3.3.1. Let f; € SP(«, ), g; € SP(0,n) and g; € K (N\;), o, > 0,0 < B,m, \; < 1 forall

i = 1,n. If o, Bi, 7y are positive real numbers and c; > 1 so that
p=1+Y [[-1)(B-a-1)+6N-1)+%H—-0-1]>0,
i=1
then the integral operator M., defined by (3.0.1) is in the class KC(p).

Lettingn = 1 and o; — 1 = 3; = 7; = ain Theorem 3.3.1, we obtain the next corollary:
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Corollary 3.3.1.1. Let f € SP(a,3), g € SP(d,n), and g € K (N), a,6 > 0,0 < 5,1, A < 1. If there
is a positive real number o so that

p=1l+a(B+n—a—-30+X—-3)>0.
then the integral operator M, defined by (2.2.5) is in the class K(p).

Theorem 3.3.2. Let f; € SP(o; — 1), zg; € SP(8;) and g; € SP (vi), i = 1,n. If oy, Bi,vi are
positive real numbers and co; > 1, 8;,7; > 0 for all i = 1, n so that

1<Z[Oéi+5z‘+%] <2,
=1

then the integral operator M,,, defined by (3.0.1) is convex by the order

Q—Z(&i+ﬁi+%‘)-
1=1
Putting n = 1 and a;; — 1 = 8; = v; = «in Theorem 3.3.2, we obtain the next corollary:
Corollary 3.3.2.1. Let f,g € SP («) and zg' € SP (). If « is a real positive number so that
0<3a<1
then the integral operator M, defined by (2.2.5) is convex by the order
1 — 3.

Theorem 3.3.3. Ler f; € SP(a, ), ¢; € SP(7,6), hy € K(\) and h; € SP(v,n), a,v,v > 0,
0<B,0,n, X\ <1foralli=1,n.If o B, are positive real numbers and o; > 1 and Re (g;(z)) > 1
so that

p—1+z JB+o—a—y=D+BN-1)+rvnn—-v-1)]>0,

then the integral operator C,, defined by (3.0.2) is in the class K(p).

Lettingn = 1 and o; — 1 = 3; = 7; = a in Theorem 3.3.3, we obtain the next corollary:

Corollary 3.3.3.1. Let f € SP(«o, ), g € SP(7,d), h € K(A\) and h € SP(v,n), a,v,v > 0,
0 < B,6,n, A < 1. If there is a positive real number o and Re (g(z)) > 1 so that

p=1l+a(f+0+n—a—vy—v+A—-3)>0.
then the integral operator C, defined by (2.2.10) is in the class K(p).

Theorem 3.3.4. Let f;,9; € SP(o; — 1), zh, € SP(B;) and h; € SP (vi), i = 1,n. If oy, B, i are
positive real numbers and o; > 1, B;,~; > 0 forall i = 1,n and Re (9;(z)) > 1 so that

0<Z _1+6z+71] 17

then the integral operator C,,, defined by (3.0.2) is convex by the order

n

1—2(@'4—%)-

1=1
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Puttingn = 1 and o; — 1 = 3; = 7; = a in Theorem 3.3.4, we obtain the next corollary:

Corollary 3.3.4.1. Let f,g,h € SP(«) and zh' € SP («). If « is a real positive number so that
Re (g(z)) > 1 so that
0<3a<1

then the integral operator C, defined by (2.2.10) is convex by the order
1 —2a.

Theorem 3.3.5. Let fz € N(/.Ll), g; € SP(")/,(S), hl € ’C()\Z), hl € SP(I/, 77), kl & ’C(O’i), kl €
SP(0,€), v,v,0 > 0,0 < p;, 0,n,&, N, 05 < 1foralli =1,n. If oy, B;,7; are positive real numbers and
a; > 1 and Re (gi(z)) > 1 so that

p=1+> (=D (mi+5—y=1)+8n+0—v—5&+%0\—0)] >0,
i=1
then the integral operator G, defined by (3.0.3) is in the class IC(p).

Lettingn = 1 and o; — 1 = 3; = 7; = a in Theorem 3.3.5, we obtain the next corollary:

Corollary 3.3.5.1. Let f € K(u), g € SP(v,0), h € K(A), h € SP(v,n), k € K (o), k € SP(0,§),
v, v, 0 > 0,0 < p,0,n,& N\ 0 < LIf there is a positive real number o and Re (g(z)) > 1 so that

=l+a(p+d+n+0+A—y—v—-E&—0—1)>0.
then the integral operator G, defined by (2.2.16) is in the class K(p).

Theorem 3.3.6. Let Zfi, g; € SP (Ozi — ]_), hi7 k’, e SP (61) and Zh;, Zk’; e SP (’YZ), 1= ]_,_TL If(l{i, /87;, Yi
are positive real numbers and o; > 1, 3;,7y; > 0 for alli = 1,n and Re (g;(z)) > 1 so that

0<> Joi+Bi+w—1<1,

=1

then the integral operator G, defined by (3.0.3) is convex by the order 1.

If we consider n = 1 and o; — 1 = 3; = 7; = « in Theorem 3.3.6, we obtain the next corollary:

Corollary 3.3.6.1. Let g,h, k € SP () and zf', zh', zk' € SP («). If a is a real positive number so
that Re (g(z)) > 1 so that
0<3a<1

then the integral operator G, defined by (2.2.16) is convex by the order 1.

Theorem 3.3.7. Let f; € SP(OZ,B), g; € lC()\Z), h; € SP(O‘, 77), k; € SP(Q,f), , h; € IC([LZ), ,
ki € K(v), a,0,0 > 0,0 < B,n,& Ny i, vy < 1foralli = 1,n. If oy, Bi, Vi, 0; are positive real
numbers and o; > 1 so that

p=1+) [[i=1)(B-a=1)+BN-1)+%0—&—0+n) +8 (s —wn)] >0
i=1
then the integral operator T,, defined by (3.0.4) is in the class K(p).
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Lettingn = 1l and o; — 1 = ; = 7; = §; = « in Theorem 3.3.7, we obtain the next corollary:

Corollary 3.3.7.1. Let f € SP(«, ), g € K(A\), h € SP(o,n), k € SP(0,£),, h € K (), k € K(v),
a,0,0 >0,0< 6,1, N u,v <1 Ifthere is a positive real number o so that

p=l+aB+AX+0+n+p—a—-E—-—0c—-v—-2)>0
then the integral operator T, defined by (2.2.23) is in the class K(p).

Theorem 3.3.8. Let f; € SP (o — 1), 29, € SP (B;), hi, ki € SP (v;) and zhl, 2k € SP (6;), i = 1, n.
If i, Bi, i, 0; are positive real numbers and o; > 1, 5;,7;,0; > 0 for all v = 1, n so that

1< o+ Bi+y+6] <2,

i=1
then the integral operator T, defined by (3.0.4) is convex by the order

n

2‘2(%*‘@:)-

1=1

Puttingn = 1 and a; — 1 = 8; = v; = §; = « in Theorem 3.3.8, we obtain the next corollary:

Corollary 3.3.8.1. Let f,h,k € SP («) and z¢g', zh', zk' € SP («). If « is a real positive number so
that
0<4da <1,

then the integral operator T, defined by (2.2.23) is convex by the order

1 —20.

3.4 Convexity conditions for the class S

This paragraph describes sufficient conditions for belonging to the class of convex functions C,(b),
for new integral operators with functions in the class Sj3(b), 0 < 8 < 1, where b € C — {0}.

Theorem 3.4.1. Let f; € S;.(b), g; € Cy,(b) and g; € S5 (b), 0 < Ny, 0; < 1, where b € C — {0}. Also,

let o, B;, ;i are real numbers with o; > 1, forall v = 1,n. If

0< 1+Z[(ai—1)<1—5i)+(5i+%)(1—/\i)] <1,
i=1
then the integral operator M., defined by (3.0.1) is convex by the order C,(b), with
,u:1+Z[(ai—1)(1—5i)+(5i+7i)(1—)\i)],
i=1

foralli=1,n.
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Lettingn = 1 and o; — 1 = 3; = 7; = a in Theorem 3.4.1, we obtain the next corollary:

Corollary 3.4.1.1. Let f € S;5(b), g € CA(b) and g € S5(b), 0 < X\, 6 < 1, where b € C — {0}. Also, let
« a real positive number. If
0<1l+a(B3-0-2)\) <1

then the integral operator M, defined by (2.2.5) is convex by the order C,(b), with
p=1+a(3-5—-2N).

Theorem 3.4.2. Let f; € S;.(b), gi € S;.(b), hi € Cy,(b) and h; € S5.(b), 0 < N;, 6i,mi < 1, where
b € C—{0}. Also, let «v;, B;,~y; are real numbers with o;; > 1 forall i = 1,n. If g"gz) < 1and

0<1+Z JB =6 —m)+ (Bi+7) (1=-N)] <1,
then the integral operator C,, defined by (3.0.2) is convex by the order C,,(b), with
b= 1S [ — 1) (3 — 6= m) + (Bt 3 (1 A,
i=1
foralli=1,n.

Lettingn = 1 and o; — 1 = ; = 7; = a in Theorem 3.4.2, we obtain the next corollary:

Corollary 3.4.2.1. Let f € Sg(b) g € S;(), h e C,\(b) and h € Si(b), 0 < X\, 0,n < 1, where

0<l4+a(db-0—-n—-2)\)<1
then the integral operator C, defined by (2.2.10) is convex by the order C,,(b), with
p=l+a(b—-—9—n—2)).

Theorem 3.4.3. Let fz S Cul(b), g; € S;Z(b), h; € C)\Z(b), h; € S;ZU)), k; € Cgl(b) and k; € S;Z(b),
0 < pi,mi, Niyo5 < 1, where b € C — {0}. Also, let o, B;,7; are real numbers with «; > 1 for all
’Lzl,—nlf‘%‘z) < 1and

0<1+Z B=pi—m)+ B+ 2= N-o)] <1,
then the integral operator G, defined by (3.0.3) is convex by the order C,(b), with
P—1+Z ) B = pi —mi) + (Bi +7i) (2 — A — 03)]

foralli=1n
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Lettingn = 1 and o; — 1 = 3; = 7; = a in Theorem 3.4.3, we obtain the next corollary:
Corollary 3.4.3.1. Let f € C,(b), g € S;(b), h € C\(b), h € S5(b), k € C,(b) and k € S:(b),
0 < p,m,

0<l+ab—-—p—nmn—2\—20)<1
then the integral operator G, defined by (2.2.16) is convex by the order C,(b), with
p=1l4+a(b—p—n—2\—20).

Theorem 3.4.4. Let f; € S;(b), g € Cy,(b), hi € S;,(b), hi € Cp,(b), ki € S;,(b), ki € Cp,(b),
0 < ni,Miypi,vi < Land b € C — {0}. Also, let «;, 5;,;, 0; are real numbers with o; > 1 for all
1=1,nIf

0<1+Z J (L =) + B (L= X)) + (i +0:) (2= ps — )] < 1,

then the integral operator Ty, defined by (3.0.4) is convex by the order C,,(b), with

n

p=14> [ =1) (1 =m) + B (1= X) + (3 +6:) (2 — pi — v3)],

=1

foralli=1,n.

Lettingn = 1 and a; — 1 = 5; = 7; = 0; = ain Theorem 3.4.4, we obtain the next corollary:

Corollary 3.4.4.1. Let f € S;(b), g € Cx(b), h € Si(b), h € C,(b), k € S;(b), k € C,(b), 0 <
n, A\, p,v < landb € C— {0}. Also, let o a real positive number. If

0<1l+4+a(6—nm—A—2p—2v)<1
then the integral operator T, defined by (2.2.23) is convex by the order C,,(b), with
p=l+a(6—n—A—2p—2v).

3.5 Convexity conditions for the class S#([3)

This section contains sufficient convexity conditions for new integral operators with class functions

H(B), > 0.

Theorem 3.5.1. Let f; € SH(5;), gi € K(N;), gi € SH(n:), 0 < N\; < Land 6;,m; > 0. Also, let v, Bi, i
are real numbers with a; > 1, B;,v; > 0, forall i = 1,n. If

O<Z ) (20; + >+ﬁi(>\i_1)_%'(2771“"1)]+Z\/§<5iai+%m_5i>+1<17

i=1
then the integral operator M,,, defined by (3.0.1) is convex by the order

n

D [ =126+ 1) + B (A = 1) — 7 (2 + 1)] +zn:\/§(5iai +yimi — 6;) +1

i=1 =1
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Ifwe have n = 1 and a; — 1 = B; = 7; = « in Theorem 3.5.1, we obtain the next corollary:

Corollary 3.5.1.1. Let f € SH(J), g € K(N), g € SH(n), 0 < A < 1and 6,n > 0. Also, let o a real

positive number. If

Oga[/\—2é—2n—3+\/§(6+n)] +1<1
then the integral operator M, defined by (2.2.5) is convex by the order
a [A—25—2n—3+\/§(5+n)] +1.
Theorem 3.5.2. Let f; € SH(d;,vi), g; € K(Ni) and g; € SH(n;,0;), 0 < \; < 1,0 < v;,0; < 1 and
8;,m; > 0. Also, let o, 3;, Vi are real numbers with oi; > 1, B;,7; > 0, forall i = 1, n. If

0« 3 [ (= 1) 6= v+ 1)+ A (= 1) =3 = 6, + ] +1 < 1.

then the integral operator M,,, defined by (3.0.1) is convex by the order

n

Y= —vi+)+8 M=) =y =0+ 1]+ 1.

=1

Lettingn = 1 and a; — 1 = B; = ; = v in Theorem 3.5.2, we obtain the next corollary:

Corollary 3.5.2.1. Let f € SH(6,v), g € K(A), g € SH(n,0),0 <A <1 0<v,0 <1landd,n>0.

Also, let « a real positive number. If
O<a(v+A+0—-0—-—n—-3)+1<1,
then the integral operator M, defined by (2.2.5) is convex by the order
alv+A+0—-5—n—-3)+1.

Theorem 3.5.3. Let f; € SH(d;), g; € SH(v;), hi € K(N\;), hy € SH(n;), 0 < N\; < L and §;,v;,m; > 0.
Also, let o, B;,; are real numbers with o; > 1, 5;,7v; > 0, forall i = 1,n. If Re (g;(z)) > 1 and

0<Z ) (20 + 20+ 1) + B (N — 1) — v (2m + 1)) +

+Zf ;= 1) (6 +v) +vims) + 1< 1,

then the integral operator C,,, defined by (3.0.2) is convex by the order

Z [— (@i = 1) (20; +2v; + 1) + Bi (N — 1) — v (2 + 1)] + i V2 ((a; = 1) (6 + i) + vims) + 1.

If we have n = 1 and o; — 1 = B; = ; = «in Theorem 3.5.3, we obtain the next corollary:

83



Corollary 3.5.3.1. Let f € SH(), g € SH(v), h € K(\), h € SH(n), 0 < A < 1 and 6,v,n > 0.
Also, let a a real positive number. If Re (g(z)) > 1 and

Oga[/\—25—21/—277—3+\/§(5+V+7])} +1<1,
then the integral operator C, defined by (2.2.10) is convex by the order
a [A—25—2V—2n—3—|—\/§((5+y+n)] + 1.
Theorem 3.5.4. Let f; € SH(d;,04), 9 € SH(Vi, i), hi € K(N;), hi € SH(n;,0;), 0 < A\ < 1,

0 < oy, i, 0; < 1and é;,v;,n; > 0. Also, let o, 5;,; are real numbers with o«; > 1, 8;,v; > 0, for all
i=1,n. IfRe(g;(z)) > 1and

0<Z )G +vi—oi—pi+ 1)+ B (N —1) =y — 6 +1)] +1 <1,
then the integral operator C,, defined by (3.0.2) is convex by the order

Z[—(ai—1)(5i+V¢—0i—Mi+1)+@(}\i—1)—’Yi(77i—9i+1)]+1-

Letting n = 1 and o; — 1 = B; = ; = « in Theorem 3.5.4, we obtain the next corollary:

Corollary 3.54.1. Let f € SH(d,0), g € SH(v,u), h € K(A), h € SH(n,0), 0 < A < 1,0 <
o, 1,0 < 1landd,v,n > 0. Also, let o a real positive number. If Re (g(z)) > 1 and

O<a(c+p+A+0-56—v—n-3)+1<1
then the integral operator C, defined by (2.2.10) is convex by the order
alc+pu+A+0—-—06—-v—n—-3)+1

Theorem 3.5.5. Let fl S IC(/LZ), g; € SH(I/Z), h; € lC()\l), h; € SH(’I]Z), k; € IC(O'i), k; € SH(QZ),
0 < pi, Nj, 03 < Land vy, n;, 0; > 0. Also, let o, B;,y; are real numbers with o; > 1, 3;,v; > 0, for all
i=1,n. IfRe(g;(z)) > 1and

0< Z (i = 1) (i = 2v3 = 1) + Bi (=2m; + 20;) + i (N — 03)] +

+Z\f i— D+ Bi(n—0;)]+1<1,

then the integral operator G,, deﬁned by (3.0.3) is convex by the order

n

Z[(ai—l)(ui—Qyi—1)+6i(—217i+29i)+% i—0 +Zf i— D+ 6 (g — 6;)] + 1.

Ifwe have n = 1 and a; — 1 = B; = 7; = « in Theorem 3.5.5, we obtain the next corollary:
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Corollary 3.5.5.1. Let f € K(u), g € SH(v), h € K(\), h € SH(n), k € K(o), k € SH(0),
0<p,\o<landv,n,0 > 0. Also, let o a real positive number. If Re (g(z)) > 1 and

0<al20+A-22w—2—0c-1+V2(v+y-6)| +1<1
then the integral operator G, defined by (2.2.16) is convex by the order
a[20+)\—2y—2n—a—1—|—\/i(y—l—n—ﬁ)} +1

Theorem 3.5.6. Let f; € K(u;), gi € SH(v;,6;), hi € K(N;), hi € SH(vi,w;), ki € K(oy), ki €
SH0:,&), 0 < pi, Aiyoi < 1,0 < 0;,w;, & < 1and vy, m;, 0; > 0. Also, let o, B;, y; are real numbers

with o; > 1, B;,7v; > 0, foralli = 1,n. If Re (g:(z)) > 1 and
0<Z[(ai_1)(Mi+5z’_%‘—1)+5¢(%’+9i—Ui—fi)+7i(/\i—0i)]+1<1,

then the integral operator G, defined by (3.0.3) is convex by the order

n

Z[(ai—1)(,ui+5l-—1/i—1)+ﬁi(wi+9i—Ui—fi)+71()\i—0i)]+1-

i=1

Ifwe have n = 1 and a; — 1 = ; = ; = « in Theorem 3.5.6, we obtain the next corollary:

Corollary 3.5.6.1. Let f € K(u), g € SH(v,8), h € K(A), h € SH(v,w), k € K(0), k € SH(0,€),
0<pAo<10<d,w<landv,nb > 0. Also, let « a real positive number. If Re (g(z)) > 1 and

O<a(@+pt+w+0+A—v—n—0—-1)+1<1,
then the integral operator G, defined by (2.2.16) is convex by the order
a+p+w+l0+A—v—n—0—-1)+1.

Theorem 3.5.7. Let f; € SH (1), gi € K (Ni), hi € SH (), ki € SH(0;), hy € K (m:), ki € K (p;)
and 0 < \j,m;, pi < 1, pg, v, 0; > 0. Also, let o, 5,7, §; are real numbers with o; > 1, B;,7i,6; > 0,
foralli=1,n.If

0<Z ) (2 +1) + B (N — 1) — 2% (vs — 0;) + 6 (0 — ps)] +

+Z\/_ _1Mz+%(l ‘9'))+1<17

then the integral operator T, deﬁned by (3.0.4) is convex by the order

D [ = 1) 2ua 1) + B (A = 1) = 2% (v — 6:) + 8 (s — pi)] +
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Lettingn = 1 and o; — 1 = B; = ; = 0; = «v in Theorem 3.5.7, we obtain the next corollary:

Corollary 3.5.7.1. Let f € SH (i), g € K(A\), h € SH(v), k € SH(0), h € K(n), k € K (p). Also,

let a a real positive number. If
0<a [A+29+n—2u—zy—p—2+\/§(u+u—e)] T1<1,
then the integral operator T, defined by (2.2.23) is convex by the order
o) [)\+29+77—2u—21/—p—2+\/§(/L+1/—9)] + 1.
Theorem 3.5.8. Let f; € SH(ui,ci), 95 € K(Ni), hi € SH(v, &), ki € SH(0;,04), hi € K(m;),

ki € K(pi), 0 < Njyei,&,00 < 1and pg,v;,0; > 0. Also, let o, B;,y; are real numbers with o; > 1,
Biy iy 0; > 0, foralli = 1,n. If

0<Y [—(ai=D)(i—ei+D)+BN=1)+%&+0—0i—vi) + 6 (m—p)] +1 <1,
=1

then the integral operator T, defined by (3.0.4) is convex by the order

n

Z[_(ai_1)(Ni_5i+1)+5i(>\i_1)+%’(5i+91—Uz‘—Vz‘)+5z‘(77¢—Pi)].

=1

If we have n = 1 and o; — 1 = B; = v; = 0; = « in Theorem 3.5.8, we obtain the next corollary:

Corollary 3.5.8.1. Let f € SH(u,e), g € K(\), h € SH(v, &), k € SH(0,0), h € K(n), k € K(p),
0< \¢g & 0<landp,v,0 > 0. Also, let « a real positive number. If

O<ale+{+A+0+n—p—0o—v—p—-2)+1<1
then the integral operator T, defined by (2.2.23) is convex by the order

ale+é&+A+0+n—p—0o—-v—p—2)+1

3.6 Convexity conditions for alpha -convex functions

This paragraph describes sufficient convexity conditions for the studied integral operators, when
the functions involved belong to the alpha -convex function class M, a € R.

Theorem 3.6.1. Let f; € S* (o — 1) and g; € M., with1 < o; < 2and B; =1 —,, forall i = 1,n.
If

O<Z[(a,~—1)2—a,}—l—1<1,
i=1

then the integral operator M., defined by (3.0.1) is convex.
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Theorem 3.6.2. Let f;,g; € S* (o, — 1) and h; € M., with1 < «; < 2 and ; = 1 — ~;, for all
i=1,n. IfRe(g;(z)) > 1 and

0<> [2(i—1)" -] +1<1,
1=1

then the integral operator C,,, defined by (3.0.2) is convexx.
Theorem 3.6.3. Let zf!,g; € S* (o, — 1) and h;, k; € Mg, with 1 < o; < 2 and B; = 1 — ~;, for all
i=1,n. IfRe(g;(z)) > 1and

0<i[2(ai—1)2—(ai—1)}+1<1,

then the integral operator G, defined by (3.0.3) is convex.

Theorem 3.6.4. Let f; € S* (CYZ‘ — 1), zg; e s (ﬁz) and h;, k; € M%, withl < a; < 2, 8;,7%,0; > 0
and v; =1 —9;, foralli = 1,n. If

0<> (=1 +p8 - =B+ 1] +1<1,
=1

then the integral operator T, defined by (3.0.4) is convex.
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Chapter 4

Conditions to belong to the class ()

4.1 Conditions for analytic functions

This paragraph describes sufficient conditions to belong to the class N'(3), 8 > 1, for new integral
operators with analytic functions.

Theorem 4.1.1. Let f;,g9; € A, g; € N(\,). For any \; > 1 and f;, g; verifying conditions
2f;(2)
fi(2)

forall z € U, i = 1,n, there are «;, 5;,7; real positive numbers and «; > 1 so that

’

2g;(2)
9:(2)

—1'§1, ’ —1’§1,

p= [(i—1)+BN—1)+5]+1
i=1
In these conditions the integral operator M, defined by (3.0.1) is in the class N (1)

Lettingn = 1 and a; — 1 = B; = ; = v in Theorem 4.1.1, we obtain the next corollary:
Corollary 4.1.1.1. Let f,g € Aand g € N(\). Forany A > 1 and f, g verifying conditions
2f (2)

f(z)

for all z € U, there is a number real positive o so that

29 (2)
9(2)

—1'§1, ’ —1’§1,

p=aoa(A+1)+1
In these conditions the integral operator M, defined by (2.2.5) is in the class N (j).
Theorem 4.1.2. Let f;,9;,h; € A, hy € N(\;). Forany \; > 1 and f;, g;, h; verifying conditions

zh(2)
hl(Z)

s G5 s

—1‘ <1 |g(a) <1



forall z € U, 1 = 1,n, there are «;, (3;,7; and o; > 1 so that

n

p:Z[3<ai_1)+6z’(>\i_1)+%]+1'

=1

In these conditions the integral operator C,, defined by (3.0.2) is in the class N (p).

Lettingn = 1 and a; — 1 = B; = ; = «in Theorem 4.1.2, we obtain the next corollary:

Corollary 4.1.2.1. Let f,g,h € Aand h € N (\). Forany A\ > 1 and f, g, h verifying conditions

o= S

for all z € U, there is a number real positive o so that

—1' <1, gl <L,

p=a(A+3)+1
In these conditions the integral operator C, defined by (2.2.10) is in the class N (p).

Theorem 4.1.3. Let f;,g;, hi, k; € A, fi € N(w;), hi € N(\;) and k; € N (0;). For any p;, \i,0; > 1
and g;, h;, k; verifying conditions

29:(2)
9i(2)

— 1‘ <1, Jg(2)] <1,

forall z € U, i = 1,n, there are «;, (3;,; real positive numbers and «; > 1 so that

n

,0:Z[(Oéz’—1)(Mi+1)+25i+%(/\i—Ui)]+1-

=1

In these conditions the integral operator G, defined by (3.0.3) is in the class N (p).

Lettingn = 1 and oa; — 1 = B; = ; = «in Theorem 4.1.3, we obtain the next corollary:

Corollary 4.1.3.1. Ler f,g,h,k € Aand f € N(n), h € N(N\), k € N(o). Forany pu,\,0 > 1 and
g, h, k verifying conditions

for all z € U, there is a number real positive o so that

p=a(p+A—oc+3)+1.

In these conditions the integral operator G, defined by (2.2.16) is in the class N (p).
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Theorem 4.1.4. Let fi, g;,hi, ki € A g € N(\i), hy € N(pi), ki € N(v), i = 1,n. For any
Nis pi, Vi > 1L and f;, h;, k; verifying conditions

2fi(2)
fi(2)

forall z € U, i = 1,n, there are «;, 5;,7;, 0; real positive numbers and «; > 1 so that

zhi(2)
hi(z)

" Y

_1‘<1

—1’<1

o= Z i = 1)+ B (N — 1) + 29 + 6 (ps —vi)] + 1.
In these conditions the integral operator T,, defined by (3.0.4) is in the class N ().

Lettingn = 1 and o; — 1 = B; = v; = 0; = « in Theorem 4.1.4, we obtain the next corollary:

Corollary 4.1.4.1. Let f,g,h,k € Aand g € N(\), h € N(p), k € N(v). Forany \,p,v > 1 and
f, h, k verifying conditions

2f ()
f(z)

for all z € U, there is a number real positive o so that

p=aA+p—v+2)+1.

In these conditions the integral operator T, defined by (2.2.23) is in the class N ().

4.2 Conditions for belonging to the class functions SP(«, )

This section contains sufficient conditions for belonging to the class N'((3), 5 > 1,for new integral
operators with functions in the function class SP(«, 5), « > 0,0 < g < 1.

Theorem 4.2.1. Let f; € SP(a, ), gi € SP(d,n) and g; € N (\;), a, 0, \; > 0,0 < 3, n < 1. For any
real numbers M;, N; > 1, which verify

2f;(2)
fi(2)

forall z € U, i = 1,n, there are «;, B;,; real positive numbers and «; > so that

S Mia

p—l—i—z ) (M; 420 — 1) + B (N — 1) + 79, (N; +25 — 1)] > 1.
In these conditions the integral operator M, defined by (3.0.1) is in the class N (p).

If we consider n = 1 and a; — 1 = ; = ~; = « in Theorem 4.2.1, we obtain the next corollary:
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Corollary 4.2.1.1. Let f € SP(a,f8), g € SP(6,n) and g € N (N), a,6,\ > 0,0 < 8,1 < 1. For any
real numbers M, N > 1, which verify

2f ()
f(2)

for all z € U, there is a number real positive o so that

’

2g (2)
9(2)

<N,

— I

p=l+a(M+N+2a+20+X\—3)>1.
In these conditions the integral operator M, defined by (2.2.5) is in the class N (p).

Theorem 4.2.2. Let f; € SP(a,f8), gi € SP(v,0), hy € N (\;) and h; € SP(v,n), a,v,v,\; > 0,
0 < B,9,n < 1. For any real numbers M;, N;, P; > 1, which verify

2f; (2) 29(2)
fi(2) 9i(2)

forall z € U, i = 1,n, there are «;, B;,7; there is a number real positive o; > 1 so that

2hi(2)

<N;
(3] hl(Z)

9

p—l—i-z ) (M; 4+ Ni + 200+ 2y — 1) + B; (N — 1)+ (P +2v — 1)] > 1.
In these conditions the integral operator C,, defined by (3.0.2) is in the class N (p).

If we consider n = 1 and a; — 1 = ; = ~; = «ain Theorem 4.2.2, we obtain the next corollary:

Corollary 4.2.2.1. Let f € SP(,8), g € SP(7,9), h € N(\) and h € SP(v,n), a,v,v,\ > 0,
0 < B,9,n < 1. For any real numbers M, N, P > 1, which verify

2f (2)
f(2)

for all z € U, there is a number real positive o so that

/

zg (2)
9(2)

zh'(2)
h(z)

<N,

<P g(z)] <1,

— )

p=1l+a(M+N+P+2a+2y+2v+A-3) > 1.
In these conditions the integral operator C, defined by (2.2.10) is in the class N (p).
Theorem 4.2.3. Let f; € N (1), i € SP(7,0), hy € N'(\), hi € SP(v,n), ki € SP(0,€) and
ki € N (o), pi,v,v,0, N, 0 > 0,0 < 8,1, < 1. For any real numbers M;, N;, P; > 1, which verify

/7

2g;(2)
9i(2)

zhy(2)
hi(z)

2ki(2)
kZ(Z)

< Mi7

~ Iz

forall z € U, i = 1,n, there are o, B;,~; real positive numbers and o; > 1 so that
p:1+z ) (i + Mi 42y — 1)+ 3; (N; + P, + 20 + 40 — 26 — 1)+ (N — 07)] > 1.

In these conditions the integral operator G, defined by (3.0.3) is in the class N (p).
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If we consider n = 1 and a; — 1 = 8; = ~; = « in Theorem 4.2.3, we obtain the next corollary:

Corollary 4.2.3.1. Let f € N (u), g € SP(7,9), h € SP(u,m), h € N(\), k € SP(0,€) and
ke N (o), u,v,v,0,\,0 > 0,0 < d,n,& < 1. For any real numbers M, N, P > 1, which verify

<P g(2) <1,

for all z € U, there is a number real positive o so that
p=1l4+a(p+M+N+P+2v+20+40 —26+X—0—1) > 1.
In these conditions the integral operator G, defined by (2.2.16) is in the class N (p).

Theorem 4.24. Let f; € SP(a, ), i € N (N), hi € SP(o,n), ki € SP(0,€), hi € N () and
ki€ N (v;) a, 0,0, \i, pi, v > 0,0 < 8,1, < 1. For any real numbers M;, N;, P; > 1, which verify

2f; (2) zkz(Z)

forall z € U, i = 1,n, there are «;, B;,7;, 0; real positive numbers and c«; > 1 so that

2hi(2)

< Mi7

S Ni7 P

p—l—f—z ) (M; +2a — 1)+ Bi (A — 1) + v (N; + B + 20 + 40 — 28) + 6 (1 — vi)] > 1.
In these conditions the integral operator T, defined by (3.0.4) is in the class N (p).

Ifwe considern = 1 and o; — 1 = B; = v; = 0; = «vin Theorem 4.2.4, we obtain the next corollary:

Corollary 4.2.4.1. Let f € SP(a,), g € N(\), h € SP(o,n), k € SP(6,£), h € N (u) and
ke N ) a,o,0 A\, u,v>0,0<3,n,&< 1. Forany real numbers M, N, P > 1, which verify

2f (2)
f(2)

for all z € U, there is a number real positive o so that

zh'(2)
h(z)

2k (2)
k(2)

< M,

<N,

<P

p=1l+aM+N+P+2a+20+40+X+p—v—-2—-2)> 1.

In these conditions the integral operator T, defined by (2.2.23) is in the class N (p).
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Chapter 5

Conditions for p-valent functions

5.1 Conditions for belonging to the class functions of convex p-
valent functions

In this section we present sufficient conditions for belonging to the class of p-valently convex func-
tions IC,(5), 0 < [ < p, for new integral operators with functions in the class of p-valently starlike
functions Sy(a), v < 1.

Let the integral operator

o= o 1[(40) () () o

where f;, g; are p-valent analytic functions in U and «;, 3;, v; are complex numbers.

For p = 1 this integral operator becomes M., defined by (3.0.1).

Theorem 5.1.1. Let f;,9; € Ay, o — 1,58:,v: > 0and p;, \i,n; < 1, for all i = I,n If f; € S;(,ui),
9i € Kp(Ni) and g; € S;(n;), then M,,,, € IC,(p), where

n

p:1_2[(ai_1)(1_Ni)+ﬁi(1_)\i)+%(1_ni)]'

=1

Lettingn =p = 1and a; — 1 = B; = ; = v in Theorem 5.1.1, we obtain the next corollary:

Corollary 5.1.1.1. Let f,g € A, a > 0and uy,\,n < 1. If f € 8*(u), g € K(\) and g € S*(n), then

the integral operator M € K(p)
M(z) = /0 {@g'(ﬂ@} dr, (5.1.2)

where
p=l-—a@B—p—XA—n).
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We consider the integral operator:

o [ Ty () () o s

where f;, g;, h; are p-valent analytic functions in U and «;, B;, ; are complex numbers.

For p = 1 this integral operator becomes C,, defined by (3.0.2).

Theorem 5.1.2. Let fhgl,hl € Ap and Q; — 1,57;,’71' > 0. Iffl S S;(ul), g; € S;(I/Z), hl € ICp()\z):
hi € 8;(n;) with ps, v, \i,ni < 1 and Re(gi(2)) > 1, for all i = 1,n, then the integral operator
Cpn € K,(p), where

n

p=1= [lai=1)B—pmi—v)+Bi(1—X)+%(1—n).

=1

Lettingn =p =1and a; — 1 = B; = ; = v in Theorem 5.1.2, we obtain the next corollary:

Corollary 5.1.2.1. Let f,g,h € A a > 0. If f € S*(n), g € S*(v), h € K(\), h € S§*(n) with
w, v, A\, < 1 and Re (g(z)) > 1, then the integral operator C € K(p), where

C(z) = /0 ) {@emh'(t)@ adt, (5.1.4)

and
p=l—ab—-—p—v—-—XA—n).

We consider the integral operator:

o= [T (S () () o s

where f;, g;, h;, k; are p-valent analytic functions in U and «;, B;,y; are complex numbers.

For p = 1 this integral operator becomes G,,, defined by (3.0.3).

Theorem 5.1.3. Let f;, g;, hi, k; € Ap, a; — 1, 6:,v > 0. If f; € ICP(LLZ) g; € S;( ) h; € K:p(/\z),
hi € Sy(mi), ki € IKCp(03), ki € Sy(0:) with i, vi, Ni, i, 04,0; < 1 and Re (gi(2)) > 1, foralli = 1,n,
then the integral operator G, ,, € K,(p), where

n

PZ1—2[(%—1)(3—/%'—Vz')+5i(9i—77¢)+%(0i—)\i)]-

i=1

Lettingn =p =1and a; — 1 = B; = ; = « in Theorem 5.1.3, we obtain the next corollary:
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Corollary 5.1.3.1. Let f,g,h,k € A, a>0.If f € K(u), g € S*(v), h € K(A), h € S*(n), k € K(0),
k € 8*(0) with pu,v,\,n,0,0 < 1 and Re (g(z)) > 1, then the integral operator G € K,(p), where

G(2) = /0 ) {f’(t)eg(t)%z,,gﬂ dr, (5.1.6)

T

and
p=1—a@B+0+0c—p—v—XA—mn).

We consider the integral operator:

Tonle) = [ H [ptpl (@) (ijﬂ)ﬁi (H) (’Z,((tt)f)é’] @ 617)

where f;, g;, h;, k; are p-valent analytic functions in U and «;, B;, i, 0; are complex numbers.

For p = 1 this integral operator becomes T,, defined by (3.0.4).

Theorem 5.1.4. Let fi,gi,hi,ki S Ap, o; — l,ﬁi,’)/i, 61 > 0. Ifﬁ € S;(,uz), g; € ]Cp()\z), hZ € ICp(wi),
hi € Sy(mi), ki € Kpl0y), ki € S;(0:) with pi, Ni, wi,mi, 04,0 < 1, for all i = 1,n, then the integral
operator T, ,, € K,(p), where

n

P:1—2[(0%—1)(1—Mi)+ﬁi(1—)\i)+%'(9i—77i)+5¢(0i—wz')]-

i=1

Lettingn =p=1and a; — 1 = B; = v; = 0; = «in Theorem 5.1.4, we obtain the next corollary:

Corollary 5.1.4.1. Let f,g,h,k € A, a>0.If f € S* (1), g € K(\), h € K(w), h € S*(n), k € K(0),
k € 8*(8), with p, A\,n,w, 0,0 < 1, then the integral operator T € K,(p), where

T(2) = /O ’ {f (tt) g 28 28 ar, (5.1.8)

and
p=1l—a@+04+0c—p—A—n—-w).

5.2 Conditions for belonging to the class functions N, (/)

In this paragraph we describe sufficient conditions for belonging to the class of p-valently functions
N,(B), for new integral operators with functions in the classes of p-valent functions N,(3) and M, (),
6> 1.

Theorem 5.2.1. Let fi,g; € Ay, a; — 1, Bi,vi > 0and i, \iym; > 1, forall i = 1,n. If fi € M,(),
gi € N,(\i) and g; € M,,(n;), then the integral operator M,,,, € N,(p), where

n

p=1-> [(ai—1) (i = 1)+ B (i = 1) + % (i — 1)].

=1
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Theorem 5.2.2. Let fi,gi,hi € A, o — 1, 08,7 > 0. If f; € Myp(wi), 9i € My(vi), hi € Np(N\),
h; € My(n;) with p;, v, Ni,n; > 1 and Re (g;(2)) < 1, for all i = 1,n, then the integral operator
Cpn € Nyp(p), where

n

P:1—Z[(ai—l)(ﬂi+Vi—1)+5i()\z’—1)+%(7h’—1)]-

i=1

Theorem 5.2.3. Let f;, gi, hi ki € A, a; — 1, 85,7 > 0. If fi € Np(pi), 95 € Myp(vi), hi € Np(Ni),
hi € Mp(mi), ki € Nyp(03), ki € My(0;) with g, v, N, i, 04, 6; > 1andRe(gZ(z)) <1, foralli=1,n,
then the integral operator G, ,, € N,(p), where

n

p:1_2[(042‘_1)(/%"'”@_1)‘{’51(z 0:) + i (A — 03]
i=1
Theorem 5.2.4. Let fi, s, hz‘, k?l S Ap, a;—1, 61', Yis s 51 > 0. Iffz € Mp(,uz>, g; € ./V;;(/\l), hz S Np(wi),
hi € Mp(ni), ki € Ny(03), ki € My(0;) with pi, Ni,ni,wi, 04,0; > 1, for all i = 1,n, then the integral
operator T, ,, € N,,(p), where

n

p=1= [lai=1) (i = 1)+ B (N = 1)+ (i — 0;) + 6 (w; — 03)].

=1

5.3 Conditions for belonging to the class functions /C,(a, o)

In this section we present sufficient conditions for belonging to the class of convex p-valently func-
tions K,(a, ), for new integral operators with functions in the class of p-valently starlike functions
Sy(a,a),a€C a<l.

Theorem 5.3.1. Let fi,9; € Ay, a; — 1, 85, v > 0 and pi, \iym; < 1, foralli = 1,n. If f; € Sy (a, ),
9i € Kpla, \;) and g; € S;;(a,mn;), then the integral operator M, ,, € K,(a, p), where

n

=1= [l — 1) pi + Bidi + yimi]

i=1

Lettingn =p =1and a; — 1 = B; = ; = v in Theorem 5.3.1, we obtain the next corollary:

Corollary 5.3.1.1. Let f,g € A, a > 0and p, \,n < 1. If f € S*(a,pn), g € K(a,\) and g € §*(a,n),
then the integral operator M € K(a, p), where M defined by (5.1.2) and

p=1l—a(p+A+n).

Theorem 5.3.2. Let fi;gi; h; € .Ap, a; — 1,51',’)/2' > 0. Iffl S S;((Z, /uLz'), g; € S;(CL, Vi), h; € ICp(CL, )\Z),
h; € S;(a,m) with ;, Vi, Ni,n; < 1 and Re (g;(z)) > 1, for all i = 1,n, then the integral operator
Con € Ky(a, p), where

n

p:1_2[(%‘_1)(Mi+’/i+1)+ﬁi>\i+%77i]'

=1
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Lettingn =p =1and a; — 1 = B; = ; = v in Theorem 5.3.2, we obtain the next corollary:

Corollary 5.3.2.1. Let f,g,h € A, a > 0. If f € S*(a,pn), g € S*(a,v), h € K(a,\), h € §*(a,n)
with p,v, A\, < 1 and Re (g)(z)) > 1, then the integral operator C € K,(a, p), where C defined by
(5.1.4) and

p=l—a(p+v+A+n+1).

Theorem 5.3.3. Let f;, gi, hi, ki € Ay, ai—1, Bi,vi > 0. If fi € Ky(a, i), 9i € Sy(a,vi), hy
hi € Sy(a,m:), ki € KCp(a,04), ki € Sy(a,0;) with pi, vi, Ai,ns,04,0; < 1 andRe( i(2)
i = 1,n, then the integral operator G,,, € K,(a, p), where

S ]Cp(CL, )\z):
> 1, for all

n

p:1—2[(0%—1)(/%‘{’%4‘1)‘1‘@1(z )+%()‘i_‘7i>]'

=1

Lettingn =p =1and a; — 1 = 3; = ; = « in Theorem 5.3.3, we obtain the next corollary:

Corollary 5.3.3.1. Let f,g,h,k € A, a > 0. If f € K(a,u), g € S*(a,v), h € K(a,\), h € S*(a,n),
k € K(a,0), k € S*(a,0) with u,v,\,n,0,0 < 1 and Re(g(z)) > 1, then the integral operator
G € Ky(a, p), where G defined by (5.1.6) and

p=l—a(p+v+n+A—-0—-0c+1).

Theorem 5.3.4. Let fi,gi,hiaki S Ap, o — 1,61',’}/1',(51‘ > 0. Iffl S S;(a,ui), g; € ICp(a, )\,L), hl S
/Cp(a,wi), hl S S;(Cl,ni>, kl € le(a,al-), k’z € S;(a,el) with /Li,)\i,wi,m,oi,@i < 1, f0r all 1 = 1,_71,
then the integral operator T, ,, € K,(a, p), where

n

p:1_2[(051'_1>,ui+ﬁi)\i+7i(77i_ei)+5i(wi_Ui)}'

=1

Lettingn =p=1and a; — 1 = B; = v; = 0; = «in Theorem 5.3.4, we obtain the next corollary:

Corollary 5.3.4.1. Let f,g,h,k € A, o > 0. If f € S*(a,p), g € K(a,\), h € K(a,w), h € S*(a,n),
ke K(a,0), k € §*(a,0), with u, \,w,n, 0,0 < 1, then the integral operator T € IC,(a, p), where

p=l—a(p+rA+w+n—0-o0).

5.4 Conditions for belonging to the class p-valent starlike functions

In this section we present sufficient conditions for belonging to the class of p-valently starlike func-
tions S, (6), 0 < B < p, for new integral operators with functions in the class of p-valent analytic
functions A,.

Theorem 5.4.1. Let f;,g;: € A, and o; — 1, B;,v; > 0 positive real numbers, for all i = 1,n. If f;, g;

satisfies
f’( ) 1 2gi(2) 1 (zgé’(Z) ) 3
ReZIiE) — Re( )y S
R Py Mae Prasrae flge Y i

then the integral operator M, ,, is p-valently starlike in the open unit disk.
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Lettingn =p = 1and a; — 1 = B; = ; = v in Theorem 5.4.1, we obtain the next corollary:

Corollary 5.4.1.1. Let f, g € A and o > 0 a positive real number. If f, g satisfies

2f'(z) 1 29 1 e (29) 3
) 1+2a R o) <1+2a, R (g() +1)<1 1o

then the integral operator M defined by (5.1.2) is starlike in the open unit disk.

Re

Theorem 5.4.2. Let f;,g; € A, and o; — 1, B;,v: > 0 positive real numbers, for all i = 1,n. If f;, g;

satisfies
2filz) ' p zgi(2) ' p 2g)(2) ‘ 1
2 I ) S TR e M D S el 1T M e I Sy A

forall z € U, then the integral operator M,,,, is p-valently starlike in the open unit disk.

Lettingn =p =1and a; — 1 = B; = ; = « in Theorem 5.4.2, we obtain the next corollary:

Corollary 5.4.2.1. Let f, g € A and o > 0 a positive real number. If f, g satisfies

Zf’(Z)_1‘< 1 |z (2) _1‘< L |zg"(2)] 1

)
«

f(z) 207 | g(z) 207 | ¢(2)
for all z € U, then the integral operator M defined by (5.1.2) is starlike in the open unit disk.

Theorem 5.4.3. Let f;,g;,h; € A, and a; — 1, 3;,; > 0 positive real numbers, for all i = 1,n. If
fis 9i, by satisfies

2f1(2) 1 o 2012)

<p-+ D

fi(2) 3> (@i —1)

e
zhf!(z) B 3 ezh’() 1
R"(h'w “) PRIy M) SPTayn

then the integral operator C, ,, is p-valently starlike in the open unit disk U.

Re <p+ n

1
) 3> (ai—1)

l9:(2) < 1,

Lettingn =p =1and a; — 1 = B; = ; = v in Theorem 5.4.3, we obtain the next corollary:

Corollary 5.4.3.1. Let f,g,h € Aand o > 0 a positive real number. If f, g, h satisfies

2f'(2) 1 2q'(2) 1
RV 14 = R 14
TIE T T ) T e
Zh”(z) 3 Zh/(z) 1
K ly<l--. R 1+ — <1
e( W) )< o Reqoy <ttae b@Ist

then the integral operator C defined by (5.1.4) is starlike in the open unit disk.
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Theorem 5.4.4. Let f;,gi,h; € A, and a; — 1, 8;,v; > 0 positive real numbers, for all i = 1,n. If
fi, 9i, hi satisfies

2fi(2) - p 2i(2) | p

fi(2) 42?:1 (a; — 1) 9i(2) 42?:1 (a;—1)’
zhi(z) ‘ D zhi(z) 1 ' 1
ne A Sisna [me Pt sha MOlsgyr

(i — 1)

for all z € U, then the integral operator C,,, is p-valently starlike in the open unit disk.

Lettingn =p =1and a; — 1 = B; = ; = « in Theorem 5.4.4, we obtain the next corollary:

Corollary 5.4.4.1. Let f,g,h € Aand o > 0 a positive real number. If f, g, h satisfies
!/
1
SCHp

2g'(2) 1’ 1

/) T e R T
2'h(2) 1 zh"(z2) 1 1
o) N1 e | S WEIs

for all z € U, then the integral operator C defined by (5.1.4) is starlike in the open unit disk.

Theorem 5.4.5. Let fi, g;, hi, k; € A, and o; — 1, 3;,7; > 0 positive real numbers, for all i = 1,n. If
fis i, hi, ki satisfies

zfi'(2) ) B 3 2gi(2) 1 zhi(2) 1
R"( 7 ) I - M P S ey e SPTEL e
zki(2) 1 zh!(z) 3
e P E Re( m(2) “) RS Y
2k (2) 3
Re( k() + 1) <p- m» l9:(2)| <1,

then the integral operator G, ,, is p-valently starlike in the open unit disk U.

Lettingn = p = 1and o; — 1 = 3; = v; = a in Theorem 5.4.5, we obtain the next corollary:
Corollary 5.4.5.1. Let f,g,h, k € Aand o > 0 a positive real number. If f, g, h, k satisfies

2f"(2) 3 24g'(2) 1 zh (2) 1
Re(f’(z) +1)<1_B’ Re () <1+a, Re <14+ -

h(z) a’
zk'(2) 1 zh"(2) 3 zk"(z) 3
R <l+—, R l)]<1——, R 1) <1—— <1
¢ k(z) + a’ e( h'(z) * 4o’ € K'(2) * 4o’ lg(2) <1,
then the integral operator G defined by (5.1.6) is starlike in the open unit disk.
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Theorem 5.4.6. Let f;, gi, hi, k; € A, and a; — 1, 3;,7: > 0 positive real numbers, for all i = 1,n. If
fi, Gis hi, k; satisfies

f1(2) 1 2/(2) p 2hi(2) p
A VA 1 — — £
[ I D S Y ) R WS N B sy o s M o s N R S

2kl (2) p 2h!(2)

ki(2) ‘p‘ VS S ANN W ‘p“' RE) A

zh!(2) 1

ne P sy s e Ty

for all z € U, then the integral operator G,, ,, is p-valently starlike in the open unit disk.

Lettingn = p = 1and o; — 1 = 3; = v; = a in Theorem 5.4.6, we obtain the next corollary:

Corollary 5.4.6.1. Let f, g, h,k € Aand o > 0 a positive real number. If f, g, h, k satisfies

z2f"(2) 1 2g'(2) 1 zh (z) 1
O I E N i e R R
zh"(2) 1 zk"(2) 1 1
h/(Z) 57 k/(Z) 57 ’9(2)’ < Ea

for all z € U, then the integral operator G defined by (5.1.6) is starlike in the open unit disk.

Theorem 5.4.7. Let f;, g;, hi, ki € A, and o;; — 1, 3,7, 0; > 0 positive real numbers, for all i = 1,n. If
fi, gis hi, k; satisfies

zfi(z) 1 <29§’(2) ) 3
Re“DZ < pt =, Re| 22 41) <p— ——=——\

fi(2) Zi:1 (o — 1) QZ(Z) 421':1 Bi

Re—Zh;(Z) <p+ L Re—Zkg(Z) <p-+ L
hi(z) Z?:l Y’ ki(2) Z?:l v’
zhl!(z) 3 2k (2) 3
R ! 1 -———— R L 1 -

e(hxz) i ><p IS ST e(k;-(z) LIRS S

then the integral operator T, ,, is p-valently starlike in the open unit disk U.

Lettingn =p = 1land a; — 1 = B; = v; = §; = «in Theorem 5.4.7, we obtain the next corollary:

Corollary 5.4.7.1. Let f, g, h,k € Aand o > 0 a positive real number. If f, g, h, k satisfies

z2f'(2) 1 29" (z) 3 zh (2) 1 zk'(2) 1
ReTz)<1+a’ Re(g’(z)+1)<1_5’ Reh(z) <1+E’ Re 14—

k(z) <t
zh"(z) 3 zk"(2) 3
R 1 1——, R 1 1——
e< h'(z) + > < 4o e( k() T 4o’

then the integral operator T defined by (5.1.8) is starlike in the open unit disk.
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Theorem 5.4.8. Let f;, g;, hi, ki € A, and o; — 1, 3;,7i, 0; > 0 positive real numbers, for all i = 1,n. If
fi, gis by, k; satisfies

2fi(2) ‘ p zgi (2) zhi(2) ' p
—p < n ) —p + 1 < n ’ —D < 5N~ _ >
fi(2) 3 Zi:l (i = 1) 9i(2) 3 Zi:l Bi hi(2) 3 Zi:l Vi
zki(z) P zhl!(z) 1 2kl (z) 1
T pl < D p+l| < B | R ——
S B D SAEVANE I 77PN e IS 5 A I V165 B G BE'D S

for all z € U, then the integral operator T, ,, is p-valently starlike in the open unit disk.

Lettingn =p=1and a; — 1 = B; = v; = 0; = « in Theorem 5.4.8, we obtain the next corollary:

Corollary 5.4.8.1. Let f, g, h, k € Aand a > 0 a positive real number. If f, g, h, k satisfies

2f'(2) | 1 |zg"(x)| 1 |z | 1
/) 1'<3a’ 7@ | "3 | ) 1' 30
2k (2) 1 zh"(2) 1 zh"(2) 1
k(z) 3a’ | W(z) | 3« | W(z)|  3a

for all z € U, then the integral operator T defined by (5.1.8) is starlike in the open unit disk.

5.5 Conditions for belonging to the class p-valent close-to-convex
functions

In this section we present sufficient conditions of belonging to the class of close-to-convex p-valently
functions, for the new integral operators having the functions from the class of p-valent analytic func-
tions.

Theorem 5.5.1. Let fi,g; € A, and a; — 1, 3;,7: > 0 positive real numbers, for all i = 1,n. If f;, g;

satisfies
2f1(2) a 2g(2) a
RGeS P vt nyn -0 ak Pty
2!(2) b
Re<gg<z> “> P AT )-b Y B

foralla > 0,b> 0, a+2b < 1andz € U, then the integral operator M,, ,, is p-valently close-to-convex
in the open unit disk.

Lettingn =p =1and a; — 1 = B; = ; = « in Theorem 5.5.1, we obtain the next corollary:
Corollary 5.5.1.1. Let f, g € A and o > 0 a positive real number. If f, g satisfies

zf'(2) a 2g'(2) a

<1 R <1 ,
* ¢ 0T _ba

Re ) 20ta)(d-bha g0
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2q"(z) b
R 1) <1
(5 ) < e
foralla > 0,b >0, a+2b < 1and z € U, then the integral operator M defined by (5.1.2) is
close-to-convex in the open unit disk.

Theorem 5.5.2. Let f;, g;,hi € A, and o; — 1, 8;,~v; > 0 positive real numbers, for all i = 1,n. If
fi, gi, hi satisfies

2f(2) . 2.(2) .
Red P a0 L @D ke PT3ira0-ny, @1
zh}(z) a . zh!(z) b
R P 3saraa-nrny © <h;<z> “> RN E e S

9:(2)] <1,

foralla >0,b>0,a+2b<1and z € U, then the integral operator C, , is p-valently close-to-convex
in the open unit disk.

Lettingn =p =1and a; — 1 = B; = ; = « in Theorem 5.5.2, we obtain the next corollary:

Corollary 5.5.2.1. Let f,g,h € A and o > 0 a positive real number. If f, g, h satisfies

2f'(2) a 24g'(2) a
ke~ <M saroa-ve "y “'tiaroa-vae
Zh/(z) a Zh”(z) b
R ' Tsaraa-va Re(h@ “) <M TraaTwa @ISt

foralla > 0,b>0,a+2b<1andz € U, then the integral operator C defined by (5.1.4) is close-to-
convex in the open unit disk.

Theorem 5.5.3. Let fi, gi, hi, ki € A, and a; — 1, 8;,7; > 0 positive real numbers, for all i = 1,n. If
fis Gi, hi, ki satisfies

2f!'(2) b eZgg(Z) a
Re( 716 “) ol DrL -1 “uk PTlred-hyn -1
2h(2)

Re ()
zh!(2) b . 2k (2) b
re (T 1) i oa-orn © (g +) <o

ki(2) (14+a)(1-0b) Z?:l ¥’

foralla >0,b>0,a+2b<1and z € U, then the integral operator G, ,, is p-valently close-to-convex
in the open unit disk.

a zki(z) a
Priraa-nyn e e T araa e st

Lettingn =p =1and a; — 1 = B; = ; = a in Theorem 5.5.3, we obtain the next corollary:
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Corollary 5.5.3.1. Let f,g,h, k € Aand o > 0 a positive real number. If f, g, h, k satisfies

21"(2) b 2(2)
Re(f’(z “><”<1+a><1—b>a’ ko) ST araana

zh (2) a zk'(2)
ke " araa-nae *we) 'Taroa-va

zh"(2) b zk"(2) b
R 1] <1 R 1] <1 <1
e(h’(z) * ) TMrad-ba e(k’(z) * Tiraa=pa 9=t
foralla > 0,b>0, a4+ 2b < 1and z € U, then the integral operator G defined by (5.1.6) is close-to-
convex in the open unit disk.

Theorem 5.5.4. Let f;,g;, hi, ki € A, and o; — 1, B;,7,,6; > 0 positive real numbers, for all i = 1,n. If
fi, gis hi, k; satisfies

2f(2) a 2! (2) b
R P T S T Re( 18 “)<p+<1+a><1—b>2?1@’
zh}(z) a zki(2) a
A N R R s ey W M T R D S
zh!(2) b . 2k (2) b
Re(h;cz) “><p+<1+a><1—b>2?15/ K (kxz) “)<p+<1+a><1—b>2?16/

foralla >0,b>0,a+2b <1and z € U, then the integral operator T, ,, is p-valently close-to-convex
in the open unit disk.

Lettingn =p=1and a; — 1 = B; = v; = 0; = «in Theorem 5.5.4, we obtain the next corollary:

Corollary 5.54.1. Let f,g,h, k € Aand o > 0 a positive real number. If f, g, h, k satisfies

2 f(2) a 2'(2)
oo ST aroa e Re(y(z) +1)<”<1+a><1_b>a
zh (2) a 2K (2)
Rty T aroa-nae ®we “'Taroa-ba
zh"(2) b zk"(2) b
Re(hf@) “)<”<1+a><1—b>a’ Re(k/<z> “)<”<1+a><1—b>a

foralla > 0,0 > 0, a+2b < 1and z € U, then the integral operator T defined by (5.1.8) is
close-to-convex in the open unit disk.

5.6 Conditions for belonging to the class uniformly p-valent close-
to-convex functions

This paragraph contains sufficient conditions for belonging to the class of uniformly p-valent close-
to-convex functions, for the new integral operators having the functions from the class of p-valent analytic
functions.
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Theorem 5.6.1. Let fi,g; € A, and a; — 1, 3;,7; > 0 positive real numbers, for all i = 1,n. If f;, g;

satisfies
2fi(2) 2gi(2) 1 (Zg"(Z) ) 2
Re—2 p+ = ,  Re—= <p+-———, Re ! +1)<p— ——,
fi(2) 23 (i —1) 9i(2) 2 i 9i(2) 30 B

for all z € U, then the integral operator M, ,, is uniformly p-valently close-to-convex in the open unit
disk.

Lettingn =p =1and a; — 1 = B; = ; = « in Theorem 5.6.1, we obtain the next corollary:
Corollary 5.6.1.1. Let f, g € A and o > 0 a positive real number. If f, g satisfies
!/ 1 / 1 7 2
RATG) L g0E) L e () ) 2
f(2) 2a 9(2) 2a g(z) 3a

for all z € U, then the integral operator M defined by (5.1.2) is uniformly close-to-convex in the open
unit disk.

Theorem 5.6.2. Let f;,gi,h; € A, and a; — 1, 8;,; > 0 positive real numbers, for all i = 1,n. If

fis gi, hi satisfies

2fi(2) <p+ Rezgg(z) - 1
fl(z) 3 Z?:l (ai - 1)7 gl<z) 32?:1 (az _ 1)7
=) PRSI Re( Rz 1) <Py leG)s

for all z € U, then the integral operator C,,, in Theorem 5.6.1, we obtain the next corollary:.

Re

Re

Lettingn =p =1and a; — 1 = B; = ; = « in Theorem 5.6.2, we obtain the next corollary:
Corollary 5.6.2.1. Let f,g,h € Aand o > 0 a positive real number. If f, g, h satisfies

2f'(2) 1 29'(2) 1
R 1+—, R 14+ —
e ) <1+ 30 e o(2) <1+ 30
zh (2) 1 zh"(2) 2
R 14—, R 1 1—— <1
¢ h(z) <4t 3o’ e< h'(z) T 3a’ ()l < 1,

for all z € U, then the integral operator C defined by (5.1.4) is uniformly close-to-convex in the open
unit disk.

Theorem 5.6.3. Let f;, gi, hi, k; € A, and a; — 1, 3;,v; > 0 positive real numbers, for all i = 1,n. If
fi» i, hi, ki satisfies

. 2fl(2) B 2 ezgg(z) 1
(G ) s e <t s
Rezh;(z) 1 zki(2)

1
<p + n ) Re————= < p + ) , gi(z S 17
) > i1 Bi ki(z) S B |9:(2)]

hi(z
zh!(z) ) 2 (zk’-’(z) ) 2
Re( T 41} <p— oy Re( T2 41) <p—
( h;(Z) 3 Zi:1 Vi k;(z) 3 zizl Vi
for all z € U, then the integral operator G, ,, is uniformly p-valently close-to-convex in the open unit
disk.
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Lettingn =p =1and a; — 1 = B; = ; = ain Theorem 5.6.3, we obtain the next corollary:

Corollary 5.6.3.1. Let f, g, h,k € Aand o > 0 a positive real number. If f, g, h, k satisfies

zf"(2) 2 zq'(2) 1 2 (2) 1 () 1
Re( f'(z) H) <toae Ry <Mte Fan e R <o

Zh/ll(z) 2 Zk,//(z) 2
R 1)]<1l—-—, R 1) <1—-— <1
< ) ) 3’ ( v — It
for all z € U, then the integral operator Gdefined by (5.1.6) is uniformly close-to-convex in the open unit
disk.

Theorem 5.6.4. Let f;, gi, hi, ki € A, and o; — 1, B;, i, 6; > 0 positive real numbers, for all i = 1,n. If
fis i, hi, ki satisfies

2fi(2) 1 (th"(Z) ) 2 zhi(2) 1
Re <p+=i———, Re : +1)<p—=——=7—, Re <p+ =5 ,
fz(z) Zizl (O‘i - 1) gz(z) 3 Zizl Bi hz(z) Zi:l Yi
2ki(2) 1 (zh’/(z) ) 2 <zk‘"’(z) > 2
Re——— < p+ —= ., Re . +1)<p——=——=+——, Re n +1|<p— ———,
ki(2) Zi:1 Vi hz(z) 3 Zi:l 0; kz(z) 3 Zi:l Oi

for all z € U, then the integral operator T, ,, is uniformly p-valently close-to-convex in the open unit

disk.

Lettingn =p=1and oa; — 1 = 3; = v; = §; = « in Theorem 5.6.4, we obtain the next corollary:

Corollary 5.6.4.1. Let f,g,h, k € Aand o > 0 a positive real number. If f, g, h, k satisfies

2f'(2) 1 29" (2) 1 2h (z) 1
02) <1—I—a, Re(g’(z) +1)<1—3—a, Re h2) <1+E’

2k (2) 1 zh"(2) 2 zk"(2) 2
Re——= <1+ —, R 1 l1-——, R 1 1——
¢ k(z) sty e ( h'(z) )= 307 ¢ K'(z2) )= 3a’
for all z € U, then the integral operator T defined by (5.1.8) is uniformly close-to-convex in the open
unit disk.

Re
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