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Introduction

Fixed Point Theory can be considered as one of the most dynamical research domains of Mathematics, that
has many applications in different scientific domains, such as physics, economics, engineering, computer
science and so on. The theory of single-valued and multi-valued operators can be considered as a part of the
mathematical field of nonlinear analysis, the latter being a fruitful domain of activity, with a very dynamic
development. We recall first a brief description of some of the main ideas of the Fixed Point Theory, which
are related to our PhD Thesis :
Stefan Banach, in [30], proved that any contraction on a complete metric space has a unique fixed point, i.e.
there exists and is unique x∗ ∈ X, such that f(x∗) = x∗. The well known Banach contraction principle was
first extended in [126] by S.B. Presić to operators defined on a cartesian product of sets. In [103], M. Păcu-
rar obtained a convergence result regarding Kannan-Presić operators that is an interesting generalization
of Presić contractions, in the sense that they are discontinuous. At the same time, I.A. Rus [140] and M.
Păcurar [104] proved some fixed points and common fixed points results through a multi-step type iterative
method. In this way, the field of Fixed Point Theory was briefly connected to the subfields of Numerical
Analysis.
Quite interestingly, in [38], A. Branciari introduced a new metric-type functional in which the well-known
triangle inequality is replaced by an inequality which involves four different elements. This is called a rect-
angular metric space or a generalized metric space. At the same time (see [67]) was proved that convergent
sequences and Cauchy sequences can be introduced in a similar manner as in metric spaces. This type of
topological spaces are crucial due to the fact that they generalize the well-known metric spaces. Eventually,
this led to an increasing research regarding fixed point results in the setting of different type of generalized
metric-type spaces.
Now, we turn our attention to the work of F.F. Bonsall [35] and S.B. Nadler Jr. [97], who have studied
some stability results regarding sequences of contractions, that are defined on a metric space (X, d). An
interesting extension of the previous results was made by M. Păcurar [105], who has developed pointwise and
uniform convergence results, for the sequence of fixed points of almost contractions. On the other hand, L.
Barbet and K. Nachi [31] considered some convergence results for the fixed points of a contraction mapping
in the usual setting of a metric space (X, d), but for operators defined on subsets and not on the entire
metric space (X, d).
Last but not least, we end this introduction with the work of W. Takahashi (see [157]), who has introduced
a new concept of convexity in metric spaces and proved that all normed convex spaces and their convex
subsets are convex metric spaces. Further, he gave some examples of convex metric spaces. At the same
time, generalized type of contractype mappings were studied in the framework of convex metric spaces.

The present PhD Thesis is divided into four chapters, where each chapter contains several sections and
subsections.

Chapter 1 : Preliminaries.
The aim of this chapter is to recall some important concepts that will be used through the entire thesis.
The used terminology concerns the basic notions of Presić single-valued operators, convex metric spaces,
b-rectangular metric spaces, cone metric spaces over Banach algebras and different qualitative notions re-
garding single-valued and also multi-valued operators. This chapter contains the following sections :
• Qualitative notions for single-valued and multi-valued mappings :
In this section we recall the most important concepts regarding fixed points and strict fixed points of single-
valued ande multi-valued mappings, Ulam-Hyers stability, well-posedness and the convergence of fixed point
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iterations. The basic articles concerning these concepts are the following : [32], [53], [79], [80], [96], [112],
[115], [116], [117], [120], [138], [139].
• Presić operators :
In this section we present a survey concerning generalized Presić-type contractions, introduced by a metrical
type approach. The theory behind it is based upon the convergence of a k-step fixed point iteration and the
data dependence of the fixed points of Presić single-valued operators. The most important references are
the following : [76], [37], [148], [140], [104], [47].
• b-Rectangular metric spaces :
In this section we describe generalized contractions in the framework of b-rectangular metric spaces, along
with some topological and metric properties of these spaces. Also, we briefly recall the idea of b-metric
spaces and rectangular metric spaces. The most important papers regarding these generalzied type metric
spaces are the following : [52], [67], [136].
• Cone metric spaces over Banach algebras : This section concerns the pointwise and uniform convergence
for a family of mappings defined on subsets of cone metric spaces over a given Banach algebra. Also, we
present the idea of equicontinuity of a family of mappings under these generalized metric-type spaces. The
most important references that are used are the following : [35], [97], [105].
• Convex metric spaces : This section contains several common fixed point results in the setting of convex
metric spaces for generalized single-valued contractions. Some articles that were used through this entire
section are the following : [34], [51], [55],[91], [92], [93], [159].

Chapter 2 : Fixed point results for single-valued generalized contractions in generalized
metric spaces.
The aim of this chapter is to present some existence and uniqueness fixed point theorems and data
dependence results for Presić-type generalized contractions in the setting of complete metric spaces. Also,
we give some extended fixed point results for a generalized type contraction mappings in b-rectangular
metric spaces. Last but not least, we present the idea of the convergence of the sequence of fixed points
of contractions defined on cone metric spaces over Banach algebras. Finally, we give some applications to
systems of functional and differential equations. The sections of this chapter are :
• Some results for Istrăţescu-Presić and Presić-type operators via simulation functions for single-valued
mappings :
In this section, we present some fixed point results for Presić-type single-valued operators. We introduce
new type of operators that generalizez the well-known Presić contractions and Istrăţescu convex contractions
of second order. Our original contributions of this section are the following :
- [Definition 2.1.1] and [Definition 2.1.2] in which we introduce new types of Presić operators, namely Presić
convex contractions of the first and second kind, respectively.
- [Theorem 2.1.4] which is an existence and uniqueness result for Presić convex contractions of the first and
second kind, respectively.
- [Corollary 2.1.5] which is a consequence of an existence and uniqueness result for Presić convex contractions
of second order.
- [Theorem 2.1.7] which is a data dependence result of the fixed point between Presić convex contractions
of the first and second kind and a mapping on a cartesian product of a complete metric space with at least
a fixed point.
- [Example 2.1.9], [Example 2.1.10], [Example 2.1.11] in which we present some non-trivial examples of
Presić convex contractions of the first and second kind, respectively.
- [Definition 2.1.12] in which we introduce the idea of a k-simulation mapping.
- [Example 2.1.13], [Example 2.1.14], [Example 2.1.15], [Example 2.1.16], [Example 2.1.17], [Example 2.1.18]
in which we give some examples of k-simulation mappings that will be used in the rest of this section.
- [Definition 2.1.19], [Definition 2.1.20], [Definition 2.1.21], [Definition 2.1.22] in which we introduce some
Presić-type single-valued operators that are based upon the idea of a k-simulation function.
- [Theorem 2.1.23] which is the main result of the second part of this section in which we prove an existence
and uniqueness result for the so-called P − (Z, g)-ordered contractions.
- [Corollary 2.1.25], [Corollary 2.1.26], [Corollary 2.1.27], [Corollary 2.1.28], [Corollary 2.1.29], [Corollary
2.1.30] that are some consequences of the main result.
- [Example 2.1.32], [Example 2.1.33], [Example 2.1.34] that validates the already mentioned corollaries.
• Generalized contractions, fixed points and b-rectangular metric-type spaces :
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In this section we prove some existence and uniqueness results for generalized contraction-type mappings
under the framework of a complete b-rectangular metric space, the latter being a natural generalization of
the well-known b-metric spaces and rectangular metric spaces, respectively. Our original contributions from
this section are the following :
- [Theorem 2.2.1] which is an existence result for the fixed points of some generalized contractions.
- [Example 2.2.3] which is an example of a generalized contraction mapping under a suitable complete
b-rectangular metric space.
- [Example 2.2.4] in which we construct an example of a b-rectangular metric space that will be used
throughout the entire section.
- [Example 2.2.5] which is also an example of a generalized contraction mapping in the setting of a complete
b-rectangular metric space.
- [Lemma 2.2.7] which is an important result that will be used in the analysis of expansive mappings.
- [Theorem 2.2.9] which is the second important result of this section, in which we study the existence of
fixed points for expansive mappings.
- [Example 2.2.10] which is an example that validates the already mentioned theorem.
- [Theorem 2.2.13] which is an existence of fixed points for expansive type mappings, under suitable
assumptions on the generalized contraction.
- [Example 2.2.15] which is an example of an expansive mapping under the setting of a given b-rectangular
metric space.
• Contraction sequences in cone metric spaces over Banach algebras. Applications to nonlinear systems of
equations and systems of differential equations :
In this section we extend the concepts of G-convergence, H-convergence and continuity type properties
of mappings that are defined on a cone metric space over a given Banach algebra. Here, we validate our
theoretical results through some applications for the solutions of systems of functional and differential
equations. Our main contributions are the following results :
- [Definition 2.3.1] in which we extend the idea of pointwise convergence of a sequence of operators to the
framework of cone metric spaces over Banach algebras.
- [Definition 2.3.2] in which we extend the idea of uniform convergence of a sequence of operators to the
framework of cone metric spaces over Banach algebras.
- [Definition 2.3.3] and [Definition 2.3.4] in which we extend the idea of pointwise and uniform equicontinuity
for a family of mappings defined on cone metric spaces over Banach algebras.
- [Example 2.3.5] which is an example of a complete metric space over a Banach algebra.
- [Example 2.3.6] in which we present an example of a sequence of mappings that converge uniformly in the
setting of cone metric spaces over a Banach algebra.
- [Example 2.3.8] in which we present an example of a sequence of mappings that are endowed with
pointwise convergence in the setting of cone metric spaces over a Banach algebra.
- [Theorem 2.3.9] which is the main result of this section in which we present the convergence of a sequence
of fixed points in the framework of cone metric spaces, under the assumption that these elements are fixed
points for some operators that are endowed with the uniform convergence.
- [Theorem 2.3.10] in which we present the convergence of a sequence of fixed points in the framework of
cone metric spaces, under the hypothesis that these elements are fixed points for some operators that are
endowed with the pointwise convergence.
- [Definition 2.3.11] and [Definition 2.3.12] in which we extend the concepts of G and H convergence to
mappings defined on cone metric spaces over Banach algebras.
- [Proposition 2.3.14] and [Theorem 2.3.15] that are related to the existence and uniqueness of the (G)-limit
of a family of operators.
- [Theorem 2.3.16] and [ Corollary 2.3.18 ] in which we are concerned with the convergence of a sequence of
fixed points that belong to a family of mappings that is endowed with property (G).
- [Theorem 2.3.19] in which we are concerned with the relationship between the pointwise convergence
of a sequence of mappings in the setting of a cone metric space and the equicontinuity of the family of
mappings.
- [Theorem 2.3.20], [Theorem 2.3.21], [Theorem 2.3.22] in which we present some theoretical results
regarding the (H) and (G) limit of a family of operators.
- [Theorem 2.3.24] in which we present an application to nonlinear systems of equations.
- [Theorem 2.3.25] and [Theorem 2.3.26] in which we present an application to systems of differential
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equations.

Chapter 3 : Fixed point results for multi-valued generalized contractions.
The aim of this chapter is to to present some fixed point results for multi-valued operators using the idea
of altering distances. Furthermore, we present some fixed point and strict fixed point extended principles
for Ćirić multi-valued operators. This chapter contains the following sections :
• Fixed point results for multi-valued operators. The altering distance technique :
In this section we consider some existence and uniqueness results on fixed points of multi-valued operators
that are introduced by technique of altering distances. Our original contributions are the following :
- [Theorem 3.1.1] in which we consider some fixed point results for multi-valued operators that are endowed
with a metrical condition, the latter being based on a comparison-type mapping.
- [Remark 3.1.3] and [Remark 3.1.4] in which we have some observations regarding the comparison function
that is used in the main result of this section.
- [Theorem 3.1.5] which is the second theoretical result of this section, that differs from the first theorem
in the assumptions that we impose.
• Extended fixed point principles for Ćirić multi-valued contractions :
In this section we present some extended fixed point principles and strict fixed point principles for
multi-valued Ćirić contractions. Our original contributions are :
- [Theorem 3.2.1] in which we consider a fixed point principle for Ćirić multi-valued operators. We discuss
some fixed point concepts such as : Ulam-Hyers stability, well-posedness, selection results, data dependence,
the compactness of the set of fixed points.
- [Theorem 3.2.2] which is the second result of the present section, in which we consider metrical and
topological results for the strict fixed points of the Ćirić multi-valued contractions.

Chapter 4 : Iterative schemes for generalized contractions in complete metric spaces.
In this chapter we present some theoretical results for fixed points of single-valued generalized contractions
in the setting of convex metric spaces. Also, in the particular framework of hyperbolic spaces, we consider
the fixed point analysis of the Mann iteration for multi-valued mappings. Last but not least, we present
some results in which we compare the rate of convergence of different iterative schemes. Our original
contributions from this chapter are :
• Fixed point analysis of some generalized contractions through Ishikawa’s iteration :
In this section we present some fixed point results for some generalized contractive-type mappings in the
setting of convex metric spaces. Our original results are the following :
- [Theorem 4.1.1] which is the first important result regarding the convergence of the Picard successive
approximation sequence for mappings satisfying a generalized contractive metrical condition.
- [Corollary 4.1.3] which is a consequence of the previous result, for the iterates of the self-mapping.
- [Example 4.1.4] which is an example that validates our theoretical result, in the setting of a generalized
contraction mapping.
• Qualitative properties and stability results for Mann’s algorithm for multi-valued mappings :
The present section consists in some theoretical results regarding the convergence of Mann iterative scheme
in the context of multivalued operators introduced by admissible perturbations. The original contributions
from this section are the following :
- [Definition 4.2.3] in which we consider the concept of the convergence of Mann algorithm given by the
idea of admissible perturbations for multi-valued type operators.
- [Theorem 4.2.5] which is a data dependence result for Mann iterative algorithm, in the setting of
multi-valued operators.
- [Theorem 4.2.7] which represents a useful lemma that is used in proving the T-stability of the Mann
iterative sequence.
- [Theorem 4.2.10] in which we deal with the data dependence of the Mann iteration in the framework of
complete hyperbolic metric spaces.
• Convergence results for iterative schemes in the setting of convex metric spaces :
The last section of this chapter is based upon the rate of convergence of some new iterative schemes
introduced by us. These results rely on the idea of a convex metric spaces. Also, our original contributions
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are :
- [Theorem 4.2.12] deals with the property of Ulam stability with respect to Mann iteration.
- [Theorem 4.2.13] in which we prove the convergence of a sequence of contractions with respect to Mann
iteration.
- [Theorem 4.2.14] which deals with the well-posedness with respect to Mann’s iterative scheme.
- [Theorem 4.2.15] in which we consider the property of limit shadowing with respect to Mann iteration for
multi-valued contractions.
- [Theorem 4.3.1], [Theorem 4.3.3], [Theorem 4.3.4], in which we consider the convergence of newly
introduced iterative sequences to the fixed point of a single-valued contraction in the setting of a complete
convex metric space.
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An important part of the original results proved by us were presented at the following scientific confer-
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Chapter 1

Preliminaries

1.1 Qualitative notions for single-valued and multi-valued mappings
In this section, we recall some general notions in the framework of single-valued and multi-valued analysis
theory. Also, for the following preliminary notions and lemmas (such as : multi-valued weakly Picard
operators, data dependence of the fixed point set, Haussdorf metric properties) we refer the reader to [112],
[141] and [142]. Also, through the present thesis, we will use the concepts and notions from [116]. Let
(X, d) be a metric space. Firstly, we remind some important functionals used in multi-valued fixed point
theory, which depend on the metric d of the space X. We simplify the notations avoiding the subscript d,
for example we use H instead of Hd if it is no confusion.
The generalized gap functional :

D : P (X)× P (X)→ R+ ∪ {∞}, D(A,B) := inf{d(a, b)/a ∈ A, b ∈ B}.

The generalized diameter functional :

δ : P (X)× P (X)→ R+ ∪ {∞}, δ(A,B) := sup{d(a, b)/a ∈ A, b ∈ B}.

The generalized excess functional :

ρ : P (X)× P (X)→ R+ ∪ {∞}, ρ(A,B) := sup{D(a,B)/a ∈ A}.

The generalized Pompeiu-Hausdorff functional :

H : P (X)× P (X)→ R+ ∪ {∞}, H(A,B) := max{ρ(A,B), ρ(B,A)}.

We denote the following class of sets:

P(X) := {Y/Y ⊂ X}, P (X) := {Y ⊂ P(X)/Y 6= ∅}.

Let T : X → P (X) be a multi-valued operator. Throughout this section, we will denote

FT := {x ∈ X/x ∈ Tx} and (SF )T := {x ∈ X/{x} = Tx}

the fixed point set of T and the strict fixed point set of T , respectively. Additionally,

Graph(T ) := {(x, y) ∈ X ×X/y ∈ Tx}

will denote the graph of the multi-valued operator T.
We will introduce some useful notations such as :

Pb(X) := {Y ∈ P (X)/Y bounded}, Pcl(X) := {Y ∈ P (X)/Y closed},
Pcp(X) := {Y ∈ P (X)/Y compact}, Pb,cl(X) := Pb(X) ∩ Pcl(X).

Also, if T : X → P (X), then by

T 0 := 1X , T 1 := T, ..., Tn+1 := T ◦ Tn,
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for n ∈ N we denote the iterates of the operator T , where

T (A) :=
⋃
a∈A

Ta,

for A ⊂ X. Last but not least, B(x0, r) means the closure in (X, d) of the ball B(x0, r), where

B(x0, r) := {x ∈ X | d(x0, x) < r}

is the open ball with radius r > 0 and the center x0 ∈ X. By

B̃(x0; r) := {x ∈ X|d(x0, x) ≤ r}

we denote the closed ball centered in x0 with radius r.
From [143], we recall that the set

V 0(Y ; ε) := {x ∈ X / D(x, Y ) < ε}

is called the (open) ε-neighborhood of Y ∈ P (X).
Now, we recall some useful results concerning the Pompeiu-Hausdorff generalized functional H(see [116]).

Lemma 1.1.1. 1) Let (X, d) be a metric space, A,B ∈ P (X) and q > 1. Then, for any a ∈ A, there exists
b ∈ B such that

d(a, b) ≤ qH(A,B).

2) Let (X, d) be a metric space, A,B ∈ P (X) and ε > 0. Then, for any a ∈ A, there exists b ∈ B such that

d(a, b) ≤ H(A,B) + ε.

Lemma 1.1.2. Let (X, d) be a metric space and A,B ∈ P (X).
Suppose that there exists η > 0 such that :

(i) for each a ∈ A, there exists b ∈ B such that d(a, b) ≤ η,
(ii) for each b ∈ B, there exists a ∈ A such that d(a, b) ≤ η.

Then, it follows that
H(A,B) ≤ η.

Lemma 1.1.3. Let A ∈ P (X) and x ∈ X. Then

x ∈ A if and only if D(x,A) = 0.

Definition 1.1.4. Let (X, d) be a metric space. An operator T : X → P (X) is called a multi-valued weakly
Picard operator, briefly a MWP, if for all x ∈ X and each y ∈ Tx, there exists a sequence (xn)n∈N of X,
such that :

(i) x0 = x and x1 = y,

(ii) xn+1 ∈ Txn, ∀n ∈ N,
(iii) the sequence (xn) is convergent to an element x∗(x, y) ∈ FT .

Remark 1.1.5. We consider the following observations that will be useful in this sequel :

(1) The sequence (xn)n∈N defined above by (i) and (ii) is called the successive approximation
sequence for T starting from (x, y) ∈ Graph(T ).

(2) If T : X → P (X) is a MWP-operator, then we can define the multi-valued operator
T∞ : Graph(T )→ P (FT ), by T∞(x, y) = {z ∈ FT / there exists a sequence of successive
approximations of T starting from (x, y) which converges to z}, for each (x, y) ∈ Graph(T ).
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Definition 1.1.6. Let (X, d) be a metric space and T : X → P (X) a MWP.
Then T is called ψ-MWP if and only if it satisfies :

(i) ψ : R+ → R+ increasing, continuous in 0, with ψ(0) = 0,
(ii) there exists t∞ a selection for T∞,

such that d (x, t∞(x, y)) ≤ ψ (d(x, y)) , for each (x, y) ∈ Graph(T ).

A useful particular case is when ψ has a linear representation, i.e. there exists c > 0 such that ψ(t) = ct,
for all t ∈ R+. In this case, T is called a c-MWP.

Following [116] we recall the notions of multi-valued contractions and multi-valued Lipschitz operators.

Definition 1.1.7. Let (X, d) and (Y, d′) be two metric spaces and T : X → P (Y ). Then T is called :

(a) α− Lipschitz, if α ≥ 0 and Hd′ (Tx1, Tx2) ≤ αd(x1, x2), for each x1, x2 ∈ X;
(b) α− contraction, if T is α− Lipschitz with α < 1.

Remark 1.1.8. Let (X, d) be a complete metric space. If T : X → Pcl(X) is an α-contraction, then T is
1/(1− α)-MWP.

For some other examples and results in the MWP operator theory, see [112].

We will use the concepts from [32], [53] and [115]. Moreover, for the sake of completeness, we present
some of them here. On the other hand, we consider (X, d) a metric space, T : X → P (X) a multi-valued
operator and we refer to the fixed point inclusion x ∈ Tx. Also, we recall the basic concepts for the
qualitative properties of the fixed point inclusion and of the fixed point iteration. The first two definitions
are related to the well-posedness of the fixed point problem. For the concept of well-posedness, we let the
reader follow [80] and [120].

Definition 1.1.9 (T-stability). Let (X, d) be a metric space and T : X → Pcl(X) a multi-valued operator.
For x0 ∈ X, let

xn+1 ∈ f(T, xn), for each n ∈ N (1.1.0.1)

denote an iteration algorithm. Let the sequence (xn) be convergent to a fixed point p of T .
Also let (yn) be a sequence in X and set

εn = H (yn+1, f (T, yn)) .

If lim
n→∞

εn = 0 implies that lim
n→∞

yn = p, then the iteration defined in (1.1.0.1) is said to be T -stable or stable
with respect to the operator T .

Remark 1.1.10. In the above definition, it is easy to see that the iteration procedure f (T, xn) can be
represented as an admissible perturbation TGn(xn).

Definition 1.1.11 (Ulam-Hyers stability of the inclusion x ∈ Tx). Let (X, d) be a metric space and T :
X → P (X). By definition, the fixed point inclusion

x ∈ Tx (1.1.0.2)

is called generalized Ulam-Hyers stable if and only if there exists an increasing, continuous in 0 function
ψ : R+ → R+, with ψ(0) = 0, such that : for every ε > 0 and for each y∗ ∈ X for which D(y∗, T y∗) ≤ ε,
there exists a solution x∗ a solution of the fixed point inclusion 1.1.0.2, such that

d(y∗, x∗) ≤ ψ(ε).

Definition 1.1.12. Let (X, d) be a metric space and T : Y → P (X). By definition, the strict fixed point
inclusion

{x} = Tx (1.1.0.3)
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is called generalized Ulam-Hyers stable if and only if there exists an increasing, continuous in 0 function
ψ : R+ → R+, with ψ(0) = 0, such that :
for every ε > 0 and for each y∗ ∈ X for which H(y∗, T y∗) ≤ ε, there exists a solution x∗ a solution of the
strict fixed point inclusion 1.1.0.3, such that

d(y∗, x∗) ≤ ψ(ε).

Finally, following [56], [61] and [125], we recall the last important concepts.

Definition 1.1.13. Let X 6= ∅ and T : X → P (X) be a multi-valued operator. By definition, T has the
approximate endpoint property if

inf
x∈X

sup
y∈Tx

d(x, y) = 0.

For the study of the generalized Ulam-Hyers stability we refer to [110].

Remark 1.1.14. In the above assumptions, if T is a multivalued contraction, then the fixed point inclusion
x ∈ Tx is Ulam-Hyers stable, with ψ (ε) = ε

1− α .

Definition 1.1.15 (Well posedness of the fixed point problem wrt to D). Let (X, d) be a metric space and
T : X → P (X) a multi-valued operator. We consider the fixed point inclusion x ∈ Tx.
The fixed point problem is well-posed with respect to D if the following implication hold :
If (xn)n∈N ∈ X is a sequence such that

lim
n→∞

D (xn, Txn) = 0,

then lim
n→∞

xn = x∗.

Definition 1.1.16. Let (X, d) be a metric space, Y ∈ P (X) and let a multi-valued operator T : Y → Pcl(X).
Then the fixed point problem is well posed in the generalized sense (respectively well-posed) for T with respect
to the gap functional D if and only if :

(i) FT 6= ∅(respectively FT = {x∗}),
(ii) if (xn) is a sequence in Y such that D(xn, Txn)→ 0, then there exists a subsequence
(xnk

)k∈N of (xn)n∈N, such that xnk
→ x∗ ∈ FT (respectively xn → x∗ ∈ FT ).

Definition 1.1.17 (Limit shadowing property of the multi-valued operator). Let (X, d) be a metric space
and T : X → P (X) a multi-valued operator. We consider the fixed point inclusion x ∈ Tx. The fixed point
problem has the limit shadowing property if the following implication holds :
If {yn} ∈ X is a sequence such that

lim
n→∞

D (yn+1, Tyn) = 0,

then there exists {xn} a sequence of successive approximations such that

lim
n→∞

d (xn, yn) = 0.

Moreover, we recall two important lemmas which are very useful for T-stability and limit shadowing
property. For details, see [58] and [119] :

Lemma 1.1.18 (Harder & Hicks). Let c ∈ R, with 0 < |c| < 1.
Let (bn)n∈N be a sequence, such that lim

k→∞
bk = 0. Then, we have

lim
n→∞

(
n∑
k=0

cn−kbk

)
= 0

More generally we have :
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Lemma 1.1.19 (Cauchy’s lemma). Let (an)n∈N and (bn)n∈N be two sequences such that lim
n→∞

bn = 0 and
+∞∑
k=0

ak < +∞. Then, we have

lim
n→∞

(
n∑
k=0

an−kbk

)
= 0

Further, we shall present some new concepts and definitions regarding Ulam-Hyers stability, limit
shadowing and well-posedness of the multi-valued operator using a general iterative function of the form
f (T, xn). For this, let X be a nonempty set. For a multi-valued operator T : X → P (X), in the
following sequel we consider an associated operator fT : X → P (X), with respect to the operator T . For
conciseness, we denote fT (x) as f(T, x) for every x ∈ X. Moreover, f(T, ·) will be used as a notation for fT (·).

Definition 1.1.20 (Ulam Hyers stability of the inclusion x ∈ f(T, x)). Let (X, d) be a metric space,
T : X → P (X) and f(T, ·) ∈ P (X).
Let ε > 0 and x ∈ X, such that

D (x, f (T, x)) ≤ ε.

If there exists x∗ ∈ FT , such that
d (x, x∗) ≤ ψ (ε) ,

and a ψ function ψ : R+ → R+ increasing, continuous in 0 and with ψ(0) = 0, then the fixed point inclusion
x ∈ T (x) is called generalized Ulam-Hyers stable with respect to the inclusion x ∈ f(T, x).

Definition 1.1.21 (Well posedness of the fixed point problem wrt to D and f(T, xn) iteration). Let (X, d)
be a metric space, T : X → P (X) and f(T, ·) ∈ P (X).
The fixed point problem x ∈ f(T, x) is called well-posed if the following implication holds :
If {xn} ∈ X is a sequence such that

lim
n→∞

D (xn, f (T, xn)) = 0,

then lim
n→∞

xn = x∗.

Definition 1.1.22 (Limit shadowing property wrt to f(T, xn) iteration). Let (X, d) be a metric space,
T : X → P (X). We say that the fixed point problem x ∈ f(T, x) has the limit shadowing property if the
following implication holds :
If (yn)n∈N ∈ X is a sequence such that

lim
n→∞

D (yn+1, f (T, yn)) = 0,

then there exists a sequence (xn)n∈N satisfying xn+1 ∈ f(T, xn) such that

lim
n→∞

d (xn, yn) = 0.

Definition 1.1.23. Let (X, d) be a metric space, Y ∈ P (X) and let T : Y → Pcl(X). Then the fixed point
problem is well posed in the generalized sense (respectively well-posed) for T with respect to the Pompeiu-
Hausdorff functional H if and only if :

(i) (SF )T 6= ∅(respectively (SF )T = {x∗}),
(ii) if (xn) is a sequence in Y such that H(xn, Txn)→ 0, then there exists a subsequence
(xnk

)k∈N of (xn)n∈N, such that xnk
→ x∗ ∈ (SF )T (respectively xn → x∗ ∈ (SF )T ).

Now, the second important concept related to the fixed point problem is the Ostrowski property, which
can be found in [80] and [79].

Definition 1.1.24 (Ostrowski property). Let (X, d) be a metric space and T : X → P (X) be a multi-valued
operator. By definition, the multi-valued operator T has the Ostrowski property, if

FT = {x∗}
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and for any sequence (yn)n∈N ⊂ X, such that

D(yn+1, T yn)→ 0,

we have that
(yn)n∈N → x∗, as n→∞.

1.2 Presić operators
The purpose behind this section is to investigate the existence and uniqueness of coincidence and common
fixed points for some new Presić operators in the framework of metric spaces endowed with a partial order.
Since our aim is to introduce the idea of simulation function for Presić-type mappings, we shall recall first
the concept of simulation functions. Also, we shall remind some generalizations of this notion that led to
some interesting fixed point results in this relatively new subfield of fixed point theory.
In [76], Khojasteh et.al., introduced the idea of simulation function.

Definition 1.2.1. Let ζ : [0,∞) × [0,∞) → R be a mapping, then ζ is called a simulation function if it
satisfies the following conditions :
(ζ1) ζ(0, 0) = 0;
(ζ2) ζ(t, s) < s− t, for all t, s > 0;
(ζ3) if (tn), (sn) are sequences in (0,∞) such that lim

n→∞
tn = lim

n→∞
sn > 0, then

lim sup
n→∞

ζ(tn, sn) < 0.

Furthermore, the set of all simulation functions is denoted by Z or Zd if the context is a metric-type
space endowed with a distance d. Also, the authors in [76] studied the existence and uniqueness of fixed
points for self-mappings entitled with the name Z−contractions, which are defined below.

Definition 1.2.2. Let (X, d) be a metric space, T : X → X a mapping and ζ ∈ Z. Then T is called a
Z−contraction with respect to ζ if the following condition is satisfied

ζ(d(Tx, Ty), d(x, y)) ≥ 0, for all x, y ∈ X.

Also, an interesting article was that of Roldán-López-de-Hierro et. al., [135], in which the authors
studied the existence and uniqueness of coincidence points for mappings modified by simulation functions.
In [Definition 3.2] of the same article, the authors relaxed the condition (ζ3) and redefined the condition of
a simulation function.

Definition 1.2.3. Let ζ : [0,∞) × [0,∞) → R be a mapping, then ζ is called a simulation function if it
satisfies the following conditions :
(ζ1) ζ(0, 0) = 0;
(ζ2) ζ(t, s) < s− t, for all t, s > 0
(ζ3) if (tn), (sn) are sequences in (0,∞) such that lim

n→∞
tn = lim

n→∞
sn > 0 and tn < sn for all n ∈ N, then

lim sup
n→∞

ζ(tn, sn) < 0.

Furthermore, using the framework of a metric space (X, d), they have considered some fixed point results
for (Zd, g)-contractions. Also, we shall recall here this type of contraction.

Definition 1.2.4. Let (X, d) be a metric space and let T, g : X → X be self-mappings. We say that T is a
(Zd, g)-contraction if there exists ζ ∈ Z such that

ζ(d(Tx, Ty), d(gx, gy)) ≥ 0, for all x, y ∈ X, such that gx 6= gy.

In [26], Ansari et. al., generalized the notion of a simulation function developed by Khojasteh, Shukla
and Radenovic in [76]. For the sake of completeness, we recall it here.
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Definition 1.2.5. A mapping G : [0,∞)2 → R is called a C−class function if it is continuous and satisfied
the following conditions :
(i1) G(s, t) ≤ s;
(i2) G(s, t) = s implies that s = 0 or t = 0, for all t, s ≥ 0.

Definition 1.2.6. A mapping G : [0,∞)2 → R has the property CG, if there exists an CG ≥ 0, such that
(i3) G(s, t) > CG implies that s > t;
(i4) G(t, t) ≤ CG, for all t ≥ 0.

Definition 1.2.7. A CG−simulation function is a mapping ζ : [0,∞)2 → R satisfying the following :
(i5) ζ(t, s) < G(s, t), for all t, s > 0, where G is a C−class function;
(i6) if (tn), (sn) are sequences in (0,∞), such that lim

n→∞
tn = lim

n→∞
sn > 0 and tn < sn, then

lim sup
n→∞

ζ(tn, sn) < CG.

Furthermore, Radenović and Chandok in [127] considered a pair of operators (f, g) defined on a metric
space, such that they satisfy

ζ(d(fx, fy), d(gx, gy)) ≥ CG, for all x, y ∈ X with gx 6= gy.

The authors have called the mapping f a (ZG, g)-contraction and studied the existence and uniqueness of
coincidence and common fixed points for the pair (f, g). Also, for the case when CG = 0 and G(s, t) = s− t,
Radenović et. al. in [128] presented an easy approach to the study of common fixed points for mappings
altered by simulation functions in complete metric spaces.
Moreover in [84] and [108], the authors of these articles generalized the main results of [127], namely one
can find some interesting fixed point results regarding Ćirić and Ćirić-Suzuki type self-mappings through a
CG−simulation function.
On the other hand, for the study of fixed points for self-mapping endowed with the property of α-admissiblity
in the framework of simulation functions, we refer to [21] and [71].
Finally, for the study of fixed points in other types of spaces endowed with some generalized distances, such
as b-metric spaces, quasi-metric spaces and 0− σ metric spaces, we let the reader follow [21], [23], [50] and
[162].

In [126], S.B. Presić extended the well known Banach contraction principle to operators that are mappings
that have more than one variable. For the sake of completeness, we recall the main result of [126].

Theorem 1.2.8. Let (X, d) be a complete metric space, k a positive integer and f : Xk → X be a mapping
satisfying the following contractive type condition :

d(f(x1, ..., xk), f(x2, ..., xk+1)) ≤
k∑
i=1

qid(xi, xi+1),

for every x1, ..., xk+1 ∈ X, where q1, ..., qk are nonegative constants such that q1 + ... + qk < 1. Then there
exists a unique point x ∈ X such that f(x, ..., x) = x. Moreover, if x1, ..., xk are arbitrary points in X and
for n ∈ N, xn+k = f(xn, ..., xn+k−1), then the sequence (xn) is convergent and lim xn = f(lim xn, ..., lim xn).

From now on, for a given mapping f : Xk → X, with k a fixed positive integer, we consider the ’one
step’ sequence (xn), defined by

xn+1 = f(xn, ..., xn), (1.2.0.1)

and the ’k-step’ sequence (xn), defined as

xn+k = f(xn, ..., xn+k−1), n = 1, 2, . . . (1.2.0.2)

Now, we remind that in [103], M. Păcurar obtained a convergence result regarding Kannan-Presić operators.
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Theorem 1.2.9. Let (X, d) be a complete metric space, k a positive integer and f : Xk → X be a given
mapping. Suppose that there exists a ∈ R satisfying 0 < ak(k + 1) < 1 such that

d(f(x1, ..., xk), f(x2, ..., xk+1)) ≤ a
k+1∑
i=1

d(xi, f(xi, ..., xi)),

for all (x1, ..., xk+1) ∈ Xk+1. Then,
(i) f has a unique fixed point x∗ ∈ X;
(ii) for any arbitrary points x1, ..., xk ∈ X, the sequence (xn) defined by (1.2.0.2) converges to x∗.

On the other hand, starting from the article [37] of Boyd and Wong, Shukla and Radenović in [148]
proved some convergence results for Presić-Boyd-Wong type operators for the case of complete metric spaces
endowed with a partial order, denoted by (X,�, d). In their article, some coincidence and common fixed
points were studied for a pair (f, g), where f : Xk → X and g : X → X satisfy some conditions regarding
the partial order "�" and also the following metrical type inequality

d(f(x1, ..., xk), f(x2, ..., xk+1)) ≤ ψ(d(gx1, gx2), ..., d(gxk, gxk+1)), (1.2.0.3)

where the function ψ : Rk+ → R+ satisfies the following conditions :

(ψ1) for tn ∈ R+ and tn ↓ t ≥ 0 implies that lim sup
n→∞

ψ(tn, ..., tn) ≤ ψ(t, ..., t);

(ψ2) ψ(t, ..., t) < t, for each t > 0; (1.2.0.4)
(ψ3) ψ(t, 0, ..., 0) + . . .+ ψ(0, ..., 0, t) ≤ ψ(t, ..., t), for each t ≥ 0.

Moreover, regarding [Corollary 6] from the same article [148], we observe that when g = IX is the identity
mapping, then the sequence defined by (1.2.0.1) converges to the fixed point of the operator f .
Now, turning our attention to the work of I.A. Rus [140] and M. Păcurar [104], some fixed points and common
fixed points respectively, were studied through the multi-step iterative method (1.2.0.2) (or a generalized
form of that if we are referring to the study of coincidence and common fixed points for Presić-type pair of
mappings). There, the operators satisfying

d(f(x1, ..., xk), f(x2, ..., xk+1)) ≤ ϕ(d(x1, x2), ..., d(xk, xk+1)), (1.2.0.5)

or

d(f(x1, ..., xk), f(x2, ..., xk+1)) ≤ ϕ(d(gx1, gx2), ..., d(gxk, gxk+1)), (1.2.0.6)

had a unique fixed point (coincidence point for the second case). The mapping ϕ : Rk+ → R+ satisfied the
following conditions :

(ϕ1) ϕ(r) ≤ ϕ(s), for r, s ∈ Rk+, with r ≤ s;
(ϕ2) ψ(r, ..., r) < r, for each r ∈ R+, r > 0;
(ϕ3) ψ(r, 0, ..., 0) + . . .+ ψ(0, ..., 0, r) ≤ ψ(r, ..., r), for each r ∈ R+; (1.2.0.7)
(ϕ4) ϕ is continuous ;

(ϕ5)
∞∑
i=0

ϕi(r) <∞.

Now, we observe that the conditions (ϕ1) − (ϕ5) are stronger than the conditions (ψ1) − (ψ3) and the
former conditions were necessary for the convergence of the sequence (1.2.0.2). At the same time, conditions
(ψ1) − (ψ3) were more relaxed, since in [148] only a converge result regarding the sequence (1.2.0.1) was
given.
Finally, for other important results on Presić-type single-valued operators, we let the reader follow [102] and
for an exhaustive study concerning fixed point results for mappings defined on the cartesian product of a
complete metric space, we kindly refer to [145].

On the other hand, it is worth mentioning that the k-step iterative sequence given by equation 1.2.0.2
can be regarded as a nonlinear difference equation. Furthermore, if the sequence (xn)n∈N is convergent, then
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the limit of the sequence is a fixed point for the mapping f .
Now, we mention that very many authors have generalized the contractive condition given by Presić. One
of the earliest generalization was made by Presić and Ćirić in [44]. We recall the theorem given by the
aforementioned authors.

Theorem 1.2.10. Let (X, d) be a complete metric space. Consider a mapping f : Xk → X satisfying the
following contractive-type condition

d(f(x0, ..., xk−1), f(x1, ..., xk)) ≤ λmax{d(xi, xi+1) : 0 ≤ i ≤ k − 1}, (1.2.0.8)

where λ ∈ (0, 1) and x0, ..., xk are arbitrary given elements of X.
Then, there exists a point x∗ ∈ X for which f(x∗, ..., x∗) = x∗.
Furthermore, if x0, ..., xk−1 are arbitrary elements from X, then the sequence (xn)n∈N defined by

xn+k = f (xn, ..., xn+k−1) (1.2.0.9)

is convergent and satisfies lim
n→∞

xn = f
(

lim
n→∞

xn, ..., lim
n→∞

xn
)
.

Additionally, if on the diagonal ∆ ⊂ Xk, we have that

d(f(u, ..., u), f(v, ..., v)) < d(u, v), (1.2.0.10)

for each u, v ∈ X, with u 6= v, then x∗ is the unique point in X.

Also, in 1981, I.A. Rus [140] generalized [Theorem 1.2.8] and proved the existence and uniqueness of a
fixed point in X, i.e. a point x∗ that satisfy x∗ = f(x∗, ..., x∗), for a mapping f : Xk → X, satisfying the
following condition

d(f(x0, ..., xk−1), f(x1, .., xk)) ≤ ϕ (d(x0, x1), ..., d(xk−1, xk)) , (1.2.0.11)

where the function ϕ satisfies the following

ϕ(r) ≤ ϕ(s), where r ≤ s, with r, s ∈ Rk+,
ϕ is continuous,
ϕ(t, ..., t) < t, for each t ∈ R+,
∞∑
i=0

ϕi(r) < +∞, for each r ∈ Rk+,

ϕ(t, 0, ..., 0) + ϕ(0, t, 0, ..., 0) + ...+ ϕ(0, ..., 0, t) ≤ ϕ(t, ..., t),∀t ∈ R+.

Furthermore, we mention that in [104], M. Păcurar gave a generalization for the theorem developed by I.A.
Rus and studied the existence of coincidence and common fixed points for a pair of mappings (f, g), where
f : Xk → X and g : X → X, such that

d(f(x0, ..., xk−1), f(x1, ..., xk)) ≤ ϕ (d(g(x0), g(x1)), ..., d(g(xk−1), g(xk))) , (1.2.0.12)

where ϕ : Rk+ → Rk+ is endowed with the properties presented above.
Some generalizations of Presić-type mappings were made by Shukla, Radenovic et.al. They have studied
existence and uniqueness of fixed points of various mappings in complete metric spaces and in complete
ordered metric spaces. For these, we let the reader follow [149], [150] and [151]. The most general one, i.e.
Presić-Hardy-Rogers, has the following form

d(f(x0, ..., xk−1), f(x1, ..., xk)) ≤
k−1∑
i=0

d(xi, xi+1) +
k∑
i=0

k∑
j=0

βi,jd(xi, f(xj , ..., xj)). (1.2.0.13)

Also, existence and uniqueness of fixed points for various Presić type mappings were studied. We let the
reader follow [3], [75] and [100]. Furthermore, we remind that the mentioned authors gave examples in
metric spaces and b-metric spaces. Also, in [100] applications to matrix equations were given.
Finally, since our aim is to study the existence and uniqueness of fixed points for some new types of
mappings f : Xk → X, for more research papers regarding Presić-type mappings, we let the reader follow
[33], [102], [107] and [126].

Since we shall extend the concept of convex contractions to Presić operators, we remind the defini-
tion of convex contraction of second order, given by Istrăţescu in [63].
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Definition 1.2.11. Let (X, d) be a metric space. Consider a continuous mapping f : X → X. f is said to
be a convex contraction of order 2 if there exists a, b ∈ (0, 1), such that for each x, y ∈ X

d(f2x, f2y) ≤ ad(fx, fy) + bd(x, y), (1.2.0.14)

where a+ b < 1.

Furthermore, in the same paper, Istrăţescu introduced convex contractions of order n, like follows.

Definition 1.2.12. Let (X, d) be a metric space. Consider a continuous mapping f : X → X. f is said to
be a convex contraction of order n if there exists a0, ..., an−1 ∈ (0, 1), such that for each x, y ∈ X

d(fnx, fny) ≤ a0d(x, y) + a1d(fx, fy) + ... (1.2.0.15)
+ an−1d(fn−1x, fn−1y),

where a0 + ...+ an−1 < 1.

Even though in the definitions given by Istrăţescu, in the case of convex contractions of order 2, the
coefficients a, b are in (0,1) and in the case of convex contractions of order n ≥ 2, the coefficients a0, ..., an−1
lie in the interval (0,1), we shall employ the fact that the coefficients can be in [0, 1) as in [144]. This change
will be very useful for our examples.
Also, Istrăţescu studied other types of continuous operators in [62] and [64] and Satry, Rao et.al. in [144]
studied the existence and uniqueness principles for convex contractions of order m ≥ 2. Moreover, we re-
mind that V. Mureşan and A.S. Mureşan in [95] gave theorems regarding data dependence and qualitative
properties for convex contractions of order 2.
Finally, other authors have studied qualitative properties and developed existence and uniqueness theo-
rems for convex contractions of order 2 and for other type of operators, such as convex contractions with
diminishing diameters. We let the reader follow [20], [22] and [88].

1.3 b-Rectangular metric spaces
In this section we shall present some useful lemmas and definitions regarding rectangular and b-rectangular
metric spaces. Also, we shall present some recent results in the field of fixed point theory regarding expansive
and some generalized contraction mappings.
In [38], A. Branciari introduced a new metric-type space, where triangle inequality is replaced by an in-
equality which involves four different elements. This is called a rectangular metric space or a generalized
metric space (g.m.s.)

Definition 1.3.1 (Rectangular metric spaces). Let X 6= ∅, d : X×X → [0,∞), such that for each x, y ∈ X
and u, v ∈ X (each distinct from x and y), we have that

(1) d(x, y) = 0⇐⇒ x = y,

(2) d(x, y) = d(y, x),
(3) d(x, y) ≤ d(x, u) + d(u, v) + d(u, y).

Furthermore, from [67] we mention that convergent sequences and Cauchy sequences can be introduced
in a similar manner as in metric spaces.
Also, from the same paper, we know that if (X, d) is a rectangular metric space and if (xn) is a b-rectangular
Cauchy sequence with the property that xn 6= xm, for each n 6= m, then (xn) converge to at most one point,
i.e. the property that (X, d) is Hausdorff becomes superfluous.
Moreover, from [47], [52], [136], we recall the definition of b-rectangular metric spaces (or b-generalized
metric spaces), or briefly b-g.m.s.

Definition 1.3.2 (b-g.m.s.). Let X 6= ∅, s ≥ 1 a given real number and d : X ×X → [0,∞), such that for
each x, y ∈ X and u, v ∈ X (each distinct from x and y), we have that

(1) d(x, y) = 0⇐⇒ x = y,

(2) d(x, y) = d(y, x),
(3) d(x, y) ≤ s [d(x, u) + d(u, v) + d(u, y)] .
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As in metric spaces, we recall the basic notions regarding sequences in b-g.m.s :

Definition 1.3.3. Let (X, d) be a b-g.m.s, x ∈ X and (xn) ⊂ X a given sequence. Then
(a) (xn) is convergent in (X, d) to an element x ∈ X, if for each ε > 0, there exists n0 ∈ N, such that
d(xn, x) < ε, for each n > n0. We denote this by lim

n→∞
xn = x.

(b) (xn) is Cauchy in (X, d) (b-rectangular Cauchy, briefly b-g.m.s.), if for each ε > 0, there exists n0 ∈ N,
such that d(xn, xn+p) < ε, for each n > n0 and for each p > 0. We denote this by lim

n→∞
d(xn, xn+p) = 0, for

each p > 0.
(c) (X, d) is said to be complete b-g.m.s, if every Cauchy sequence in X converges to some x ∈ X.

We recall the following important remark from [47] :

Remark 1.3.4. (1) Every metric space and every rectangular metric space (g.m.s) is b-g.m.s.
(2) The limit of a sequence in a b-rectangular metric space is not unique.
(3) Every convergent sequence in a b-g.m.s is not necessarily a b-g.m.s Cauchy.

For this, we recall a crucial lemma from [47], i.e. [Lemma 1.3.5], that specify when a b-rectangular
Cauchy sequence can’t have two limits in a b-g.m.s.

Lemma 1.3.5. Let (X, d) be a b-rectangular metric space, with the coefficient s ≥ 1. Let (xn) be a b-
rectangular Cauchy sequence in X, such that xn 6= xm, for each n 6= m. Then (xn) can converge to at most
one point.

Also, we recall from [69] and [47] the following lemma.

Lemma 1.3.6. Let (X, d) be a b-rectangular metric space, with the coefficient s ≥ 1. Also, let (xn) be a
sequence such that xn 6= xm, for each n 6= m, with lim

n→∞
d(xn, xn+1) = 0.

If (xn) is not a b-rectangular Cauchy sequence, then there exists ε > 0 and there exists (m(k))k∈N and
(n(k))k∈N two sequences of positive integers, that satisfies

d(xm(k), xn(k)) ≥ ε,
ε

s
≤ lim sup

k→∞
d(xm(k), xn(k)−2) ≤ ε and

ε

s
≤ lim sup

k→∞
d(xm(k)+1, xn(k)−1).

In [136], another crucial lemma regarding sequences in b-rectangular metric spaces was presented. For
the convenience, we remind it

Lemma 1.3.7. Let (X, d) be a b-g.m.s., with coefficient s ≥ 1.
(a) Consider two sequences (xn) and (yn), such that xn converges to x ∈ X and yn converges to y ∈ X, with
x 6= y. Also, suppose that for each n ∈ N, xn 6= x and yn 6= y. Then

1
s
d(x, y) ≤ lim inf

n→∞
d(xn, yn) ≤ lim sup

n→∞
d(xn, yn) ≤ sd(x, y).

(b) Consider an element y ∈ X and a b-rectangular Cauchy sequence (xn), such that xn 6= xm, for each
n 6= m. Moreover, suppose that the sequence (xn) converges to an element x 6= y. Then

1
s
d(x, y) ≤ lim inf

n→∞
d(xn, y) ≤ lim sup

n→∞
d(xn, y) ≤ sd(x, y).

1.4 Cone metric spaces over Banach algebras
In this section we present some notions that are linked to the convergence of sequences of contractions
defined on cone metric spaces over Banach algebras. First of all we need to recall that F.F. Bonsall [35]
and S.B. Nadler Jr. [97] studied some stability results regarding sequences of contractions defined on a
whole metric space (X, d). Furthermore, an interesting extension of the previous results was made by M.
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Păcurar [105], who developed some fixed point results for the convergence of the sequence of fixed points of
almost contractions. M. Păcurar presented two interesting theorems, the first one regarding the pointwise
convergence and the second one concerning uniform convergence of a sequence of almost contractions defined
by the same coefficients. Now, our first aim of the present section is to remind some mathematical notions
that are well established in the field of nonlinear analysis. For more information regarding these concepts,
we kindly refer to [35] and [105]. We first present the idea of pointwise convergence.

Definition 1.4.1. Let (X, d) be a metric space. Also, let T : X → X and Tn : X → X be some given
mappings for each n ∈ N. By definition, the sequence (Tn)n∈N converges pointwise to T on X, briefly
Tn

p−→ T , if for each ε > 0 and for every x ∈ X, there exists N = N(ε, x) > 0, such that for each n ≥ N , we
have that d(Tnx, Tx) < ε.

We easily observe that in [Definition 1.4.1], one can replace the strict inequality d(Tnx, Tx) < ε by the
non-strict inequality without changing the idea behind the concept of pointwise convergence.
Similarly, the particular notion of uniform convergence of a sequence of mappings is given as follows.

Definition 1.4.2. Let (X, d) be a metric space. Also, let T : X → X and Tn : X → X be some given
mappings for each n ∈ N. By definition, the sequence (Tn)n∈N converges uniformly to T on X, briefly
Tn

u−→ T , if for each ε > 0, there exists N = N(ε) > 0, such that for each n ≥ N and for every x ∈ X, one
has the following : d(Tnx, Tx) < ε.

Also, for a family of mappings we can briefly recall the fundamental notions of equicontinuity and uniform
equicontinuity, respectively.

Definition 1.4.3. Let (X, d) be a metric space and Tn : X → X be some given mappings, for every n ∈ N.
The family (Tn)n∈N is called equicontinuous if and only if for every ε > 0 and for each x ∈ X, there exists
δ = δ(ε, x) > 0, such that for every y ∈ X satisfying d(x, y) < δ, one has that d(Tnx, Tny) < ε.

Now, regarding uniform equicontinuity of a family of operators, we employ the following definition.

Definition 1.4.4. Let (X, d) be a metric space and Tn : X → X be some given mappings, for every n ∈ N.
The family (Tn)n∈N is called uniformly equicontinuous if and only if for every ε > 0, there exists δ = δ(ε) > 0,
such that for every x and y in X, satisfying d(x, y) < δ, one has that d(Tnx, Tny) < ε.

As before, one can easily replace the strict inequality with the non-strict one, such that the two definitions
are equivalent to each other.
Now, it is time to remind that the starting point of the present section is the paper of L. Barbet and K.
Nachi. According to [31], the authors considered some fixed point results regarding the convergence of fixed
points of contraction mappings in the regular setting of a metric space (X, d). The novelty of the already
mentioned paper consists on redefining pointwise and uniform convergence, respectively, but for operators
defined on subsets of the whole space and not on the entire metric space (X, d). Pointwise convergence was
generalized by G-convergence and uniform convergence was extended as H-convergence. For the sake of
completeness, we recall these two notions here.

Definition 1.4.5. Let (X, d) be a metric space and Xn be nonempty subsets of X, for each n ∈ N. Let
Tn : Xn → X for every n ∈ N and T∞ : X∞ → X be some given mappings. By definition T∞ is the G-limit
mapping of the sequence (Tn)n∈N, whenever (Tn)n∈N satisfies property (G), i.e.

(G) : ∀x ∈ X∞, ∃(xn)n∈N ∈
∏
n∈N

Xn, s.t. xn → x and Tnxn → T∞x.

Regarding the generalization of uniform convergence for mappings that are not defined on the whole
metric space, we remind the following concept from [31].

Definition 1.4.6. Let (X, d) be a metric space and Xn be nonempty subsets of X, for each n ∈ N. Let
Tn : Xn → X for every n ∈ N and T∞ : X∞ → X be some given mappings. By definition T∞ is the H-limit
mapping of the sequence (Tn)n∈N, whenever (Tn)n∈N satisfies property (H), i.e.

(H) : ∀(xn)n∈N ∈
∏
n∈N

Xn, ∃(yn)n∈N ⊂ X∞, s.t. d(xn, yn)→ 0 and d(Tnxn, T∞yn)→ 0.
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Now, considering A to be a Banach algebra with zero element θ ∈ A and unit element e ∈ A,we recall
the notion of a cone from [83].

Definition 1.4.7. A nonempty closed subset P of A is called a cone if the following conditions hold :

(P1) θ and e are in P,
(P2) αP + βP ⊂ P, for every α, β ≥ 0,
(P3) P 2 ⊆ P,
(P4) P ∩ (−P ) = {θ}.

Furthermore, we recall that P is called a solid cone if int(P ) 6= ∅, where int(P ) represent the topological
interior of the set P . Now, as in [59], one can define a partial ordering � with respect to the cone P , such
as if x and y are in A, then x � y if and only if y − x ∈ P . Also, we shall write x ≺ y in order to specify
that x 6= y and x � y. At the same time, for x, y ∈ A, we denote by x � y the fact that y − x ∈ int(P ),
based on the assumption that we will always suppose that the cone P is solid.
From [Definition 1.6] of [83] and [Definition 1.1] of [85], we introduce the well-known cone metric distances
over the Banach algebra A and present some useful terminologies.

Definition 1.4.8. Let X be a nonempty set and d : X ×X → A be a mapping that satisfies the following
conditions :

(D1) θ � d(x, y), for each x, y ∈ X, and d(x, y) = θ if and only if x = y,

(D2) d(x, y) = d(y, x), for each x, y ∈ X,
(D3) d(x, y) � d(x, z) + d(z, y), for every x, y, z ∈ X.

Then (X, d) is called a cone metric space over the Banach algebra A.

Furthermore, from [160], we recall the following concepts.

Definition 1.4.9. Let (X, d) be a complete cone metric space over the Banach algebra A. Also, let x be an
element of X and (xn)n∈N ⊂ X be given. Then, we have the following :

(i) (xn)n∈N converges to x, briefly lim
n→∞

xn = x, if for every c� θ,∃N = N(c) > 0,

such that d(xn, x)� c, ∀n ≥ N.
(ii) (xn)n∈N is a Cauchy sequence , if for every c� θ,∃N = N(c) > 0,
such that d(xn, xm)� c, ∀n,m ≥ N.

(iii) (X, d) is complete if each Cauchy sequence is convergent.

In Definition 1.4.9, c � θ represent an useful notation for θ � c, so it lies no confusion in the rest
of this section. Now, following the well-known Rudin’s book of Functional Analysis [137], for the sake of
completeness, we recall the idea of the spectral radius of an element of the Banach algebra A.

Lemma 1.4.10. Let k ∈ A be a given element. Then, by definition we consider the spectral radius of k, by

ρ(k) = lim
n→∞

‖kn‖
1
n = inf

n≥1
‖kn‖

1
n .

If λ ∈ C and ρ(k) < |λ|, then the element λe− k is invertible. Also, one has that :

(λe− k)−1 =
∞∑
i=0

ki

λi+1 .

Now, from [83], we present some important properties regarding the spectral radius of an element of a
Banach algebra A and some notions concerning the idea of a c-sequence, respectively.

Definition 1.4.11. A sequence (dn)n∈N from a Banach algebra A endowed with a solid cone P is called a
c-sequence if and only if for every c � θ, there exists N = N(c) ∈ N, for which one has dn � c, for each
n > N .
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Alternatively, it is easy to see that it is of no loss if we take n ≥ N in the above definition. Moreover,
one can use, as in the case of an usual metric space, alternative definitions such as the [Proposition 3.2] from
[160] when the sequence (dn)n∈N is from P . Also, we remind the fact that one can rewrite the definition of
convergent sequences and Cauchy sequences respectively, using the [Definition 1.4.11] and [Definition 1.8]
from [83].
Furthermore, we have the following properties that can be put together in a single lemma. Regarding these
properties, one can follow [59], [66], [83] and [160].

Lemma 1.4.12. Consider A be a Banach algebra. Then, we have the following :

(1) if u � v � w or u� v � w, then u� w,

(2) if θ � u� c, for every c� θ, then u = θ,

(3) if P is a cone,(un)n∈N, (vn)n∈N are two c-sequences in A and
α, β are in P, then (αun + βvn)n∈N is also a c-sequence,
(4) if P is a cone and k ∈ P with ρ(k) < 1, then ((k)n)n∈N is a c-sequence,
(5) if k ∈ P, k � θ, wih ρ(k) < 1, then (e− k)−1 � θ.

On the other hand, we end this section by reminding the readers that for interesting examples of complete
cone metric spaces over Banach algebras and for useful applications to functional and integral equations, we
refer to [59], [60], [83], and [163]. From now on, if T is an operator, then by FT we denote the set of fixed
points of the mapping T .
Finally, since our aim is to use the fixed point techniques in order to develop applications that have a
meaningful connection with nonlinear systems of functional and differential equations, we kindly refer to
[59] and [83] for some important applications to nonlinear differential problems through fixed point results.

1.5 Convex metric spaces

In [157], W. Takahashi introduced a new concept of convexity in metric spaces and proved that all normed
spaces and their convex subsets are convex metric spaces. Moreover, he gave some examples of convex
metric spaces. We recall the basic definitions and properties of convex metric spaces. For details, we let
the reader follow [5], [51], [147] and [157]. Also, for basic notions and results in the theory of Takahashi’s
convex metric spaces, we refer to [77], [157]. In this section we will recall some of them.

Definition 1.5.1. Let (X, d) be a metric space. If there exists a function W : X×X× [0, 1]→ X such that

d (u,W (x, y, λ)) ≤ λd(u, x) + (1− λ)d(u, y), for each u, x, y ∈ X,

then W is a convex structure and (X, d) is called a W−convex metric space or a Takahashi convex metric
space, briefly a TCS.

Let X be a convex metric space. Takahashi showed that the open balls and the closed balls are convex
subsets of X. If {Kα}α∈J is a family of nonempty, convex subsets of X, then the intersection ⋂α∈J Kα is a
convex subset of X. In the case of convex metric spaces, we often use the following property (see [51] and
[122]).

Remark 1.5.2. For each x, y, z ∈ X and λ ∈ [0, 1], we have that

d (z,W (x, y, λ)) ≥ (1− λ)d(z, y)− λd(z, x).

Also, from [91], [92], [93] and [159], we recall some important lemmas regarding convex metric spaces :

Lemma 1.5.3. Let (X, d,W ) be a convex metric space. Then the following statements hold :

(i) d(x, y) = d (x,W (x, y, λ)) + d (y,W (x, y, λ)) , for each (x, y) ∈ X ×X and λ ∈ [0, 1].
(ii) d (x,W (x, y, λ)) = (1− λ)d(x, y), for each x, y ∈ X.
(iii) d (y,W (x, y, λ)) = λd(x, y), for each x, y ∈ X.
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Lemma 1.5.4. Let (X, d,W ) be a convex metric space. Then :

d

(
x,W

(
x, y,

1
2

))
= d

(
y,W

(
x, y,

1
2

))
= 1

2d(x, y),

for each x, y ∈ X.

We notice now that, if (X, d) is a TCS, then for each x, y ∈ X and λ ∈ [0, 1], we have some important
properties :

Lemma 1.5.5.

(1) W (x, y, 1) = x and W (x, y, 0) = y;
(2) W (x, x, λ) = x;

Now, we give the definition of hyperbolic spaces that are particular cases of convex metric spaces. The
concept of hyperbolic metric spaces will be used for the study of Mann iteration concerning multi-valued
operators.

Definition 1.5.6. A hyperbolic space (X, d,W ) is a metric space (X, d) together with a convex structure
W : X ×X × [0, 1]→ X, satisfying:

(W1) d (z,W (x, y, λ)) ≤ (1− λ)d(z, x) + λd(z, y);
(W2) d (W (x, y, λ1) ,W (x, y, λ2)) ≤ |λ1 − λ2|d(x, y);
(W3) W (x, y, λ) = W (y, x, 1− λ) ;
(W4) d (W (x, z, λ) ,W (y, w, λ)) ≤ (1− λ)d(x, y) + λd(z, w);

for all x, y, z, w ∈ X and λ, λ1, λ2 ∈ [0, 1].

Remark 1.5.7. From the property (W1) from [Definition 1.5.6] , taking x = z = y, we get that

d(x,W (x, x, λ)) ≤ λd(x, x) = 0,

so it follows that
x = W (x, x, λ),

for each λ ∈ [0, 1]. Property (2) from [Lemma 1.5.5] of a TCS remains valid also in hyperbolic spaces.

Evidently, every hyperbolic space is a Takahashi convex metric space, but, in general, the converse is
not true.

Further, we present a useful lemma regarding hyperbolic metric spaces. Since the definition of Takahashi
convex metric spaces and the property (W1) in hyperbolic spaces differ by the fact that λ ∈ [0, 1] is replaced
by 1− λ ∈ [0, 1] in hyperbolic metric spaces, our next lemma will differ from [Lemma 1.5.3].

Lemma 1.5.8. Let (X, d,W ) be a hyperbolic space. Then

d (x,W (x, y, λ)) = λd(x, y) and d (y,W (x, y, λ)) = (1− λ)d(x, y),

for each x, y ∈ X and λ ∈ [0, 1].

In the entire fixed point literature, there are a lot of classical iteration schemes defined on normed linear
spaces and on metric spaces endowed with a convexity structure. Following [51] and [41], we shall remind
some of them, but with the remark that, in the research article [41], the authors use a modified version of
convex metric space, that is the hyperbolic space in the sense of Goebel and Kirk. So, in the last section of our
thesis, we shall use the iterative schemes defined with the inverse order of the two sequence terms appearing
in the convexity structure W . Furthermore, let C be a convex subset of the convex metric space (X, d,W )
and T : C → C be a contraction mapping. Moreover, let αn, bn an be sequences in (0, 1). Moreover, for the
sake of completeness we remind the classical iterative processes , such as Krasnoselskii, Mann and Ishikawa
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in convex metric spaces, etc. In [28], M. Asadi used Krasnoselskii iteration for a contractive-type nonlinear
mapping, i.e.

xn = W (xn−1, Txn−1, λ) ,
with λ ∈ [0, 1]. Also, the Mann iteration is defined as :

xn = W (xn−1, Txn−1, αn) ,

with αn ∈ [0, 1], for each n ∈ N.
Moreover, the classical Ishikawa iteration is as follows{

xn+1 = W (xn, T yn, αn)
yn = W (xn, Txn, βn)

, (1.5.0.1)

with αn, βn ∈ [0, 1], for each n ∈ N.

Now, we make the following crucial remark : although Berinde, Assadi and Moosaei used the same
definition of convex metric spaces, in [51], Berinde defined Mann iteration as

xn = W (Txn−1, xn−1, αn) ,

with αn ∈ [0, 1], for each n ∈ N.
Since many authors use the property that W (x, y, λ) = W (y, x, 1 − λ), the two forms of Mann iteration
can be transformed one to another, so it lies no confusion. Thus, in some parts of the last chapter of this
thesis, we shall employ the classical iterative schemes based on the already mentioned observation. As we
said before, this does not lead to any confusion, since an iterative scheme can be transformed to a similar
form through the convexity structure of the underlying space. This means that, in several sections of our
thesis, we employ a condition from hyperbolic spaces, which is satisfied in linear normed spaces, i.e. :
W (x, y, λ) = W (y, x, 1− λ), for each x, y ∈ X and λ ∈ [0, 1]. This conditions is not at all restrictive and it
has the advantage that the iteration terms in the convexity structure W can be swapped one with another
and this does not affect convergence of the fixed point iteration.
On the other hand, we recall that the classical Noor iteration can be written as

xn+1 = W (Tyn, xn, αn)
yn = W (Tzn, xn, bn)
zn = W (Txn, xn, an) .

(1.5.0.2)

Putting an = 0 we have that zn = xn, for each n ∈ N, we get the well know Ishikawa iteration in convex
metric spaces: {

xn+1 = W (Tyn, xn, αn)
yn = W (Txn, xn, bn) .

(1.5.0.3)

Ishikawa iteration 1.5.0.3 differs from the alternative variant 1.5.0.1 by the remark made above.
Putting an = bn = 0, then yn = zn = xn, for each n ∈ N, we get the well know Mann iteration in convex
metric spaces:

xn+1 = W (Txn, xn, αn) , (1.5.0.4)

which differs from the alternative form presented above, as in the case with Ishikawa’s iteration.
Moreover, we recall the basic fixed point iteration which appears in Banach contraction principle, that is
Picard iteration :

xn+1 = Txn, for each n ∈ N (1.5.0.5)
Other interesting iteration algorithms are the implicit iterations. Following [41], we recall :
The implicit Noor iteration 

xn+1 = W (Txn+1, yn, αn)
yn = W (Tyn, zn, bn)
zn = W (Tzn, xn, an) .

(1.5.0.6)
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Putting an = 0, then zn = xn, for each n ∈ N, we get the implicit Ishikawa iteration in convex metric spaces:{
xn+1 = W (Txn+1, yn, αn)
yn = W (Tyn, xn, bn) .

(1.5.0.7)

Additionally, putting an = bn = 0, it follows that yn = zn = xn, for each n ∈ N; we get the implicit Mann
iteration:

xn+1 = W (Txn+1, xn, αn) . (1.5.0.8)

Now, we recall sufficient conditions for the convergence to the fixed point of a contraction mapping of Noor
iteration, respectively implicit Noor iteration.

Remark 1.5.9. Since Noor iteration is more general than Ishikawa and Mann iterations, we shall remind
that, the classical Noor iteration 1.5.0.2 is convergent to the fixed point p of the contraction mapping T , if∑∞
k=0 αk =∞. In a similar way, since implicit Noor iteration is more general than implicit Mann and implicit

Ishikawa iterations, we remind that implicit Noor algorithm 1.5.0.6 is convergent when ∑∞k=0(1−αk) =∞.
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Chapter 2

Fixed point results for single-valued generalized
contractions in generalized metric spaces

2.1 Some results for Istrăţescu-Presić and Presić-type operators via
simulation functions for single-valued mappings

In this section we present new types of Presić single-valued operators that are generalizations of the well-
known second order convex contractions. Our aim is to present some fixed point results for this kind of
operators. Also, we give a data dependence theorem. Further. we emphasize that our results contain the
particular case when k = 1, where k is the dimension of the cartesian product of a given complete metric
space. First of all, we introduce new types of Presić that will be frequently used in the sequel.

Definition 2.1.1. Let (X, d) be a metric space. Let x0, x1, ..., xk−1, xk be some arbitrary elements from X.
Let αi ∈ [0, 1), with i = 0, k − 1 and βij ∈ [0, 1), with i, j = 0, k.
A mapping f : Xk → X satisfying the following inequality :

d (f (f (x0, ..., x0) , ..., f (xk−1, ..., xk−1)) , f (f (x1, ..., x1) , ..., f (xk, ..., xk)))

≤
k−1∑
i=0

αid(xi, xi+1) +
k∑

i,j=0
βijd (f (xi, ..., xi) , f (xj , ..., xj))

is called a Presić convex contraction of the first kind.

The second type of Presić operators that we consider are the following.

Definition 2.1.2. Let (X, d) be a metric space. Let x0, x1, ..., xk−1, xk be arbitrary elements from X. Let
αi ∈ [0, 1), with i = 0, k − 1 and βij ∈ [0, 1), with i, j = 0, k.
A mapping f : Xk → X satisfying the following inequality :

d (f (f (x0, ..., xk−1) , ..., f (x0, ..., xk−1)) , f (f (x1, ..., xk) , ..., f (x1, ..., xk)))

≤
k−1∑
i=0

αid(xi, xi+1) +
k∑

i,j=0
βijd (f (xi, ..., xi) , f (xj , ..., xj))

is called a Presić convex contraction of the second kind.

Definition 2.1.3. Let (X, d) be a metric space and f : Xk → X a mapping. Then, the operator F : X → X,
defined as F (x) = f(x, ..., x), for each x ∈ X is called the associated operator of f .

The main result of the present section is concerned with the existence and uniqueness of the fixed point
of f , i.e. the element x∗ ∈ X that satisfies x∗ = f(x∗, ..., x∗). More precisely, we shall develop a theorem
involving the fixed point of the associated operator F , i.e. x∗ ∈ X that satisfies x∗ = F (x∗) for the Presić
convex contractions of the first kind and for the fixed point of the associated operator of Presić convex
contractions of the second kind, respectively.
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Theorem 2.1.4. Let (X, d) be a complete metric space. Consider the following :
(i) Let f : Xk → X a continuous Presić convex contraction of the first kind. Suppose that the coefficients
of the mapping f from [Definition 2.1.1] satisfy

k−1∑
i=0

αi + 2
k∑
p=1

k−p∑
i=0

k∑
j=k−p+1

βij

 ∈ (0, 1). (2.1.0.1)

Then f has a unique fixed point x∗ and the sequence (xn)n∈N defined by 1.2.0.1, is convergent to x∗.
(ii) Consider f : Xk → X a continuous Presić convex contraction of the second kind. Suppose that the
coefficients from the [Definition 2.1.2] satisfy the same condition as before, namely 2.1.0.1.
Then, as in the previous case, f has a unique fixed point x∗ and the sequence defined by 1.2.0.1, is convergent
to x∗.

Based on our previous results, we consider the particular case when k = 1. This means that the fixed
point conclusions holds also for the continuous convex contractions of second order.

Corollary 2.1.5. For k = 1, the Presić convex contractions of the first kind and Presić convex contractions
of the second kind satisfy the metric-type inequality

d(f2x0, f
2x1) ≤ α0d(x0, x1) + [β01 + β10] d(fx0, fx1),

with α0 + [β10 + β01] ∈ [0, 1) for each x0 and x1 arbitrary elements of X. This means that our new types of
Presić mappings are valid generalizations of the well-known convex contractions of second order.

On the other hand, since we have used the associate operator, we present two forms in which the operator
can be computed :

Remark 2.1.6. For the associated self-mapping F of f , the second iterate can be computed in two different
manners :
a) F 2(x) = F (Fx) = f(Fx, ..., Fx) = f (f(x, ..., x), ..., f(x, ..., x)),
b) F 2(x) = F (f(x, ..., x)) = F (y), with y = f(x, ..., x), where F (y) = f(y, ..., y). So
F 2(x) = f(y, ..., y) = f (f(x, ..., x), ..., f(x, ..., x)).

In [Corollary 2.1.5] we have shown that our newly introduced operators can be considered as generalized
operators of the second order convex contractions in higher dimension metric spaces. Furthermore, it is easy
to observe that the Presić convex contractions of the first kind are also generalizations for the well-known
Presić operators. So far we have presented some remarks and a fixed point result for Presić operators of
the first and second kind, respectively. These metric-type operators are important due to the fact that
they generalize Istrăţescu convex contractions of the second order and also the basic Presić contractions.
Now, another important property regarding fixed points of generalized type contractions is the idea of data
dependence of the fixed points (see [95]), that will be presented below.

Theorem 2.1.7. Let (X, d) be a complete metric space. Also, consider g : Xk → X be an arbitrary mapping
with at least a fixed point x∗g ∈ X. Further, consider the following assumptions : (i) Let f : Xk → X be a
continuous Presić convex contraction of the first kind, satisfying the conditions from (i) of [Theorem 2.1.4].
Furthermore, suppose that :
(a) there exists η1 > 0, such that d(f(x, ..., x), g(x, ..., x)) ≤ η1, for each x ∈ X,
(b) there exists η2 > 0, such that for each x ∈ X, we have that

d(f(f(x, ..., x), ..., f(x, ..., x)), g(g(x, ..., x), ..., g(x, ..., x))) ≤ η2 .

If x∗f denotes the unique fixed point of f , one has that

d(x∗f , x∗g) ≤
η2 + 2

k∑
p=1

k−p∑
i=0

(
k∑

j=k−p+1
βij

)
· η1

1−
[(

k−1∑
i=0

αi

)
+ 2

k∑
p=1

k−p∑
i=0

(
k∑

j=k−p+1
βij

)] ,
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where x∗f is the unique fixed point of f .
(ii) Consider f : Xk → X a continuous Presić convex contraction of the second kind, satisfying the conditions
from (ii) of [Theorem 2.1.4].
In a similar manner, suppose that f and g satisfy the previous conditions (a) and (b). Then, d(x∗f , x∗g) has
the same major bound as before.

Below we will present the particular case when the dimension of the cartesian product of the metric
space Xis 1. So, the data dependence of the fixed points between two self-mappings, where one of them is
a Presić operator, is considered as follows.

Corollary 2.1.8. Taking k = 1 in the previous theorem, we obtain that 2
k∑
p=1

(
k−p∑
i=0

k∑
j=k−p+1

βij

)
= 2β1,0 =

β1,0 + β0,1. It follows that the data dependence results is valid for the case of k = 1 as in [95], where

d(x∗f , x∗g) ≤
η2 + δ · η1

1− (α+ δ) , with δ := 2β10 and α := α0.

Regarding operators endowed with Presić-type regularity, in the fixed point literature, very few non-
trivial examples are given. In the framework of a complete metric space (X, d), in general, some classical
examples of mappings f : X2 → X are given, where f is either linear or a piecewise mapping. In the following
sequel, we construct some non-trivial examples defined on a cartesian product of an interval denoted by [0, r],
with r > 0. Interestingly enough, we also present some useful situations where some particular examples of
operators are not of Presić type. Furthermore, in our constructions, we shall modify some coefficients such
that the Presić-type operators given in [Definition 2.1.1] and [Definition 2.1.2] are also Presić contractions.

Example 2.1.9. Let f : [0, r]2 → [0, r] , with r > 0, defined as f(x, y) = (xy)2

a
, with a > 0.

For r = 2 and a = 12, f is a Presić convex contraction of the first kind, but it is not a Presić mappings.
Also, for r = 2 and a = 34, f is a Presić convex contraction of the first kind that is also a Presić operator.

Our second example concerns the construction of another type of mapping, satisfying the conditions
from (ii) of [Theorem 2.1.4].

Example 2.1.10. Consider the function f : [0, r]2 → [0, r], defined as f(x, y) = αx2+βy2, where r, α, β > 0.
For r = 2, β = 0.27 and α = 0.03, f is a Presić convex contraction of the second kind, that is not a Presić
mapping. On the other hand, for r = 3, β = 1

7 and α = 1
47 , f is a Presić convex contraction of the second

kind, that it is also a Presić operator.

Now, we present a case of a convex contraction of Presić-type of the first kind, following the conditions
from (i) of [Theorem 2.1.4].

Example 2.1.11. Let the mapping f , defined as f(x, y) = (τ1x−τ2y)2, where f : X2 → X, with X = [0, r],
where r > 0 and τ1, τ2 > 0, τ1 6= τ2. For r = 2, τ2 = 0.8 and τ1 = 0.6, f is a Presić convex contraction of the

first kind that it is not a Presić mapping. On the other hand, for r = 2, τ2 = −1
4 +
√

2
4 and τ1 − 0.45, f is

a Presić convex contraction of the first kind, that is also a Presić operator.

So far we have presented some new types of Presić operators that extend the well-known convex con-
tractions of second order and Presić contractions, respectively. Quite surprisingly, Banach contraction
mappings were generalized through the idea of simulation functions. The second purpose of the present
section is to introduce an appropriate concept of simulation function in order to generalize fixed point re-
sults for Presić-type single-valued operators. All of the present analysis is based upon the research paper
of the Boyd-Wong-Presić self-mappings that were considered in [148]. We shall give an intuitive definition
of a simulation function that is necessary for operators defined on a cartesian product of nonempty sets,
endowed with a metric function and a partial order relation. This new concept will allow us to assert that
the Boyd-Wong-Presić operators can be regarded as particular cases of our new operators, given through
the so-called k-simulation functions.
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Definition 2.1.12. Let ζ : [0,∞)× [0,∞)k → R be a given mapping. We call ζ a k-simulation function if
the following conditions are satisfied :
(I.) If lim

n→∞
tn = lim

n→∞
sn = L > 0, where sn ↓ L and tn < sn, for every n ∈ N, then

lim sup
n→∞

ζ(tn, sn, . . . , sn) < 0;

(II.) If t, s > 0, then ζ(t, s, . . . , s) < s− t;
(III.) If s ≥ 0 and t1, . . . , tk > 0, then the mapping ζ is endowed with the property that

ζ(t1, s, 0, . . . , 0) + ζ(t2, 0, s, . . . , 0) + . . . ζ(tk, 0, . . . , 0, s) ≤ ζ(t1 + t2 + . . . tk, s, . . . , s).

Now, following the examples from [71], [76], [127], [135] and [162] of the classical case of a simulation
function, our first aim is to extend and make those examples appropriate for k-simulation functions, where
k is a given positive integer. So, from now on, we shall consider a fixed nonnegative integer k.
The first example consists on choosing the simulation function as a necessary tool for the case when our
Presić operator is of Boyd-Wong type.

Example 2.1.13. Let ζ : [0,∞)× [0,∞)k → R be a mapping defined as

ζ(t, s1, . . . , sk) = ψ(s1, . . . , sk)− t, where t ≥ 0 and s1, . . . , sk ≥ 0,

where the function ψ : Rk+ → R satisfies the following conditions :

ψ(t, . . . , t) < t, for each t > 0;
ψ(t, 0, . . . , 0) + ψ(0, t, 0, . . . , 0) + . . .+ ψ(0, 0, . . . , 0, t) ≤ ψ(t, . . . , t), for each t ≥ 0;
lim sup
n→∞

ψ(sn, . . . , sn) ≤ ψ(L, . . . , L), with sn ↓ L > 0, i.e. ψ is usc at right.

Example 2.1.14. Let ζ : [0,∞)× [0,∞)k → R be a mapping defined as

ζ(t, s1, . . . , sk) = φ1(s1, . . . , sk)− φ2(t), where t ≥ 0 and s1, . . . , sk ≥ 0,

where the functions φ1 : Rk+ → R and φ2 : R+ → R satisfy the following conditions :

φ1(s, . . . , s) < s, for each s > 0;
φ2(t) ≥ t, for each t > 0;
φ1(s, 0, . . . , 0) + φ1(0, s, 0, . . . , 0) + . . .+ φ1(0, 0, . . . , 0, s) ≤ φ1(s, . . . , s), for each s ≥ 0;
φ2(t1 + . . .+ tk) ≤ φ2(t1) + . . . φ2(tk), for each t1, . . . , tk > 0;
φ2 is lsc
lim sup
n→∞

φ1(sn, . . . , sn) ≤ φ1(L, . . . , L), where sn ↓ L > 0.

Example 2.1.15. Let ζ : [0,∞)× [0,∞)k → R be a mapping defined as

ζ(t, s1, . . . , sk) =
(
s1 + . . .+ sk

k

)
φ(s1, . . . , sk)− t, where t ≥ 0 and s1, . . . , sk ≥ 0,

where the function φ : Rk+ → [0, 1) satisfies the following conditions :

φ(s, 0, . . . , 0) + φ(0, s, 0, . . . , 0) + . . .+ φ(0, 0, . . . , 0, s) ≤ kφ(s, . . . , s), for each s ≥ 0;
lim sup
s→r+

φ(s, . . . , s) < 1, for each r > 0.

Example 2.1.16. Let ζ : [0,∞)× [0,∞)k → R be a mapping defined as

ζ(t, s1, . . . , sk) = s1φ1(s1) + . . .+ skφk(sk)− t, where t ≥ 0 and s1, . . . , sk ≥ 0,

where the functions φ1, . . . , φk : R+ → R satisfy the following conditions :

φ1(s) + φ2(s) + . . .+ φk(s) < 1, for each s > 0;
φ1, . . . , φk are usc at right.
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Now, the last two examples that we consider are linked to more concrete types of mappings that appear
in the choice of the k-simulation functions. Since they are crucial to some particular examples of Presić-type
operators, we present them in here.

Example 2.1.17. Let ζ : [0,∞)× [0,∞)k → R be a mapping defined as

ζ(t, s1, . . . , sk) = s1 + . . .+ sk
k

− t+ 2
t+ 1 t, where t ≥ 0 and s1, . . . , sk ≥ 0,

Now, taking φ1(t) = . . . = φk(t) = 1
k(t+ 1) , for each t ≥ 0 in [Example 2.1.16], we get the following

example as a particular case.

Example 2.1.18. Let ζ : [0,∞)× [0,∞)k → R be a mapping defined as

ζ(t, s1, . . . , sk) = 1
k

[
s1

s1 + 1 + . . .+ sk
sk + 1

]
− t, where t ≥ 0 and s1, . . . , sk ≥ 0,

Now, using [Definition 2.1.12] from the previous section, we introduce some operators that satisfy a
generalized Presić-contractive type inequality through the already given concept of a k−simulation function.

Definition 2.1.19. Let (X, d) be a metric space and T : Xk → X be a given mapping. The operator T is
called a Presić-Z-contraction (briefly P −Z−contraction), if it satisfies the following inequality :

ζ (d (T (z1, . . . , zk), T (z2, . . . , zk+1)) , d(z1, z2), . . . , d(zk, zk+1)) ≥ 0,

for each z1, . . . , zk+1 arbitrary points in X.

Now, using an additional self-mapping g : X → X, we can extend the previous definition.

Definition 2.1.20. Let (X, d) be a metric space. Also, let T : Xk → X and g : X → X be two given
mappings. The operator T is called a Presić-(Z, g)-contraction (briefly P−(Z, g)−contraction), if it satisfies
the following inequality :

ζ (d (T (z1, . . . , zk), T (z2, . . . , zk+1)) , d(gz1, gz2), . . . , d(gzk, gzk+1)) ≥ 0,

for each z1, . . . , zk+1 arbitrary points in X.

Definition 2.1.21. Let (X,�, d) be an ordered metric space, where ” � ” is a partial order on X. Let k be
a nonnegative integer and T : Xk → X be a given mapping. The operator T is called a Presić−Z-ordered
contraction (briefly a P −Z-ordered contraction), it it satisfies the following condition :

ζ (d(T (z1, . . . , zk), T (z2, . . . , zk+1)), d(z1, z2), . . . , d(zk, zk+1)) ≥ 0,

for every arbitrary points z1, . . . , zk+1 ∈ X, such that z1 � z2 � . . . � zk � zk+1.

Definition 2.1.22. Let (X,�, d) be an ordered metric space, where ” � ” is a partial order on X. Let k
be a nonnegative integer and T : Xk → X, g : X → X be two given mappings. The operator T is called
a Presić-(Z, g)-ordered contraction (briefly a P − (Z, g)-ordered contraction), it it satisfies the following
condition :

ζ (d(T (z1, . . . , zk), T (z2, . . . , zk+1)), d(gz1, gz2), . . . , d(gzk, gzk+1)) ≥ 0,

for every arbitrary points z1, . . . , zk+1 ∈ X, such that gz1 � gz2 � . . . � gzk � gzk+1.

Armed with Definitions 2.1.19, 2.1.20, 2.1.21 and 2.1.22, we are ready to present our main result regarding
Presić-type operators given by k-simulation functions. In the setting of a complete metric space with a partial
order, we present a fixed point result for single-valued mappings. For more details of metric spaces with
a partial order, we let the reader follow [148]. Moreover, for the terminology related to coincidence and
common fixed points, well-ordered sets and weakly compatible mappings, we emphasize the fact that, in the
next theorem, we follow the same concepts as in [104] and [148].
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Theorem 2.1.23. Let (X,�, d) be a complete ordered metric space and k ≥ 1 a fixed integer. Let T :
Xk → X and g : X → X be two mappings, such that T (Xk) ⊂ g(X) and g(X) is a closed subspace of X.
Furthermore, suppose that the following conditions are satisfied :

(H1) The operator T is a P − (Z, g)-ordered contraction,
(H2) There exists x1 ∈ X, such that gx1 � T (x1, . . . , x1),
(H3) The operator T is g-increasing,
(H4) If (gxn)n∈N is a increasing sequence that converges to gu ∈ X,

then gxn � gu, for each n ∈ N, and gu � ggu.

Under these conditions, we have the following conclusion :
1.) T and g have at least a coincidence point,
2.) If T and g are weakly compatible, then these mappings are endowed with a common fixed point,
3.) The set of all common fixed points for the pair (T, g) is g−well ordered is equivalent to the fact that the
operators T and g have a unique common fixed point.

In the following remark, we present a direct connection between P − Z−contractions and Presić-type
operators, which are defined by a strict inequality. The idea behind it is to choose an arbitrary pair
(x1, . . . , xk+1) of elements of the nonempty set X from another pair (z1, . . . , zk+1), under the condition that

d(x1, x2) = . . . = d(xk, xk+1) > 0 .

This remark will be based upon [Definition 2.1.19] and [Remark 1.2] of E. Karapinar’s article [71].

Remark 2.1.24. If T : Xk → X is a P −Z-contraction, then

d(T (x1, . . . , xk), T (x2, . . . , xk+1)) < d(xi, xi+1), with i = 1, k, (2.1.0.2)

where (x1, . . . , xk+1) is the pair reminded before the present remark.
Now, we prove this assertion under the assumptions that d(xi, xi+1) > 0, for each i = 1, k. Then, if
T (x1, . . . , xk) = T (x2, . . . , xk+1), we have a valid answer. On the other hand, we can suppose that
d(T (x1, . . . , xk), T (x2, . . . , xk+1)) > 0. Applying property (II.) of the simulation function on the pair
(x1, . . . , xk+1), we find that

0 ≤ ζ(d(T (x1, . . . , xk), T (x2, . . . , xk+1)), d(xi, xi+1), . . . , d(xi, xi+1))
< d(xi, xi+1)− d(T (x1, . . . , xk), T (x2, . . . , xk+1)), i = 1, k,

so 2.1.0.2 holds properly.

Now, as applications, we present some direct corollaries linked to [Theorem 2.1.23]. We also infer some
remarks on the applications in complete metric spaces with the usual partial order. Finally, some examples
are given concerning the already mentioned corollaries in the setting of common and coincidence fixed points
of Presić-type operators, introduced by us through the concept of a k-simulation function.
Following [Example 2.1.13] and [Theorem 2.1.23], we have the following consequence, i.e. the main result
in [148] is a particular case of [Theorem 2.1.23], where we have a fixed point theorem for Boyd-Wong-Presić
operators.

Corollary 2.1.25. Let (X,�, d) be a complete ordered metric space and k ≥ 1 a fixed integer. Let T :
Xk → X and g : X → X be two mappings, such that T (Xk) ⊂ g(X) and g(X) is a closed subspace of X.
Furthermore, suppose that the following condition is satisfied :

d (T (z1, . . . , zk), T (z2, . . . , zk+1)) ≤ ψ(d(gz1, gz2), . . . , d(gzk, gzk+1)),

for every arbitrary points z1, . . . , zk+1 ∈ X, such that gz1 � gz2 � . . . � gzk � gzk+1, where the function
ψ is the mapping from the [Example 2.1.13]. Furthermore, suppose that the operator T is endowed with
properties (H2),(H3) and (H4) from [Theorem 2.1.23]. Under these conditions, the conclusions 1.), 2.)
and 3.) from [Theorem 2.1.23] are valid.
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Now, using the other examples from the second section, we have the following consequences.

Corollary 2.1.26. Let (X,�, d) be a complete ordered metric space and k ≥ 1 a fixed integer. Let T :
Xk → X and g : X → X be two mappings, such that T (Xk) ⊂ g(X) and g(X) is a closed subspace of X.
Furthermore, suppose that the following condition is satisfied :

φ2(d (T (z1, . . . , zk), T (z2, . . . , zk+1))) ≤ φ1(d(gz1, gz2), . . . , d(gzk, gzk+1)),

for every arbitrary points z1, . . . , zk+1 ∈ X, such that gz1 � gz2 � . . . � gzk � gzk+1, where the functions
φ1 and φ2 are the ones from [Example 2.1.14]. Furthermore, suppose that the operator T is endowed with
properties (H2),(H3) and (H4) from [Theorem 2.1.23]. Under these conditions, the conclusions 1.), 2.) and
3.) from [Theorem 2.1.23] are valid.

Corollary 2.1.27. Let (X,�, d) be a complete ordered metric space and k ≥ 1 a fixed integer. Let T :
Xk → X and g : X → X be two mappings, such that T (Xk) ⊂ g(X) and g(X) is a closed subspace of X.
Furthermore, suppose that the following condition is satisfied :

d (T (z1, . . . , zk), T (z2, . . . , zk+1)) ≤ d(gz1, gz2) + . . .+ d(gzk, gzk+1)
k

· φ(d(gz1, gz2), . . . , d(gzk, gzk+1)),

for every arbitrary points z1, . . . , zk+1 ∈ X, such that gz1 � gz2 � . . . � gzk � gzk+1, where the function
φ is the one from [Example 2.1.15]. Furthermore, suppose that the operator T is endowed with properties
(H2),(H3) and (H4) from [Theorem 2.1.23]. Under these conditions, the conclusions 1.), 2.) and 3.) from
[Theorem 2.1.23] are valid.

Corollary 2.1.28. Let (X,�, d) be a complete ordered metric space and k ≥ 1 a fixed integer. Let T :
Xk → X and g : X → X be two mappings, such that T (Xk) ⊂ g(X) and g(X) is a closed subspace of X.
Furthermore, suppose that the following condition is satisfied :

d (T (z1, . . . , zk), T (z2, . . . , zk+1)) ≤ d(gz1, gz2)φ1(d(gz1, gz2)) + . . .+ d(gzk, gzk+1)φk(d(gzk, gzk+1)),

for every arbitrary points z1, . . . , zk+1 ∈ X, such that gz1 � gz2 � . . . � gzk � gzk+1, where the functions
φ1, . . . , φk are taken from [Example 2.1.16]. Furthermore, suppose that the operator T is endowed with
properties (H2),(H3) and (H4) from [Theorem 2.1.23]. Under these conditions, the conclusions 1.), 2.)
and 3.) from [Theorem 2.1.23] are valid.

Following the choice of the k-simulation function in [Example 2.1.17], we have the following consequence
of our main result.

Corollary 2.1.29. Let (X,�, d) be a complete ordered metric space and k ≥ 1 a fixed integer. Let T :
Xk → X and g : X → X be two mappings, such that T (Xk) ⊂ g(X) and g(X) is a closed subspace of X.
Furthermore, suppose that the following condition is satisfied :

d (T (z1, . . . , zk), T (z2, . . . , zk+1)) + 2
d (T (z1, . . . , zk), T (z2, . . . , zk+1)) + 1d (T (z1, . . . , zk), T (z2, . . . , zk+1)) ≤ d(gz1, gz2) + . . .+ d(gzk, gzk+1)

k
,

for every arbitrary points z1, . . . , zk+1 ∈ X, such that gz1 � gz2 � . . . � gzk � gzk+1. Furthermore, suppose
that the operator T is endowed with properties (H2),(H3) and (H4) from [Theorem 2.1.23]. Under these
conditions, the conclusions 1.), 2.) and 3.) from [Theorem 2.1.23] are valid.

Now, the last corollary consists on the choice of the k-simulation function, following [Example 2.1.18].

Corollary 2.1.30. Let (X,�, d) be a complete ordered metric space and k ≥ 1 a fixed integer. Let T :
Xk → X and g : X → X be two mappings, such that T (Xk) ⊂ g(X) and g(X) is a closed subspace of X.
Furthermore, suppose that the following condition is satisfied :

d (T (z1, . . . , zk), T (z2, . . . , zk+1)) ≤ 1
k

[
d(gz1, gz2)

d(gz1, gz2) + 1 + . . .+ d(gzk, gzk+1)
d(gzk, gzk+1) + 1

]
,

for every arbitrary points z1, . . . , zk+1 ∈ X, such that gz1 � gz2 � . . . � gzk � gzk+1. Furthermore, suppose
that the operator T is endowed with properties (H2),(H3) and (H4) from [Theorem 2.1.23]. Under these
conditions, the conclusions 1.), 2.) and 3.) from [Theorem 2.1.23] are valid.
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As in [Theorem 7] and [Corollary 6] of [148] and following our main result and from the above corollaries,
we end this section by recalling that the same fixed point results are valid even for the case of complete
metric spaces.

Remark 2.1.31. For the case when X is a nonempty set endowed only with a complete metric d, the
conclusion from [Theorem 2.1.23] and from all the corollaries of this section remain valid, where the metric-
type inequalities take place for any arbitrary points z1, . . . , zk+1 ∈ X. On the other hand, we can take the
mapping g to be the identity mapping 1X in order to obtain some fixed point results just for the operator
T : Xk → X.

Now, our purpose is to validate [Corollary 2.1.25], [Corollary 2.1.29] and [Corollary 2.1.30], based on
[Remark 2.1.31], in the framework of complete metric spaces endowed with the usual partial order. Further-
more, based on our main result, namely [Theorem 2.1.23], we shall naturally extend and generalize some
of the examples of Boyd-Wong-type and some examples when k = 1, that can be found in [76],[127] and
[148], respectively. Based upon [Example 3] in [148], we consider an example of a mapping defined on X2

with values in X, such that is not a Presić contraction, but is of Boyd-Wong type. Moreover, this examples
justifies the coincidence and common fixed point result obtained by us in [Corollary 2.1.25].

Example 2.1.32. Let X = [0,∞),T : X2 → X and g : X → X, be some given mappings, defined as

T (x1, x2) = p(x1 + x2) + 2x1x2
(x1 + x2)(q + 1) + x1x2(q + 2) + qp2 and g(x) = x

p
,

where p ≥ 1 and q ≥ 3. Furthermore, consider the mapping ψ : R+ × R+ → R+, defined as

ψ(t1, t2) = t1 + t2 + 2t1t2
3t1t2 + 3t1 + 3t2 + 3 + |t1 − t2|

.

The operators T and g commute at their unique common fixed point and so they are weakly compatible
and the mapping ψ is continuous, with ψ(t, t) = 2

3
t

t+ 1 < t and ψ(0, t) +ψ(t, 0) = 2t
3(t+ 1) + t

≤ ψ(t, t), so

this mapping has the properties from [Corollary 2.1.25].

Now, inspired by [76] and [127], we give now two examples for mappings satisfying [Corollary 2.1.29]
and [Corollary 2.1.30], respectively, in a general context, i.e. for a mapping T : Xk → X, where k is a fixed
arbitrary non-negative integer. The second to last example refers to [Corollary 2.1.29] and the last example
is linked to [Corollary 2.1.30].

Example 2.1.33. Let X = [1,∞), T : Xk → X and g : X → X be some mappings, defined as :

T (x1, . . . , xk) =
1 +

(
x2

1 + . . .+ x2
k

k

)
2 = k +

(
x2

1 + . . .+ x2
k

)
2k ,

g(x) = x2.

The pair (T, g) is weakly compatible and the only common fixed point is x = 1.
Furthermore, one can see that the operator T is not a Presić contraction. On the other hand, one can show
that the inequality from [Corollary 2.1.29] is valid.

Finally, the last example concerns [Corollary 2.1.30]. We give it below.

Example 2.1.34. Let’s consider X = [0, 1], k ≥ 1 and p ≥ 2 a fixed integer. We define the mappings
T : Xk → X and g : X → X, by :

T (x1, . . . , xk) = 1
k

[
x1

x1 + p
+ . . .+ xk

xk + p

]
,

g(x) = x

p
.

The operators T and g commute at their unique common fixed point, x = 0. Also, the contraction-type
condition from [Corollary 2.1.30] holds true.

34



2.2 Generalized contractions, fixed points and b-rectangular metric-type
spaces

For the convenience of the reader, we remind some important results in b-rectangular metric spaces that
will be used throughout this section. In [52], George et.al.studied basic contraction-type mappings in b-
rectangular metric spaces, like Kannan operators, i.e.

d(Tx, Ty) ≤ λ [d(x, Tx) + d(y, Ty)] , with λ ∈
[
0, 1
s+ 1

]
.

In [47], Radenovic et.al. extended the results to mappings satisfying

d(fx, gy) ≤ ad(gx, gy) + b [d(gx, fx) + d(gy, fy)] ,

for each x, y ∈ X and studied unique coincidence and common fixed points for the pair of operators (f, g),
when they satisfy certain conditions.
Also, for more results in b-rectangular metric spaces and for a consistent survey on different generalized
metric-type spaces, we recommend [68] and [69].

Regarding generalized contraction mappings we recall some recent advances in this subfield of fixed
point theory.
In [72], Karapinar studied unique fixed points for some generalized contractions on cone Banach spaces
satisfying the following contractive-type conditions

d(x, Tx) + d(y, Ty) ≤ pd(x, y),

where p ∈ [0, 2) and
ad(Tx, Ty) + b [d(x, Tx) + d(y, Ty)] ≤ sd(x, y),

with 0 ≤ s+ |a| − 2b < 2(a+ b).
Moreover, in 2009, Kumar [78] presented some theorems for two maps satisfying the following

d(fx, fy) ≥ qd(gx, gy),

with q > 1, where f is onto and g is one-to-one.
Moosaei, Azizi, Asadi and Wang generalized the results of Karapinar as follows :
In [91], Moosaei used Krasnoselskii’s iteration defined in convex metric spaces, for the following mappings,
that satisfy

d(Tx, Ty) + d(x, Tx) + d(y, Ty) ≤ rd(x, y),

where r ∈ [2, 5), respectively

ad(x, fx) + bd(y, fy) + cd(fx, fy) ≤ kd(x, y),

with 2b− |c| ≤ k < 2(a+ b+ c)− |c|.
In [93], Moosaei and Azizi extended the results to generalized contraction-type operators, studying coinci-
dence points for various mappings, such as

ad(Sx, Tx) + bd(Sy, Ty) + cd(Tx, Ty) ≤ ed(x, y),

where T (K) ⊂ S(K), K and S(K) are closed and convex subsets of a convex metric space and the coefficients
satisfy 2b− |c| ≤ e < 2(a+ b+ c)− |c|.
Nevertheless, in 2014, Moosaei [92] studied a more generalized pair of contractions (S, T ), where

αd(Tx, Ty) + β [d(Sx, Tx) + d(Sy, Ty)] + γ [d(Sx, Ty) + d(Sy, Tx)] ≤ ηd(Sx, Sy),

with some assumptions on contractive-coefficients, i.e.

2β + γ − |γ| − α ≤ η < α+ 2β + 3γ − |γ| and β + γ ≤ 0.

35



Asadi in [28], using the same iteration (Krasnoselskii) on convex metric spaces, studied fixed points for
generalized Hardy-Rogers type-mappings, as follows

ad(x, Tx) + bd(y, Ty) + cd(Tx, Ty) + ed(Ty, x) + fd(y, Tx) ≤ kd(x, y),

where
b+ e− |f |(1− λ)− |c|λ

1− λ ≤ k < a+ b+ c+ e+ f − |c|λ− |f |(1− λ)
1− λ ,

with λ ∈ [0, 1] is the coefficient of Krasnoselskii’s iteration.
Furthermore, Wang and Zhang, in [159] extended the above results for pairs of generalized Hardy-Rogers
type contractions.
Now, expansive and expansive-type mappings can be considered a particular case of generalized contractions.
Regarding the former ones, we recall some recent development into the study of type of operators.
In 2011, Aage [1] considered expansive mappings in cone metric spaces. The more general form of these
mappings, with some underlying assumptions, are

d(Tx, Ty) ≥ kd(x, y) + ld(x, Tx) + pd(y, Ty),

where the above coefficients satisfy

K ≥ −1, p < 1, l > 1 and k + l + p > 1.

Aydi et.al. studied in [29] some fixed point theorems for pairs of expansive mappings for spaces endowed
with c-distances. We recall them using the standard notations for metric spaces, i.e.

d(Tx, Ty) ≥ ad(fx, fy) + bd(Tx, fx) + cd(Ty, fy),

with b < 1, a 6= 0, f(X) ⊆ T (X) and (T (X), d) ⊂ (X, d) complete.
Also, in cone rectangular metric spaces, some fixed point theorems were studied. For example, in [101], pair
of mappings satisfying

d(fx, fy) ≥ αd(gx, gy) + βd(fx, gx) + γd(fy, gy)

were studied, with some assumptions on the coefficients α, β and γ and on the range of g and f .
These pairs of generalized mappings were extended by Olaoluwa and Olaleru in [98], but in the framework
of b-metric spaces and for a pair of four mappings, as follows

d(fx, gy) ≥ a1d(Sx, Ty) + a2d(fx, Sx) + a3d(gy, Ty) + a4d(fx, Ty) + a5d(gy, Sx).

Also, for the sake of convenience, we recall other studies in metric-type spaces and for expansive-type
mappings, as follows : in [164] generalized mappings were studied on cone rectangular metric spaces using
scalarizing, in [129] mappings that satisfy

d(Tx, Ty) ≤ ϕ(d(x, y))

were studied on cone rectangular metric spaces and in [99], fixed point theorems for a general type of
expansive mappings were developed, satisfying

φ(d(S2x, TSy)) ≥ 1
3
[
d(Sx, S2x) + d(TSy, Sy) + d(Sx, Sy)

]
,

where φ is a functional that satisfies some assumptions, were studied.
Also, in the context of dislocated metric spaces, Daheriya et.al. [45] discussed rational-type expansive
mappings, and in [19] Alghamdi studied fixed points for generalized expansive mappings in b-metric like
spaces.
The purpose of this section is to present some extensions regarding fixed results for a hybrid class of
generalized contractive-type mappings and for some expansive-type operators in the context of b-rectangular
metric spaces. Moreover, at the end of the second section, we shall let and open problem.
In [91], Moosaei developed some fixed point theorems for generalized contractions using Krasnoselskii’s
iterative scheme in the setting of complete convex metric spaces. Nevertheless, this results hold even for
Picard iterative scheme. Our purpose of the present section is to extend these theoretical results for Picard
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successive approximation scheme in the framework of complete b-rectangular metric spaces. Also, we extend
the results of Aage [1] from cone metric spaces to b-rectangular metric spaces. Moreover, we aim to generalize
the fixed point results of Patil from [101]. In order to validate our theorems, we use examples similar to
thse presented in [1], [69] and [101], respectively. The generalized contractive-type operators that we shall
consider in this section are mappings f : X → X defined on a b-rectangular metric space X, satisfying the
following condition :

ad(x, fx) + bd(y, fy) + cd(fx, fy) ≤ kd(x, y).
We will analyze two separate cases : when c > 0 and c < 0. Also, for expansive-type mappings, i.e. when
c < 0, we consider two types of sequence, namely the classical Picard iteration xn+1 = fxn, for each n ∈ N
and the ’inverse’ Picard iteration, i.e. xn = fxn+1, for each n ∈ N, where we require that the operator f is
onto. Our first result is a theorem for the existence and uniqueness of the fixed point of a mapping satisfying
the contractive condition from above. The technique we will used is based on [Lemma 1.3.6].
Theorem 2.2.1. Let (X, d) be a complete b-rectangular metric space (b-gms), with coefficient s > 1. Con-
sider a mapping f : X → X, satisfying the following contractive condition

ad(x, fx) + bd(y, fy) + cd(fx, fy) ≤ kd(x, y),

where 0 ≤ k − b < a+ c

s
. Also, suppose the following assumptions are satisfied :

(A) If c > 0 and k ≥ 0, then k

c
<

1
s
,

(B) If c > 0 and k ≤ 0, then we have no additional conditions ,

(C) If c < 0 and k < 0, then k

c
> s2.

Then, the Picard sequence (xn), defined as xn+1 = fxn, for each n ∈ N converges to a fixed point of the
mapping f .

Relative to [Theorem 2.2.1], we give two examples that validate cases (A) and(C):
From [69], we recall an example of a complete b-rectangular metric space.

Example 2.2.2. Let X = A∪B, where A =
{

1/n
∣∣∣n = 2, 5

}
and B = [1, 2]. We define d : X ×X → [0,∞),

such that d(x, y) = d(y, x) and :

d

(1
2 ,

1
3

)
= d

(1
4 ,

1
5

)
= 3

100 ,

d

(1
2 ,

1
5

)
= d

(1
3 ,

1
4

)
= 2

100 ,

d

(1
4 ,

1
3

)
= d

(1
5 ,

1
3

)
= 6

100 ,

d(x, y) = (x− y)2, otherwise.

Then (X, d) is a complete b-rectangular metric space, with coefficient s = 3. Furthermore, (X, d) is neither
a metric space nor a rectangular metric space.

We give the following example of a mapping f that satisfies the assumptions from case (A) of [Theorem
2.2.1].
Example 2.2.3. Let (X, d) be the b-rectangular metric space defined above, with s = 3.
Also, define f : X → X, such as

f(x) =


1
3 , x ∈ A

1
5 , x ∈ B

It is easy to observe that f has a unique fixed point 1/3, and that f satisfies :

1 · d(fx, fy) ≤ 1
52d(x, y) + 1

4d(x, fx) + 23
100d(y, fy),

for each x, y ∈ X.
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Now, we present an example of a complete b-rectangular metric space, which will be used further.

Example 2.2.4. Let X = {1, 2, 3, 4} and define d : X ×X → [0,∞), such as

d(1, 2) = d(2, 1) = 6
10

d(1, 3) = d(3, 1) = 1
10

d(2, 3) = d(3, 2) = 1
10

d(1, 4) = d(4, 1) = d(2, 4) = d(4, 2) = d(3, 4) = d(4, 3) = 2
10

Then (X, d) is a b-rectangular metric space with coefficient s = 3/2, which is not a rectangular metric space.

We further give an example of a self-mapping f that satisfies the assumptions from Case (C) of [Theorem
2.2.1].

Example 2.2.5. Consider X = {1, 2, 3, 4} to be the b-rectangular metric space defined above, with
coefficient s = 3

2 .

Let f(x) =
{

3, x 6= 4
1, x = 4

a self-mapping defined on X.

Then f satifies
d(fx, fy) ≥ (−3)d(x, y)− 5d(x, fx) + 3d(y, fy)

and also the conditions from case (C) of [Theorem 2.2.1].

Remark 2.2.6. We observe that the contractive condition when c > 0, can be written as :

d(fx, fy) ≤ k

c
d(x, y)− a

c
d(x, fx)− b

c
d(y, fy),

for each x, y ∈ X.
Taking k > 0, a < 0 and b < 0, it follows that the operator f is Reich-type, so the above theorem (when
k > 0) is similar with the results of [47].

Now, we present an useful lemma for expansive-type mappings in b-rectangular metric spaces, following
the technique in [98].

Lemma 2.2.7. Let (X, d) a b-rectangular metric space. Also, consider λ ∈ R and x, y, z, w arbitrary
elements of X, each distinct from each other. Then

λd(x, z) ≥
[

1 + s2

2s λ+ 1− s2

2s |λ|
]
d(x, y) +

[
s− 1

2 λ− s+ 1
2 |λ|

]
d(z, w)

+
[
s− 1

2 λ− s+ 1
2 |λ|

]
d(w, y).

For expansive-type mappings, i.e. when c < 0, we make the following important remark.

Remark 2.2.8. We studied contraction-type mappings, that satisfy

ad(x, fx) + bd(y, fy) + cd(fx, fy) ≤ kd(x, y)
cd(fx, fy) ≤ kd(x, y)− ad(x, fx)− bd(y, fy)

d(fx, fy) ≥ k

c
d(x, y)− a

c
d(x, fx)− b

c
d(y, fy)

By some substitutions we can make the mapping f satisfies

d(fx, fy) ≥ αd(x, y) + βd(x, fx) + γd(y, fy)
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where 
α = k/c

β = −a/c
γ = −b/c

We will analyze the cases when α ≤ 0 and α ≥ 0, so, when k ≥ 0, c < 0, respectively k ≤ 0, c < 0.

The second important result of the present section involves the study of the convergence for the Picard
iterative scheme of expansive-type mappings in the framework of b-gms.

Theorem 2.2.9. Let (X, d) a complete b-rectangular metric space, with coefficient s ≥ 1. Also, consider
f : X → X a mapping satisfying

d(fx, fy) ≥ αd(x, y) + βd(x, fx) + γd(y, fy),

for each x, y ∈ X. Moreover, suppose the following conditions are satisfied :

(i)β < 1− s, γ > s, α+ γ <
1− β
s

,

(ii) If α > γ, then we have the additional assumptions α+ 1 < γ

(
1 + 1

s

)
.

If α < γ, then we have the additional assumptions :

α > 1 and 1− α <
(1
s
− 1

)
.

Then, the mapping f has a fixed point.

Concerning [Theorem 2.2.9], we are ready to present an example that justifies our theoretical result.

Example 2.2.10. Let (X, d), with X = {1, 2, 3, 4} be the b-rectangular metric space, endowed with the
b-rectangular metric from [Example 2.2.2]. Consider f , defined as : f(1) = 2, f(2) = 3, f(3) = 1 and
f(4) = 4. It is obviously that f has as a unique fixed point the element 4 ∈ X. Then, f satisfies

d(fx, fy) ≥ αd(x, y) + βd(x, fx) + γd(y, fy) ,

with α = 9
50 , β = −101

5 and γ = 17
100 .

Now, we recall Lemma 2 from [33], that is crucial for inequalities involving difference inequalities.

Lemma 2.2.11. Let (an) and (bn) be two sequences of nonnegative real numbers, such that

an+1 ≤ α1an + α2an−1 + ...+ αkan−k+1 + bn,

where n ≥ k − 1. If α1, ..., αk ∈ [0, 1),
k∑
i=1

αi < 1 and lim
n→∞

bn = 0, then it follows that lim
n→∞

an = 0.

Remark 2.2.12. In the proof of the previous result, we have that the following estimation is valid

d∗n = d(xn+2, xn) ≤ an2d∗0 + δn − an2
δ − a2

a1D0.

So, based on this lemma, we give a nonconstructive approach for evaluating (xn) as a Cauchy sequence
In the above lemma, let’s take k = 1. Then, we get that an+1 ≤ α1an+bn, with α1 ∈ [0, 1) and lim

n→∞
bn = 0.

Then lim
n→∞

an = 0. Now, we have proved that

d∗n ≤ a2d
∗
n−1 + a1δ

n−1D0.

Let’s define the following : α1 := a2 and bn := a1D0δ
n−1. Since δ < 1

s
< 1 and a2 ∈ [0, 1), then apply

Lemma 2 from [33] with the particular case when k = 1, we get that lim
n→∞

d∗n = 0.
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Now, we give a theoretical result for expansive-type mappings under the new assumption such that the
mapping f is onto and we shall use the ’inverse’ Picard iterative process.

Theorem 2.2.13. Let (X, d) be a complete b-rectangular metric space and f : X → X a mapping satisfying

d(fx, fy) ≥ αd(x, y) + βd(x, fx) + γd(y, fy) .

Let f continuous and onto. Suppose that

(i)β < 1, α+ γ > 0 and 1− β < α+ γ

s
.

Also, suppose the following additional assumptions :
Case (E1), i.e. α > 0 : Suppose that the following assumptions are satisfied:

(ii)α > 1

Case (E2), i.e. α < 0 : Suppose the following assumptions are satisfied :
(ii)α < −1, γ > 0

(iii)s
(

1− α

γ

)
< 1 + 1

α

Then, the mapping f has a fixed point in X.

The following example that we shall consider is that of a complete b-gms, that is also a b-rectangular
metric space. In this manner, we validate [Theorem 2.2.13] through another example, showing that the
assumptions from our theoretical result are easily fulfilled.

Example 2.2.14. Let X = [0,∞), endowed with d : X ×X → R+, such that d(x, y) = (x − y)2, for each
x, y ∈ X. Then (X, d) is a complete b-metric space, with coefficient s = 2. Then, it is also a complete
b-rectangular metric space, with coefficient s = 4.

Example 2.2.15. Let X = [0,∞), where d is the above b-rectangular metric, with s = 4.
Define f : X → X as f(x) = x+ δ1

δ2
, with δ1, δ2 ≥ 0. It is easy to see that f is continuous. Also, for each

y ∈ X, there exists x = yδ2 − δ1 ≥ 0„ since δ1 and δ2 are positive, so f is onto. Moreover :

d(fx, fy) = (fx− fy)2 =
∣∣∣x+ δ1

δ2
− y + δ1

δ2

∣∣∣ = 1
δ2
|x− y|2 = 1

δ2
d(x, y).

Let’s take β = 0, γ = 0 and α = 10. Also, let δ < 1
s
, i.e. δ2 <

1
4 . For example : δ2 = 1

10 and δ1 = 1. Then
f satisfies d(fx, fy) ≥ 10d(x, y), for each x, y ∈ X.

2.3 Contraction sequences in cone metric spaces over Banach algebras.
Applications to nonlinear systems of equations and systems of

differential equations
In this section we deal with sequences of contractions with respect to some fixed point results in the setting
of cone metric spaces over Banach algebras. First of all, we extend some concepts regarding continuity
properties, equicontinuity of a family of mappings, (H)-convergence and (G)-convergence to the framework
of cone metric spaces over Banach algebras. Finally, we validate the theoretical significance of these new
concepts through interesting applications to nonlinear systems of equations and systems of differential equa-
tions, that are in deep connection with the idea of f sequences of contractions.
From now on, by A we will denote an ordinary Banach algebra. Also, P will represent the underlying solid
cone over A. Moreover, the first step is to extended the definition of equicontinuity of a family of operators
and the pointwise and uniform convergence, respectively. First we introduce the concept of pointwise con-
vergence in the framework of a cone metric space over A.
Now, since we have reminded the basic concepts crucially important in our fixed point analysis, we make
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the following remark that in [Theorem 2] from [31] and in [Theorem 1] from [97], the authors considered
the contractions to be defined on a metric space and on subset of a metric space, respectively. Moreover,
they have supposed that the contractions have at least a fixed point. On the other hand, M. Păcurar in
[105] considered that the almost contractions were defined on a complete metric space and, in this case,
each of them have a unique fixed point. For this, see This means that in our case it is of no importance
if we consider or not the completeness of the cone metric space over the given Banach algebra. Similarly,
in [Theorem 2] of Nadler’s article, that author considered the pointwise convergence of a sequence of fixed
points under the assumption that the contractions are defined on a locally compact metric space (X, d).
Additionally, in [105], M. Păcurar extended this result for the case of almost contractions that are defined
on a complete metric space, because these mappings are not continuous so it is not properly to talk about
the equicontinuity of a family of almost contractions. For this, see the observation made by M. Păcurar
before Theorem 2.6 in [105]. So, in our framework of a cone metric space over a Banach algebra, it is of no
loss to employ the analysis of M. Păcurar when dealing with the completeness of such a space. Finally, for
other interesting results concerning the stability of fixed points in 2-metric spaces, stability of fixed points
for sequences of (ψ, φ)-weakly contractive mappings and mappings defined on an usual metric space, we let
the reader follow [89], [90] and [154], respectively.
Now, it is time to shift our focus to some articles regarding fixed point results in the setting of cone metric
spaces over Banach algebras. H. Liu and S. Xu [85] introduced the concept of cone metric spaces with Banach
algebras in order to study fixed point results, replacing Banach spaces by Banach algebras. Furthermore,
S. Xu and S. Radenović [160] considered mappings defined on cone metric spaces over Banach algebras but
one solid cones, without the usual assumption of normality. An interesting generalization was made by H.
Huang and S. Radenović [59], considering cone b-metric spaces over Banach algebras. They have studied
common fixed points of generalized Lipschitz mappings. Also, P. Yan et. al. [163] developed coupled fixed
point theorems for mappings in the setting of cone metric spaces. Finally, the idea of replacing the Banach
space by a Banach algebra was motivated by [66] and [73] in which some remarks about the connection
between fixed point theorems for different mappings and in the case of usual normal cones of Banach spaces
and usual metric spaces was given.
Now, we are ready to review some necessary concepts and theorems regarding cone metric spaces over
Banach algebras.

Definition 2.3.1. Let (X, d) be a cone metric space over the Banach algebra A. Also, let T : X → X
and Tn : X → X be some given mappings for each n ∈ N. By definition, the sequence (Tn)n∈N converges
pointwise to T on X, briefly Tn

p−→ T , if for each c� θ, c ∈ A and for every x ∈ (X, d), there exists N > 0
that depends on c and x, such that for each n ≥ N , we have that d(Tnx, Tx)� c.

In a similar way, the particular notion of uniform convergence of a sequence of mappings can be con-
structed as follows.

Definition 2.3.2. Let (X, d) be a cone metric space over the Banach algebra A. Also, let T : X → X
and Tn : X → X be some given mappings for each n ∈ N. By definition, the sequence (Tn)n∈N converges
uniformly to T on X, briefly Tn

u−→ T , if for each c� θ, c ∈ A, there exists N > 0 that depedens only on c,
such that for each n ≥ N and for every x ∈ (X, d), one has the following : d(Tnx, Tx)� c.

At the same time, for a given family of operators we define the concepts of equicontinuity and uniformly
equicontinuity on a cone metric space over a given Banach algebra A.

Definition 2.3.3. Let (X, d) be a cone metric space over the Banach algebra A and Tn : X → X be some
given mappings, for every n ∈ N. The family (Tn)n∈N is called equicontinuous if and only if for every c1 � θ,
c1 ∈ A and for each x ∈ (X, d), there exists c2 � θ, c2 ∈ A that depends on c1 and x, such that for every
y ∈ (X, d) satisfying d(x, y)� c2, one has that d(Tnx, Tny)� c1, for every n ∈ N.

Definition 2.3.4. Let (X, d) be a cone metric space over the Banach algebra A and Tn : X → X be some
given mappings, for every n ∈ N. The family (Tn)n∈N is called uniformly equicontinuous if and only if for
every c1 � θ, c1 ∈ A, there exists c2 � θ, c2 ∈ A that depends only on c1, such that for every x and y in
(X, d) with d(x, y)� c2, one has that d(Tnx, Tny)� c1, for every n ∈ N.

Inspired by [Example 2.17] of [59] in which the authors presented a complete cone b-metric space over
a Banach algebra with coefficient s = 2, we are ready to present a modified version in which we have a
complete metric space over a Banach algebra.
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Example 2.3.5. Let’s consider A to be set of all the matrices of the form
(
α β
0 α

)
, where α and β are

from R. On A, we define a norm ‖ · ‖, such as for every matrix from A, one has that
∥∥∥(α β

0 α

)∥∥∥ = |α|+ |β|.

Also, on A we have the usual matrix multiplication. Moreover, one can see that P =
{(α β

0 α

)
/α, β ≥ 0

}
is a nonempty solid cone on A. Finally, one can easily show that A is a Banach algebra.

Now, based on the [Example 2.3.5], we shall present also an example, in which we have the uniform
convergence of a sequence of mappings defined on the previous cone metric space (X, d) over the Banach
algebra A given above.
Moreover, from now on we specify that the notation lim

n→∞
(A)

xn = θ means the convergence under the Banach

algebra A, i.e. (xn)n∈N is a given sequence that satisfies the fact that is a c-sequence. Furthermore, for a
real given sequence (yn)n∈N that converges to a real number y, we denote lim

n→∞
(R)

yn = y. Finally, we make the

observation that if we work with sequences of mappings, the latter covergence can be understood pointwise
or uniformly, depending on the given context.

Example 2.3.6. For every n ∈ N, let fn : [0, 1] → [0, 1], such as fn(x) = x

n
, for each x ∈ [0, 1]. Then,

fn
u−→ f with respect to the cone metric d from [Example 2.3.5].

From [83], we recall an example of a cone metric space over a Banach algebra, which will be used further
in this paper.

Example 2.3.7. Let A = R2. Then A is a Banach algebra, with the norm given by ‖(u1, u2)‖ = |u1|+ |u2|,
for any arbitrary element (u1, u2) of A. Moreover, we have the multiplication u · v = (u1v1, u1v2 + u2v1),
where u = (u1, u2) and v = (v1, v2) are given elements. Also P = {u = (u1, u2) / u1, u2 ≥ 0} is a solid cone
over R2. Taking X̃ = R2, we can define the operator d : X̃ × X̃ → A, by d(x, y) = (|x1 − y1|, |x2 − y2|),
where x = (x1, x2) and y = (y1, y2). Then (X̃, d) is a cone metric space over R2.

We mention that if we take X = [0, 1)× [0, 1) ⊂ X̃, then it is easy to see that (X, d) is also a cone metric
space over R2, where d is defined in [Example 2.3.7]. Also, based on the previous example, we shall present
a sequence of mappings that converges pointwise and does not converge uniformly toward the null mapping,
with respect to the cone metric d.

Example 2.3.8. For every n ∈ N, let Tn : [0, 1) × [0, 1) → [0, 1) × [0, 1), defined as Tn(x) = (xn2
1 , xn2 ),

where x = (x1, x2) ∈ [0, 1)2. Also, we consider the null operator T , i.e. T (x) = (0, 0), where x ∈ [0, 1)2 and
T : [0, 1)× [0, 1)→ {0} × {0} ⊂ [0, 1)× [0, 1). Then, Tn

p−→ T , but Tn 6 u−→ T .

We present our main result of the present section that consists of the convergence of a sequence of
operators in the setting of a cone metric space of a given Banach algebra A. The theoretical result that we
will present concerns the pointwise and uniform convergence, respectively.

Theorem 2.3.9. Let (X, d) be a cone metric space over a Banach algebra A. Also, consider Tn, T : X → X,
for each n ∈ N such that they satisfy the following assumptions :

(i) for every n ∈ N, Tn has at least a fixed point, i.e. there exists xn ∈ Tnxn,
(ii) the operator T is an α− contraction with respect to the cone metric d, i.e. there exists α ∈ P,
with ρ(α) < 1, such that d(Tx, Ty) � αd(x, y), for all x, y ∈ X,

(iii)Tn u−→ T as n→∞, with respect to the cone metric,
(iv)(X, d) is a complete cone over the Banach algebra A.

Then, following the fact that x∗ is the unique fixed point of the operator T , we have that (d(xn, x∗))n∈N is a
c-sequence.

Now we are ready to present our second result concerning the pointwise convergence of a sequence of
operators with respect to a given Banach algebra A.

42



Theorem 2.3.10. Let (X, d) be a cone metric space over a Banach algebra A. Also, consider Tn, T : X →
X, for each n ∈ N such that they satisfy the following assumptions :

(i) the operator Tn is an α− contraction with respect to the cone metric d, i.e. there exists α ∈ P,
with ρ(α) < 1, such that d(Tnx, Tny) � αd(x, y), for all x, y ∈ (X, d) and n ∈ N,

(ii) the operator T is an α0 − contraction with respect to the cone metric d, i.e. there exists α0 ∈ P
with ρ(α0) < 1, such that d(Tx, Ty) � α0d(x, y), for all x, y ∈ X,

(iii)Tn
p−→ T as n→∞,

(iv)(X, d) is a complete cone over the Banach algebra A.

Then, following the fact that x∗n are the unique fixed points of the operators Tn, we have that (d(x∗n, x∗))n∈N
is a c-sequence.

Now, as in [Theorem 2.3.9], one can observe that we can use an equivalent definition of pointwise
convergence using non-strict inequalities, and this does not influence the obtained results.

Our further purpose of this section is to extend the concepts of (G)-convergence and (H)-convergence
from [31] to the setting of cone metric spaces over Banach algebras. Also, we extend this notions for the
case of sequences of operators that admit different domains. First and foremost, we consider the idea of
pointwise convergence for operators that do not have the same domain of definition.

Definition 2.3.11. Let Xn, X∞ be subsets of X, where (X, d) is a cone metric space (not necessarily
complete) over a given Banach algebra A. Also, let’s consider for each n ∈ N some operators Tn : Xn → X
and T∞ : X∞ → X. By definition, T∞ is a (G)-limit of the sequence (Tn)n∈N, when the family of mappings
(Tn)n∈N satisfies the following property :

(G) : for each x ∈ X∞, there exists a sequence (xn)n∈N, with xn ∈ Xn (n ∈ N), such that :
(d(xn, x))n∈N is a c-sequence and (d(Tnxn, T∞x))n∈N is also a c-sequence.

Now, the next definition of the present section concerns a generalization of the uniform convergence, but
for mappings that do not have the same domain.

Definition 2.3.12. Let Xn, X∞ be subsets of X, where (X, d) is a cone metric space (not necessarily
complete) over a given Banach algebra A. Also, let’s consider for each n ∈ N some operators Tn : Xn → X
and T∞ : X∞ → X. By definition, T∞ is a (H)-limit of the sequence (Tn)n∈N, when the family of mappings
(Tn)n∈N satisfies the following property :

(H) : for each sequence (xn)n∈N, with xn ∈ Xn, for every n ∈ N,
there exists a sequence (yn)n∈N ⊂ X∞, such that :

(d(xn, yn))n∈N is a c-sequence and (d(Tnxn, T∞yn))n∈N is also a c-sequence.

Further, we show that the (H)-limit of a sequence of operators is also a (G)-limit, under suitable cir-
cumstances. Moreover, since we need the idea of continuity of an operator, we can employ two definitions :
an extension of the definition of continuity from the case of metric spaces to the case of cone metric spaces
over Banach algebras and the second one the idea of sequential continuity (for this see (iii) of Definition 2.1
from [83]). These are given as follows.

Remark 2.3.13. If (X, d) is a cone metric space over a Banach algebra A, then :
a) An operator T is continuous in x0 ∈ (X, d) if and only if for each c � θ, c ∈ A, there exists c̄ ∈ P
that depends on c, such that for every x ∈ (X, d), satisfying d(x, x0)� c̄, one has that d(T (x), T (x0))� c.
Moreover, the operator T is continuous if it is continuous at every point of it’s domain.
b) An operator T is sequential continuous if for every sequence (yn)n∈N convergent to x ∈ X, i.e. satisfying
(d(yn, x))n∈N is a c-sequence, then (d(Tyn, Tx))n∈N is also a c-sequence.

Proposition 2.3.14. Let (X, d) be a cone metric space over a given Banach algebra A. Also, for each
n ∈ N, let Xn be some nonempty subsets of X. Also, consider another nonempty subset of X, namely X∞.

43



Furthermore, suppose that the following conditions are satisfied :

(i) if x ∈ X∞, then there exists (xn)n∈N, with xn ∈ Xn for every n ∈ N,
such that (d(xn, x))n∈N is a c-sequence,

(ii) T∞ : X∞ → X is sequential continuous,
(iii) T∞ is a (H)-limit for the family (Tn).

Then, T∞ is a (G)-limit for the family (Tn).

The following result is based upon the question : under what conditions the (G)-limit of a sequence of
operators is unique? We give an answer in the theorem from below.

Theorem 2.3.15. Let (X, d) be a cone metric space over a given Banach algebra A. Also, consider Xn (for
every n ∈ N) and X∞ be some nonempty subsets of X. Suppose that the following assumptions are satisfied:

(i) for all n ∈ N, let Tn to be a k-Lipschitz with respect to the Banach algebra A, i.e. there exists k ∈ P,
such that d(Tn(x), Tn(y)) � k · d(x, y), for each x, y ∈ Xn

(ii) T∞ : X∞ → X is a (G)-limit for the family (Tn).

Then, T∞ is the unique (G)-limit on X∞.

Our third result from this section concerns the convergence of a sequence of fixed points of a family of
mappings that has property (G), with respect to a given Banach algebra.

Theorem 2.3.16. Let (X, d) be a cone metric space over a given Banach algebra A. Also, consider Xn

(for n ∈ N) and X∞ to be some nonempty subsets of X. Also, consider some mappings Tn : Xn → X and
T∞ : X∞ → X that satisfy the following assumptions :

(i) for each n ∈ N, Tn is a k-contraction, i.e. there exists k ∈ P with ρ(k) < 1,
such that d(Tn(x), Tn(y)) � k · d(x, y), for each x, y ∈ Xn,

(ii) the family (Tn) has property (G),
(iii) there exists x∞ ∈ FT∞ , i.e. x∞ is a fixed point of T∞.

Then, (d(xn, x∞))n∈N is a c-sequence.

Remark 2.3.17. In [Theorem 2.3.16] we have supposed that indeed there exists xn ∈ FTn . An alternative
way is to suppose that (X, d) is a complete cone metric space over A and after that one can establish a local
variant of existence and uniqueness of fixed points for the mappings Tn, since they are contractions with
respect to the cone metric, but not on the whole metric space.

Now, it is time to present a consequence of [Theorem 2.3.16] in which we refer to the connection between
the pointwise convergence of a sequence of self-mappings and the (G)-property of the same sequence.

Corollary 2.3.18. Let (X, d) be a cone metric space over a Banach algebra A. Also, consider Tn, T∞ :
X → X some given mappings. Suppose the following assumptions are satisfied :

(i) Tn
p−→ T∞ as n→∞,

(ii) Tn is a k-contraction with respect to the cone metric, for eac n ∈ N,
(iii) there exists xn ∈ FTn and x∞ ∈ FT∞ .

Then, (Tn)n∈N has the property (G), with T∞ as the (G)-limit.

Now, we shall present a theorem in which we are concerned with the relationship between the pointwise
convergence of a sequence of mappings in the setting of cone metric spaces and the equicontinuity of the
family of mappings.
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Theorem 2.3.19. Let (X, d) be a cone metric space over a Banach algebra A and M be a nonempty subset
of X. Furthermore, let Tn : M → X be a given operator such that the family (Tn) has the (G) property with
the (G)-limit T∞. Also, let’s suppose that the following conditions are satisfied :

(i) the family (Tn) is equicontinuous on M,

(ii) there exists xn ∈ FTn , for each n ∈ N and x∞ ∈ FT∞ .

Then Tn
p−→ T∞.

Now, the next theorem of this section is an existence result for the fixed points of the (G)-limit mapping
of a sequence of contractions with respect to the cone metric space over a given Banach algebra.

Theorem 2.3.20. Let (X, d) be a cone metric space over a Banach algebra A. Also, consider Xn and X∞
some given nonempty subsets of X. Let Tn : Xn → X and T∞ : X∞ → X be some mappings that satisfy :

(i) the family (Tn) has property (G) with the (G)-limit T∞,
(ii) Tn are k-contractions in the sense of the given cone metric,
(iii) there exists xn ∈ FTn .

Then, there exists x∞ ∈ FT∞ if and only if the sequence (xn)n∈N is convergent in X∞ in the sense of the
Banach algebra (i.e. there exists y ∈ X∞ such that (d(xn, y))n∈N is a c-sequence).

Now, we are ready to present our last two theoretical results from the present section regarding the link
between the uniform convergence with respect to the cone metric and the (H)-property of a given sequence
of operators.

Theorem 2.3.21. Let (X, d) be a cone metric space over a Banach algebra A. Also, consider M ⊂ X a
nonempty set. Let Tn, T∞ : M → X some given mappings.
a) If Tn

u−→ T∞, then T∞ is the (H)-limit of the family (Tn).
b) If T∞ is the (H)-limit of (Tn) and if T∞ is uniformly continuous on M , then Tn

u−→ T∞.

Now, our last theorem of this section concerns the convergence of a sequence of fixed points of a family
of mappings to the fixed point of the (H)-limit of the same family of operators.

Theorem 2.3.22. Let (X, d) be a cone metric space over a Banach algebra A. Consider Xn for each n ∈ N
and X∞ to be some nonempty subset of X. Also, let Tn : Xn → X and T∞ : X∞ → X be some mappings
that satisfy the following assumptions :

(i) xn ∈ FTn ,

(ii) (Tn) has the property (H) with the (H)-limit T∞,
(iii) T∞ is a k∞ − contraction with respect to the cone metric d,
(iv) there exists and is unique x∞ ∈ FT∞ .

Then (d(xn, x∞))n∈N is a c-sequence.

At last, we are ready to give a crucial remark regarding the assumption (iv) of [Theorem 2.3.22].

Remark 2.3.23. One can omit condition (iv) from the previous theorem if we suppose that (X, d) is a
complete cone over the Banach algebra A. With this assumption, since T∞ is a contraction on a subset of
the space in the sense of the cone metric d, then one can prove a local variant principle in which the operator
has a unique fixed point.

In the following sequel we justify all of our theoretical results through some applications with respect to
functional coupled equations and systems of differential equations, respectively. Also, we show that some
of our fixed point results represent a viable tool in order to study the convergence of the unique solution
of different types of sequences concerning families of operators for nonlinear equations and differential
equations. By [Theorem 3.1] of [59], we present the convergence of solutions of some coupled equations,
based on the idea of a cone metric space over an appropriately chosen Banach algebra.
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Theorem 2.3.24. Let Fn, Gn, F̃ , G̃ : R2 → R2 be some given mappings (for n ∈ N). Also, consider the
following systems of coupled functional equations :{

Fn(x, y) = 0
Gn(x, y) = 0

, with (x, y) ∈ R2 , (2.3.0.1)

and {
F̃ (x, y) = 0
G̃(x, y) = 0

, with (x, y) ∈ R2. (2.3.0.2)

Suppose that the mappings Fn, Gn, F̃ and G̃ satisfy the following assumptions :
(1) There exists M > 0, such as for n ∈ N, there exists Ln > 0 satisfying max

n≥1
Ln ≤M < 1, such that

{
|Fn(x1, y1)− Fn(x2, y2) + x1 − x2| ≤ Ln|x1 − x2|
|Gn(x1, y1)−Gn(x2, y2) + y1 − y2| ≤ Ln|y1 − y2|

where (x1, x2) and (y1, y2) are from R2.
(2) There exists L̃ ∈ (0, 1), such that{

|F̃ (x1, y1)− F̃ (x2, y2) + x1 − x2| ≤ L̃|x1 − x2|
|G̃(x1, y1)− G̃(x2, y2) + y1 − y2| ≤ L̃|y1 − y2|

where (x1, x2) and (y1, y2) are from R2.
(3) The sequence (Fn)n∈N converges pointwise to F̃ and (Gn)n∈N also converges pointwise to G̃ in the
classical sense, i.e. : {

Fn
p−→ F̃

Gn
p−→ G̃

, i.e.

 lim
n→∞

Fn(x) = F̃ (x)
lim
n→∞

Gn(x) = G̃(x)
, for each x ∈ R2.

Then xn converges to x̃ and yn converges to ỹ, where (xn, yn) is the unique solution of 2.3.0.1 and (x̃, ỹ) is
the unique solution of 2.3.0.2.

Now, our next result is linked to an application to systems of differential equations. In fact, using the
results obtained by us and the idea of a Banach algebra, we recall the well-known existence and uniqueness
theorem that is based upon an alternative proof, concerning the solution of a nonlinear system of differential
equations.

Theorem 2.3.25. Let D ⊂ R3 and (α, β, γ) ∈ D. Also, consider ᾱ, β̄ and γ̄ sufficiently small such that
the compact set ∆ := {(x, y, z) / |x− a| ≤ ā, |y − β| ≤ β̄, |z − γ| ≤ γ̄} is a subset of D.
Consider the following nonlinear system of differential equations :

y′(x) = f(x, y(x), z(x))
z′(x) = g(x, y(x), z(x))
y(a) = β

z(a) = γ

, where x ∈ I := [a− ā, a+ ā]. (2.3.0.3)

Also, suppose the following assumptions are satisfied :

(1) the mappings f and g are continuous on D,
(2) there exists L1, L2 > 0, such that{

|f(x, y, z)− f(x, ȳ, z̄)| ≤ L1|y − ȳ|
|g(x, y, z)− g(x, ȳ, z̄)| ≤ L2|z − z̄|

, for every (x, y, z) and (x, ȳ, z̄) ∈ D.

Then, there exists a unique solution for the nonlinear differential system 2.3.0.3 on I = [a− ā, a+ ā].
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Finally, we present our last result of this section regarding the convergence of a sequence of solutions for
a family of nonlinear differential systems. Furthermore, the following theorem is crucial, in the sense that
we extend the application of S.B. Nadler Jr. from [97].

Theorem 2.3.26. Let D, ∆ and I as in [Theorem 2.3.25]. Consider the following nonlinear systems of
differential equations : 

y′(x) = fn(x, y(x), z(x))
z′(x) = gn(x, y(x), z(x))
y(a) = β

z(a) = γ

, for each n ≥ 1 and x ∈ I. (2.3.0.4)

Furthermore, consider another system of differential equations :
y′(x) = f(x, y(x), z(x))
z′(x) = g(x, y(x), z(x))
y(a) = β

z(a) = γ

, (2.3.0.5)

where the functions fn, gn, f and g are continuous on D. Moreover, suppose the following assumptions are
satisfied :

(1) there exists M ∈ (0, 1), such that for all n ∈ N there exists kn, hn, k, h ≥ 0, for which one has :{
|fn(x, y, z)− fn(x, ȳ, z̄)| ≤ kn|y − ȳ|
|gn(x, y, z)− gn(x, ȳ, z̄)| ≤ hn|z − z̄|

, for every (x, y, z) and (x, ȳ, z̄) from D.

(2)
{
|f(x, y, z)− f(x, ȳ, z̄)| ≤ k|y − ȳ|
|g(x, y, z)− g(x, ȳ, z̄)| ≤ h|z − z̄|

, for every (x, y, z) and (x, ȳ, z̄) from D,

with kn, hn, k, h > 0, for each n ∈ N, satisfying max{kn, hn, k, h} ≤M < 1.
(3) The pointwise convergence of the families (fn) and (gn), i.e.{

fn
p−→ f

gn
p−→ g

, i.e.

 lim
n→∞

fn(x, y, z) = f(x, y, z)
lim
n→∞

gn(x, y, z) = g(x, y, z)
, for every (x, y, z) ∈ D.

(4) If the mappings fn and gn are bounded, for each n ∈ N by Mn and M̃n respectively,
then there exist Mf ,Mg ≥ 0, such that Mn ≤Mf and M̃n ≤Mg, for each n ∈ N.

If (yn, zn) is the unique solution of 2.3.0.4 and (y, z) is the unique solution of 2.3.0.5, then{
yn

u−→ y

zn
u−→ z

, i.e.

 lim
n→∞

‖yn − y‖B,τ1 = 0
lim
n→∞

‖zn − z‖B,τ2 = 0
.
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Chapter 3

Fixed point results for multi-valued generalized contractions

3.1 Fixed point results for multi-valued operators. The altering distance
technique

In this section, we will present some preliminary notions and fixed point results for single-valued self-
mappings satisfying some altering distance type conditions in a complete metric space.
In [74], Khan gave sufficient conditions such that an operator has a unique fixed point, under the following
contractive-type condition

ψ(d(Tx, Ty)) ≤ kψ(d(x, y)) ,∀x, y ∈ X ,

where (X, d) is a complete metric space and ψ : [0,∞)→ [0,∞) is endowed with the following properties

ψ(t) = 0 if and only if t = 0,
ψ is continuous and increasing.

Furthermore, Alber and Guerre-Delabriere in [8] gave a different generalization, for mappings satisfying the
assumption

d(Tx, Ty) ≤ d(x, y)− ϕ(d(x, y)), where
ϕ : [0,∞)→ [0,∞) is also increasing and continuous
ϕ(t) = 0 if and only if t = 0,
lim
t→∞

ϕ(t) =∞.

Then in [133], Rhoades showed that the last assumption is not necessary for the existence and uniqueness of
the fixed points of the above self-mappings. Generalizations for this type of mappings were done by Dutta
et. al. in [49] for self-mappings f defined on a complete metric space (X, d), satisfying

ψ(d(Tx, Ty)) ≤ ψ(d(x, y))− ϕ(d(x, y)), where
ψ,ϕ : [0,∞)→ [0,∞) are both increasing and continuous functions,
ψ(t) = ϕ(t) = 0 if and only if t = 0.

A very interesting approach was done by Amini-Harandi and Petruşel in [24], where the authors studied
sufficient conditions for the existence and uniqueness of the fixed points for an operator T satisfing the
following assumption

u(d(Tx, Ty)) ≤ v(d(x, y)),

where the self-mappings u and v defined on [0,∞) satisfy some relaxed conditions. The authors also gave
some interesting corollaries showing that their theorem is a real generalization of the already presented type
of mappings.
Moreover, regarding the weakly contractive condition for a single-valued operator, Rhoades et. al. [134]
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presented other types of generalizations in the framework of partially ordered metric spaces. As an example
for this type of mappings we suppose that

d(fx, fy) ≤ ϕ(d(x, y))− ψ(d(x, y))

where the operators ψ,ϕ have the following properties:

i) ϕ,ψ are both positive on (0,∞) with ψ(0) = ϕ(0),
ii) ϕ(t)− ψ(t) < t,

iii) ϕ upper semicontinuous and increasing,
iv) ψ lower semicontinuous and nonincreasing.

Last, but not least, for fixed point results involving other generalizations of the weakly contractive
condition for single-valued mappings we refer to [94], [123] and [161].

Concerning the case of multi-valued operators, T. Lazăr et. al. [80] presented an exhaustive study of
some qualitative properties concerning Reich type multi-valued operators. Moreover, V. Lazăr [79] extended
the results concerning the case of multi-valued ϕ-type contractions.
T.P. Petru and M. Boriceanu [109] gave some fixed point results for ϕ-contractions in a set endowed with
two metrics.
In all the articles [80], [79] and [109], the comparison function ϕ used for the case of ϕ-contractions satisfy
the following properties:

i) ϕ(0) = 0,
ii) ϕ(t) > 0 for t > 0,
iii)ϕk(t)→ 0, for each t > 0 for k →∞.

Notice that ϕ is not necessarily continuous on [0,∞), but in [109] the continuity of the mapping was
additionally assumed. Furthermore, an important property of comparison functions is the fact that ϕ(t) <
t, for each t > 0.

As a conclusion, there are two distinct classes of mappings involved in the generalizations of contractive-
type operators. There are comparison functions, on one hand, in many cases denoted by ϕ. On the other,
there is the case of altering distance functions for which the most important conditions are continuity or
semicontinuity properties and a certain monotonicity. We also notice that the weakly contractive mappings
used in [134] are combination of these types of self-mappings.

Regarding the case of multi-valued operators, in 2011, Kamran and Kiran [70] presented some rezults
involving altering distance type functionals. In this article, more precisely, in [Theorem 4.2] in [70], a special
type of altering distance function denoted by θ was used. This mapping satisfies the following conditions on
an interval [0, A), where A is real number strictly greater than 0, i.e.,

(i) θ is increasing on [0, A),
(ii) θ(t) > 0, for each t ∈ (0, A),
(iii) θ subadditive on (0, A) and
(iv) θ(at) ≤ aθ(t), for each a > 0 and t ∈ [0, A).

Also, in 2012, Liu et. al. [86] gave a similar theorem, namely [Theorem 2.3], were the functional ϕ is similar
to the functional α from [70]. From the same article we observe that the conditions put upon the altering
distance mapping θ are somewhat different. For the sake of completeness, we recall them here

(a) θ is increasing on R+,

(b) θ(t) > 0, when t ∈ (0,∞),
(c) θ is subadditive on (0,∞),
(d) θ(R+) = R+ and
(e) θ is strictly inverse on R+.
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Finally, concerning weakly contractive (ϕ − ψ) contractive type multi-valued operators, G. Petruşel et.al.
in [118] presented a fixed point result for this kind of operators in the context of complete ordered b-metric
spaces with coefficient s ≥ 1, along with some theorems involving coupled fixed points. From [Theorem 2.2]
of [118], a self multi-valued operator T : X → Pcl(X) was defined by a contractive-type inequality, i.e.

ϕ(H(Tx, Ty)) ≤ ϕ(d(x, y))− ψ(d(x, y))

and sufficient conditions for the existence of fixed points for this kind of operators were studied. Here, the
altering distance function ϕ : [0,∞)→ [0,∞) satisfy the following

(iϕ) ϕ continuous and strictly increasing,
(iiϕ) ϕ(t) < t, for each t > 0,
(iiiϕ) ϕ(a+ b) ≤ ϕ(a) + b, for a, b ∈ [0,∞),
(ivϕ) ϕ(st) ≤ sϕ(t), for each t ∈ [0,∞).

Also, the other altering distance function ψ : [0,∞)→ [0,∞) satisfy

(iψ) lim sup
t→r

ψ(t) > 0, for all r > 0 and

(iiψ) lim
t→0+

ψ(t) = 0.

Moreover, we recognize that in contrast to the original usage of altering functions as in [49], the conditions
from [118] on ψ were relaxed and the conditions on the mapping ϕ were made more restrictive, since the
condition (iiϕ) is a comparison type condition. So, in this sense, these weakly contractive-type self-mappings
are a combination of altering distances and comparison functions as the operators defined in [134].
Finally, in [46] the authors presented some fixed point theorems for multi-valued operators and in [124]
Popescu et.al. extended these types of comparison based multi-valued operators, i.e. T : X → Pb,cl(X),
such that H(Tx, Ty) ≤ ϕ(d(x, y)), for each x, y from the complete metric space (X, d). Here, the mapping
ϕ satisfies the following assumptions

(1) ϕ(x) ≤ x, for each x ∈ [0,∞),
(2) ϕ(x+ y) ≤ ϕ(x) + ϕ(y), for all x, y ∈ [0,∞),
(3) ϕ(x) = 0 if and only if x = 0 and
(4) for any ε > 0, there exists δ > ε such that ε < t < δ implies ϕ(t) ≤ ε.

Furthermore, condition (4) defined for the above mapping ϕ can be considered as a local type comparison
function. Also, the authors in [124] extended the results of the authors of [46] from the case of hyperconvex
metric spaces to the usual metric spaces. Furthermore, since they worked in a less restrictive framework,
they have put an important assumption regarding the well known diameter functional and so they used the
condition that the multi-valued operator has bounded values.

In the present section we consider some fixed point results on (ϕ − ψ) multi-valued operators, by
using the altering distance technique. The starting point is the article of G. Petruşel et. al. [118], where
the authors have considered some theoretical results for an abstract type of multi-valued operators in
complete ordered b-metric spaces. The main idea behind this article was the construction of a sequence of
successive approximations that is showed to converge to a fixed point of the multi-valued operator. On the
other hand, the proof of [Theorem 2.2] from [118] contains a certain gap. The authors consider an ε̃ at
each step and then, using the reductio ad absurdum argument, chose ε̃, such that ε̃ < lim

n→∞
ψ(δn). Since

ε̃ was already constructed at each step (as ε̃n) and the sequence δn was not given there, this technique
is not valid. Furthermore, trying to show that the sequence (xn) is Cauchy, the authors used the fact
that d(xm(k)+1, xn(k)+1) ≤ H(T (xm(k)), T (xn(k))) + ε̃, which, by the well known Nadler’s lemma, is not
necessarily true. So, our aim is to present a correction to these arguments by imposing an additional
assumption on the iterates of the multi-valued operator. This assumption is inspired by the articles [46]
and [124]. Finally, the second purpose is to impose more relaxed continuity conditions on the altering
distance function and to get rid off the property that is frequently used for comparison-type functions.
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Theorem 3.1.1. Let (X, d) be a complete metric space and T : X → Pb,cl(X) a multi-valued operator, that
satisfies the following

ϕ(H(Tx, Ty)) ≤ ϕ(d(x, y))− ψ(d(x, y)), for each x, y ∈ X,

where the mappings ϕ and ψ satisfy

(H1) ϕ,ψ : [0,∞)→ [0,∞)
(H2) ϕ is usc and ψ is lsc
(H3) ϕ(0) = ψ(0) = 0 and ϕ(t), ψ(t) > 0, for each t > 0
(H4) ϕ is (strictly) increasing
(H5) ϕ(a+ b) ≤ ϕ(a) + b, for each a > 0 and b ≥ 0

Also, suppose that
δ(Tnx)→ 0 as n→∞, for each x ∈ X.

Then, the multi-valued operator T has at least one fixed point x∗ ∈ FT .
Moreover, if (SF )T 6= ∅, then FT = (SF )T = {x∗}.

Remark 3.1.2. In [70], the authors have used the fact that ϕ : [0,∞)→ [0,∞) is increasing, so it implies
that the functional ϕ is strictly inverse isotone on [0,∞), i.e.

ϕ(t1) < ϕ(t2)⇒ t1 < t2, where t1, t2 ∈ [0,∞).

In our case, the function is (strictly) increasing. This means that ϕ is indeed strictly increasing, so t1 <
t2 ⇒ ϕ(t1) < ϕ(t2). By logical transposition, it follows that

ϕ(t2) ≤ ϕ(t1)⇒ t2 ≤ t1

Furthermore, we have used in the proof of the previous result that for ϕ(t1) < ϕ(t2) ⇒ t1 ≤ t2. This is
equivalent to the following fact : if t1 > t2 ⇒ ϕ(t1) ≥ ϕ(t2). By the fact that ϕ is strictly increasing, we get
that the last inequality is a particular case, i.e. a strict inequality.
Also, some parts from the proof of the above result, we have used that ϕ is only increasing. Now, since ϕ is
strictly increasing, then this functional is one-to-one, so ϕ(t1) = ϕ(t2) ⇒ t1 = t2. Combining this with the
fact that ϕ is strictly increasing, we have simplified the proof by taking

ϕ(t1) ≤ ϕ(t2)⇒ t1 ≤ t2.

Also, since ϕ is strictly increasing we get that t1 < t2 ⇒ ϕ(t1) < ϕ(t2). Moreover, for t1 = t2, it follows
that ϕ(t1) = ϕ(t2) from the definition of a regular function. Combining both of these, it follows that for
t1 ≤ t2 ⇒ ϕ(t1) ≤ ϕ(t2).

Remark 3.1.3. An important observation is that in the assumption (H5) of the previous theorem we have
that ϕ(a + b) ≤ ϕ(a) + b, for each b ≥ 0 and a > 0. If the assumption was defined for each a ≥ 0, then
taking a = 0, it follows that ϕ(a) ≤ a. So, we get the property of comparison functions. In this case, if (H5)
seems restrictive, one can use the previous remark.

The second theoretical result of this present section regards a fixed point theorem for (ϕ − ψ) multi-
valued operators. The next theorem is an improvement of the previous one, where an assumption involving
the diameter functional δ is imposed. Following [124], we shall relax the assumptions of the first result.
Under certain circumstances, we obtain also the uniqueness of the fixed point for the multi-valued operator.
Firstly, we consider a crucial observation that we shall use throughout the remaining part of the section.

Remark 3.1.4. Let ϕ be a functional endowed with the properties (H1),(H3),(H4) and (H5) from the
previous theorem. Also, consider a sequence (dn)n∈N, such that dn ≥ d and with lim

n→∞
dn = d. Then,

dn − d ≥ 0. It follows that
ϕ(dn) = ϕ(d+ dn − d) ≤ ϕ(d) + [dn − d] ,

which is valid since d > 0 and dn − d ≥ 0. It follows that

ϕ(dn) ≤ ϕ(d) + (dn − d).
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Taking the upper limit, we have that
lim sup
n→∞

ϕ(dn) ≤ ϕ(d).

We remark that if ϕ was usc, then
lim sup
n→∞

ϕ(dn) ≤ ϕ(d).

So, because of the assumptions on ϕ, it follows that the above property is more relaxed, in the sense that
the functional ϕ must satisfy the usc condition only for the case when dn ≥ d.

The second fixed point theorem is the following.

Theorem 3.1.5. Let (X, d) be a complete metric space and T : X → Pb,cl(X) be a multi-valued operator
satisfying the following assumption

ϕ(H(Tx, Ty)) ≤ ϕ(d(x, y))− ψ(d(x, y)), for each x, y ∈ X,

where the mappings ϕ and ψ satisfy

(H1) ϕ,ψ : [0,∞)→ [0,∞)
(H2) ϕ is usc in 0 andψ is lsc in 0
(H3) ϕ(0) = ψ(0) = 0 and ϕ(t), ψ(t) > 0, for each t > 0
(H4) ϕ is (strictly) increasing
(H5) ϕ(a+ b) ≤ ϕ(a) + b, for each a > 0 and b ≥ 0 .

We also suppose that
δ(Tnx)→ 0 as n→∞, for each x ∈ X.

Then, the multi-valued operator T has a unique fixed point.

Based on [118] and [124], in this article, we presented two theorems regarding fixed point results for
(ϕ − ψ) multi-valued operators. The additional assumptions based on the diameter functional δ was an
important hypothesis such that the multi-valued operator has a fixed point. Also, the second theorem is an
improvement of the first one. The two main results were constructed to correct some arguments from [118]
for this type of operators. Furthermore, the restrictive condition on δ lead to the case when the multi-valued
operators had unique contractive fixed points.

3.2 Extended fixed point principles for Ćirić multi-valued contractions

The aim of this section is to present a study on Ćirić type multi-valued operators. Moreover, the starting
point is the article of A. Petruşel [113], in which the author studied some saturated fixed point results,
respectively strict fixed point results for multi-valued contractions in the sense of Nadler [96]. In [131] Reich
developed some fixed point theorems for multi-valued operators and Hardy and Rogers [57] generalized those
fixed point theorems. Moreover, C. Chifu and G. Petruşel in [40] studied qualitative properties concerning
Hardy-Rogers multi-valued operators in the framework of b-metric spaces. A fully comprehensive study on
Reich operators was made in [80] by T. Lazăr et. al. Also, qualitative properties, namely data dependence,
Ulam-Hyers stability and so on, were studied for the case of multi-valued ϕ-contractions by V.L. Lazăr in
[79] and extended by T.P. Petru and M. Boriceanu in [109] to the case of multi-valued operators defined on
a set endowed with two metrics. Also, in [36], M. Boriceanu studied existence and uniqueness of the fixed
point and data dependence for multi-valued Ćirić type operators in the context of b-metric spaces.
At the same time, Ćirić multi-valued operators were studied extensively in [36], [42], [82], [111] and [120].
Now, regarding the terminology and the basic concepts related to fixed point problems for multi-valued
operators, especially for multi-valued Nadler contractions, we will follow [25],[65], [119] and [130]. Further-
more, for the approximation of strict fixed points (also called end-points) of multi-valued mappings, we refer
to [56], [61] and [125].
Finally, regarding data dependence, multi-valued fractal operators, selections and qualitative properties for
the fixed point inclusion and for multi-valued fractals, we will refer to [48], [81] and [121].
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Last but not least, we are concerned with some theoretical results in which some fixed point extended prin-
ciples of the multi-valued Ćirić operators. The starting point is the article of A. Petruşel [113], in which
the author studied some extended principles for fixed point problems for Nadler multi-valued contractions.
Our main results consists of extended principles for the fixed points, respectively extended principles for the
strict fixed points of the Ćirić multi-valued operators.
Theorem 3.2.1 (An extended fixed point principle for multi-valued Ćirić operators). Let (X, d) be a com-
plete metric space and T : X → Pcl(X) be a multi-valued α-Ćirić type operator, i.e., there exists α ∈ (0, 1),
such that

H(Tx, Ty) ≤ α ·M(x, y), for each x, y ∈ X,

where
M(x, y) := max{d(x, y), D(x, Tx), D(y, Ty), 1

2 [D(x, Ty) +D(y, Tx)]}.

Then, the following conclusions hold :
(a) there exists x∗ ∈ FT ;
(b) for each (x, y) ∈ Graph(T ), there exists a sequence (xn)n∈N of successive approximations for T starting
from (x, y), that converges to a fixed point of T ;
(c) there exists a selection t∞ : Graph(T )→ FT of T∞, such that

d(x, t∞(x, y)) ≤ 1
1− αd(x, y),∀(x, y) ∈ Graph(T );

(d) FT is closed in (X, d);
(e) if (xn)n∈N is a sequence of successive approximations for T , starting from a pair (x, y) ∈ Graph(T ),
which converges to a fixed point x∗(x, y) of T , then

d(xn, x∗) ≤
αn

1− αd(x, y),∀n ∈ N∗;

(f) if G : X → Pcl(X) is a Ćirić-type multi-valued operator with coefficient β, and there exists η > 0, such
that

H(Tx,Gx) ≤ η,∀x ∈ X,

then H(FT , FG) ≤ η ·max
{ 1

1− α,
1

1− β
}
;

(g) if Tn : X → Pcl(X) is a sequence of multi-valued α-Ćirić-type operators, with Tnx
H→ Tx as n → ∞,

uniformly with respect to x ∈ X, then

lim
n→∞

H(FTn , FT ) = 0;

(h) if there exists x0 ∈ X and r > 0, such that D(x0, Tx0) < (1− α)r, then there exists x∗ ∈ FT ∩B(x0, r);
(i) if there exists x0 ∈ X and r > 0 such that δ(x0, Tx0) < (1− α)r, then

T : B̃(x0, r)→ P

(
B̃

(
x0,

1
1− αr

))
and there exists x∗ ∈ FT ∩B(x0, r);
(j) if X is also a Banach space, U an open subset of X and T : U → Pcl(X) is a Ćirić multi-valued operator,
then the associated multi-valued field G : U → P (X), defined by Gx := x− Tx, is open;
(k) there exists a Caristi selection of T ;
(m) if, additionally, T : X → Pcp(X), then the fixed point inclusion x ∈ Tx associated to the multi-valued
Ćirić-type operator T is generalized Ulam-Hyers stable;
(n) the multi-valued operator T has the approximate fixed point property, i.e., inf

x∈X
D(x, Tx) = 0;

(o) if the multi-valued operator T is lsc, then it has the approximate endpoint property if and only if it has
a unique strict fixed point;
(p) if T : X → Pcp(X) is α-multi-valued Ćirić type operator, with coefficient α < 1

2 , then the fixed point set
FT is compact.
(q) if T : X → Pcl,bd(X) is a Ćirić-type multi-valued operator, then for each p > 0, one has

H(F ∗p , FT ) ≤ p

1− α, where F ∗p := {x ∈ X | D(x, Tx) < p}.
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The second theoretical result concerning this section is a extended strict fixed point principle for multi-
valued Ćirić operators. We use the conclusions from [Theorem 3.2.1] that hold true for the particular case
when (SF )T is nonempty. So, in our next theorem we present only the metrical conclusions that are new.

Theorem 3.2.2 (An extended strict fixed point principle for multi-valued Ćirić operators). Let (X, d) be
a complete metric space and T : X → Pcl(X) be an α-Ćirić type operator, i.e. there exists α ∈ (0, 1), such
that

H(Tx, Ty) ≤ α ·M(x, y), for each x, y ∈ X,

where
M(x, y) := max{d(x, y), D(x, Tx), D(y, Ty), 1

2 [D(x, Ty) +D(y, Tx)]}.

Furthermore, suppose that (SF )T 6= ∅. Then, the following conclusions hold :
(a) (SF )T = FT = {x∗};
(b) if α < 1

2 , then the multi-valued operator T has the Ostrowski property;
(c) the fixed point inclusion x ∈ Tx associated to the multi-valued Ćirić-type operator T is generalized Ulam-
Hyers stable;
(d) the strict fixed point inclusion {x} = Tx associated to the multi-valued Ćirić-type operator T is generalized
Ulam-Hyers stable;
(e) the fixed point problem is well-posed for T , with respect to the gap functional D, respectively to H;
(f) H(Tx, x∗) ≤ αd(x, x∗), for each x ∈ X;
(g) d(x, x∗) ≤ 1

1− αH(x, Tx), for each x ∈ X;
(h) if G : X → P (X) is a multi-valued operator with FG 6= ∅, and there exists η > 0, such that

H(Tx,Gx) ≤ η,∀x ∈ X,

then H(FT , FG) ≤ η · 1
1− α .
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Chapter 4

Iterative schemes for generalized contractions in complete
metric spaces

4.1 Fixed points analysis of some generalized contractions through
Ishikawa’s iteration

In the present section, our aim is to study some results concerning existence and uniqueness of fixed points
for generalized contraction mappings. The setting is that of contraction-type operators, in the following
sense, i.e.

cd(Tx, Ty) + a [d(x, Tx) + d(y, Ty)] ≤ kd(x, y) .

Further, we make the observation that our techniques are valid also for more complex type of generalized
contractions. Karapinar, Moosaei and other authors have used Krasnoselskii’s iteration in the particular
case when the auxiliary parameter λ is equal to 1/2.
Now, since we work with generalized type of contractype mappings, we recall some generalization of Banach
contraction principle in convex metric spaces.
In [72] Karapinar developed existence and uniqueness theorems for mappings satisfying certain contractive
conditions in cone Banach spaces, such as

d(Tx, Ty) ≥ ad(x, y),
d(x, Tx) + d(y, Ty) ≤ pd(x, y),
ad(Tx, Ty) + b [d(x, Tx) + d(y, Ty)] ≤ sd(x, y).

Karapinar used the following conditions on this contractive type-operators, such as :
a > 1, p ∈ [0, 2), respectively 0 ≤ s+ |a| − 2b < 2(a+ b).
In [28], Asadi generalized the above conditions for mappings endowed with more coefficients, i.e.

ad(x, Tx) + bd(y, Ty) + cd(Tx, Ty) + ed(x, Ty) + fd(y, Tx) ≤ kd(x, y).

Asadi, developed existence and uniqueness for above contractions, using the condition that:

b+ e− |f |(1− λ)− |c|λ
1− λ ≤ k < a+ b+ c+ e+ f − |c|λ− |f |(1− λ)

1− λ

Independently, in [159] Wang and Zhang developed a theorem for the existence of fixed points of a pair of
contractive mappings, such as

kd(Tx, Sy) ≤ ad(x, y) + b [d(x, Tx) + d(y, Sy)] + c [d(x, Sy) + d(y, Tx)] ,

using a Jungk-Krasnoselskii iteration, as follows{
x2n+1 = W (x2n, Tx2n, λ)
x2n+2 = W (x2n+1, Tx2n+1, λ)

, (4.1.0.1)

and give an exemple of a mapping satisfying the above condition.
Also, Wang and Zhang imposed the conditions a + 2c < k and (k, a, b, c) ∈ Γρ, with ρ ∈ {1, 2, 3, 4}, where
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Γρ were defined in terms of the coefficients a, b, c and k.
In [91] Moosaei developed a theorem for a Banach operator pair (f, g) satysfing

ad(gx, fx) + bd(gy, fy) + cd(fx, fy) ≤ kd(gx, gy),

with 2b − |c| ≤ k < 2(a + b + c) − |c| and in [93] the same author presented a theorem for existence and
uniqueness of a common fixed point of a pair of mappings (S, T ), where (S, T ) weakly compatible pair, i.e. :

ad(Sx, Tx) + bd(Sy, Ty) + cd(Tx, Ty) ≤ ed(Sx, Sy).

Likewise, in [92], Moosaei presented sufficient conditions for the existence of a coincidence point of a gener-
alized contraction pair (S, T ), as follows

αd(Tx, Ty) + β [d(Sx, Ty) + d(Sy, Tx)] + γ [d(Sx, Ty) + d(Sy, Tx)] ≤ ηd(Sx, Sy),

using as Wang and Zhang a Jungk-Krasnoselskii iteration.
In [2], Abbas et. al. discussed the simplicity of the modified Krasnoselskii iteration

xn+1 = (1− λ)xn + λTnxn,

where λ ∈ (0, 1) and the operator T is defined on a nonempty, closed convex subset of a uniformly convex
Banach space. Furthermore, one can easily extend this iteration to the case of convex metric spaces in the
sense of Takahashi. Abbas, Khan and Rhoades suggested that a number of fixed point iteration problems
can be solved using the above iteration, which is much simpler than Ishikawa iteration. However, the
simplification principle does not directly apply to the setting of our research since we are dealing with
a generalized type of nonlinear contractions in contrast with the case when the operator T is defined by
it’s iterates, for example when T is an asymptotically nonexpansive mapping. In this case it satisfies the
following condition : there exists a sequence (kn)n∈N ⊂ [1,∞), with ∑

n∈N
(kn − 1) <∞, such that

‖Tnx− Tny‖ ≤ kn‖x− y‖.

So, in the above case, the condition would act on the iterates of the operator T , contrary to the case when
T is a nonlinear generalized contraction-type mapping. In our case, as we do not assume an asymptotic
condition for the nonlinear operator of interest, especially from a computational point of view, the modified
Krasnoselskii iteration process would be less cost-efficient than the well-known Ishikawa iteration. The cause
of this relies on the fact that the modified Krasnoselskii iteration requires the computation of Tn in each
step.
Our purpose is to give a new method of proof for the more complex Ishikawa iterative scheme. Finally, this
will be validated through an example.

Theorem 4.1.1. Let (X, d) be a complete convex metric space.
Let K a nonempty, closed and convex subset of X and T : K → K be a map satisfying the following
contractive condition

cd(Tx, Ty) + a [d(x, Tx) + d(y, Ty)] ≤ kd(x, y),
for each x, y ∈ K.
Let (αn) and (βn) be two sequences in (0, 1) and let a1, a2, b1, b2 ∈ [0, 1], such that αn ∈ [a1, a2] ⊂ [0, 1) and
βn ∈ [b1, b2] ⊂ [0, 1), for each n ∈ N.
Let :

ε ∈
(

0, 1
2

)
, w1 :=



a

1− a2
, a ≥ 0

2a
3(1− a1) , a < 0

, w2 :=



a(1 + b2)
1− b2

, a ≥ 0

a(1 + b1)
1− b1

, a < 0

w3 :=



1
2(a+ c)− |a|(1 + b2)

1− b1
, k > 0

1
2(a+ c)− |a|(1 + b2)

1− b2
, k < 0

, τ :=
{1

3 , a2 <
1
2

1
3 ·

a2
1−a2

, a1 >
1
2
,
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s :=



3(1− a1)
2(a+ c) , a ≥ 0 and c ≥ 0,

a

2(1− a1) + c

ε

(1 + b2)
(1− a2)(1− b2) , a ≥ 0 and c < 0,

a

ε

(1 + b2)
(1− a2)(1− b2) + c

2(1− a1) , a < 0 and c ≥ 0

Suppose the following conditions hold :

(1) c 6= 0,
(2) a+ c > 0,
(3) k ≥ w1,

(4) k ≥ w2,

(5) k < w3,

(6) s > 0,

(7) |c|τ < s− k − |a|
ε

(1 + b2)
(1− a2)(1− b2) .

Then, the operator T admits a fixed point.
Moreover, if k < c, then the fixed point is unique.

Remark 4.1.2. For the sake of completeness involving the proof from [Theorem 4.1.1], we make the following
crucial remark : if a ≥ 0, then k ≥ 0.

As a consequence of the above result, we can obtain a fixed point theorem for a certain iterate of a
self-operator defined on a complete convex metric space.

Corollary 4.1.3. Let (X, d) be a complete convex metric space. Let K a nonempty, closed and convex subset
of X and T : K → K be a self-mapping. Suppose, there exists p > 1, such that T satisfies :

cd(T px, T py) + a [d(x, T px) + d(y, T py)] ≤ kd(x, y),

for each x, y ∈ K. Also, suppose the operator T p : K → K satisfies conditions (1)-(8) from [Theorem 4.1.1].
Then, T has a fixed point. Moreover, if k < c then the fixed point is unique.

Finally, we give a result that validates our main result of this section.

Example 4.1.4. Let X := [0,∞) and T : X → X, such that :

T (x) =
{

x
194 , x ∈ [0, x0)
x

250 , x ∈ [x0,∞)
,

where x0 can be any point in [0,∞). We remark that because x0 is a discontinuity point for T , then T can
not be a contraction type mapping. Then T satisfies the inequality :

1800d(Tx, Ty) + 1
2d(x, y) ≤ 10 [d(x, Tx) + d(y, Ty)] .

Also, T has a unique fixed point, i.e. 0 ∈ X.
Furthemore, the sequences (αn) and (βn) from the Ishikawa iteration process are :

αn = 1
n+ 7 + 1

4 ,

βn = 1
n+ 3 + 1

2 .
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4.2 Qualitative properties and stability results for Mann’s algorithm for
multi-valued mappings

The purpose of this section is to investigate the results on limit shadowing, Ulam-Hyers stability, T-stability
and well-posedness involving multi-valued contractions operators. The original definitions consist in working
with Picard iteration, that is xn+1 ∈ Txn, with x0 ∈ X an arbitrary element. Here we will modify the original
definitions in order to be suitable for the context of Mann’s iterative scheme. Firstly, we will give some
theoretical results regarding the data dependence of the fixed point set for Mann’s algorithms given through
admissible perturbations.

Definition 4.2.1. Let X be a nonempty set, T : X → P (X) be a multi-valued operator and G : X×X → X
an operator satisfying the following conditions :

(A1) G(x, x) = x, for each x ∈ X,
(A2) for each x, y ∈ X with G(x, y) = x, we have that x = y.

Let TG : X → P (X) a multi-valued operator, defined by

TGx := G (x, Tx) := {G(x, u)/u ∈ Tx}.

Then, by definition, TG is called the admissible perturbation of T corresponding to G.

Lemma 4.2.2. FTG
= FT and (SF )TG

= (SF )T .

For some examples, see [Example 5.3] - [Example 5.6] from [114].
Now we present Mann’s iterative algorithm through admissible perturbations, which will be used further

in this paper.

Definition 4.2.3 (Mann algorithm). Let (X, d) be a metric space, T : X → P (X) and Gn : X ×X → X
be such that TGn : X → P (X) is the admissible perturbation of T corresponding to Gn, for n ∈ N.
Mann’s algorithm, or simply GM-algorithm, corresponding to the family of operators G := (Gn)n∈N is defined
as

x0 ∈ X arbitrary and xn+1 ∈ Gn (xn, Txn) = TGnxn, for each n ∈ N.

By definition, the GM-algorithm is convergent if ∀x ∈ X and y ∈ G0 (x, Tx) = TG0x, there exists a sequence
(xn)n∈N from X, such that

(i) x0 = x and x1 = y,

(ii) xn+1 ∈ Gn (xn, Txn) = TGnxn,

(iii) the sequence (xn) is convergent to some x∗(x, y) ∈ FT ,
(iv) x∗(x, x) = x, for each x ∈ FT .

In terms of multi-valued weakly Picard operators, we have that if GM algorithm is convergent, then the
operator TGn is MWP, for each n ∈ N. In case of convergence, we can define the single-valued operator
t∞ : Graph(TG0)→ X, by

t∞(x, y) := x∗(x, y),
for each (x, y) ∈ Graph(TG0).

Definition 4.2.4 (Mann algorithm). Let (X, d) be a metric space and let the operators Gn : X ×X → X
such that TGn is the admissible perturbation of T corresponding to Gn, for each n ∈ N. The GM algorithm
satisfies condition (ψ) with respect to the multi-valued operator T : X → P (X) if the following assumptions
are true :

(i) ψ : R+ → R+ is increasing, continuous in 0 and ψ(0) = 0,
(ii) the GM algorithm is convergent,
(iii) d (x, t∞(x, y)) ≤ ψ (d(x, y)) , for each (x, y) ∈ Graph(TG0).

Our first result concerns the data dependence problem for GM algorithm. Our theorem is related to
Theorem 7.2 in [114] with an additional assumption which is necessary for the proof.
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Theorem 4.2.5 (GM-algorithm). Let (X, d) be a metric space, T, S : X → P (X) two multi-valued operators
and G := (Gn), where Gn : X ×X → X operators satisfying assumptions (A1) and (A2), for each n ∈ N.
We suppose that :

(i) the GM algorithm satisfies condition (ψ) with respect to T and S,
(ii) there exists lG0 > 0 such that d (G0(x, y), G0(x, z)) ≤ lG0d(y, z), for each x, y, z ∈ X,
(iii) there exists η > 0 such that H (Tx, Sx) ≤ η, for each x ∈ X,
(iv) if q > 1, then ψ(qt) ≤ qψ(t), for each t ∈ R+.

Then,
H (FT , FS) ≤ ψ(lG0η).

Remark 4.2.6. If in [Theorem 4.2.5], we have that if GM algorithm satisfies condition (ψ1) with respect
to T and condition (ψ2) with respect to S, it follows that :
For x ∈ FS , we have that

d (x, t∞ (x,G0 (x, Tx))) ≤ qψ1(lG0η).

Similar, for z ∈ FT , we have that

d (z, s∞ (z,G0 (z, Sz))) ≤ qψ2(lG0η).

Using the definition of H and letting q ↘ 1, the conclusion is that

H (FT , FS) ≤ max{ψ1(lG0η), ψ2(lG0η)}.

Our further purpose is to study the data dependence property for Mann’s iteration. We shall employ
the same technique as in [143]. Also, for the convergence of these algorithms in different types of spaces,
such as complete metric spaces, hyperbolic spaces and Banach spaces, we let the reader follow [41],[43] and
[146].
Moreover, for further use of hyperbolic spaces, we notice that if G(x, y) := W (x, y, λ), for λ ∈ [0, 1] fixed
and x, y ∈ X, we have that W (x, x, λ) = x, for each x ∈ X, by [Remark 1.5.7], so the assumption (A1) is
satisfied and if, for each x, y ∈ X, W (x, y, λ) = x, then by [Lemma 1.5.8] in the same section, we get that

0 = d (W (x, y, λ), x) = λd(x, y) ,

so x = y for λ ∈ (0, 1). Hence, the assumption (A2) is also satisfied.
Furthermore, our aim is to exemplify the data dependence for Mann’s iterative algorithm for the case of
multi-valued Nadler contractions.

From now on, we denote by (X, d,W ) a hyperbolic space X, endowed with a metric d. Also, we shall
work only in the context of hyperbolic metric spaces.

Furthermore, we shall use the following notation :

W (A,B, λ) := {W (a, b, λ) /a ∈ A and b ∈ B}.

In the proof of our next theorem, we will use the property (W4) of the hyperbolic spaces. Moreover, our
next theorem will be very useful in this section for [Theorem 4.2.10] , [Remark 4.2.11] and for qualitative
properties of the fixed point problem, actually in [Theorem 4.2.15], regarding the T-stability.

Theorem 4.2.7. Let (X, d,W ) be a hyperbolic space and Y1, Y2, Z1 and Z2 from P (X). Then, we have that:

H (W (Y1, Y2, λ) ,W (Z1, Z2, λ)) ≤ (1− λ)H(Y1, Z1) + λH(Y2, Z2).

Remark 4.2.8. Using the definition of H, if we have linear structure, it is easy to show that

H (λA, λB) ≤ λH(A,B),

for each λ ≥ 0 and A,B ∈ P (X).
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Corollary 4.2.9. One can easily prove that

H (W (A,B, λ),W (A,C, λ)) ≤ λH(B,C),

for each λ ≥ 0 and for each A,B,C ∈ P (X).
Our second result is the data dependence of the fixed point set for multi-valued contractions, using

Mann’s iterative scheme.
Theorem 4.2.10 (Data dependence). Let (X, d,W ) be a complete hyperbolic metric space and T, S : X →
Pcl(X) two multi-valued contractions, i.e.
• there exists αT ∈ (0, 1) such that H(Tx, Ty) ≤ αTd(x, y), for each x ∈ X and
• there exists αS ∈ (0, 1) such that H(Sx, Sy) ≤ αSd(x, y), for each x ∈ X.
For αn ∈ [a, 1 − a] ⊂ (0, 1) a sequence, we consider the admissible perturbations of T, respectively S corre-
sponding to W :

Tαnx := W (x, Tx, αn) = {W (x, u, αn)/u ∈ Tx},
Sαnx := W (x, Sx, αn) = {W (x, u, αn)/u ∈ Sx}.

Additionally, let’s suppose the following assumptions are satisfied :
(1) there exists η > 0 , such that H(Tx, Sx) ≤ η, for each x ∈ X,
(2) The lower bound a of the sequence (αn) satisfy :

a ∈

αS − 2 +
√

8 + α2
S

2(1 + αS) ,
1
2

 and a ∈

αT − 2 +
√

8 + α2
T

2(1 + αT ) ,
1
2

 .
Then,

H(FT , FS) ≤ α0η ·max
{ a

(3a− 1)− a(1− a)(1 + αS) ,
a

(3a− 1)− a(1− a)(1 + αT )
}
.

Remark 4.2.11. a) Using property (W4) of hyperbolic spaces and since G0(x, y) is W (x, y, α0) for α0 ∈
(0, 1] fixed, we get that

d (G0(x, y), G0(x, z)) = d (W (x, y, α0),W (x, z, α0)) ≤ α0d(y, z).

Then lG0 can be taken as α0 > 0. Next, we will apply [Theorem 4.2.5] to the case of multi-valued contractions
of the previous theorem:
We have shown that

d(x0, x
∗) ≤ qα0η ·

a

(3a− 1)− a(1− a)(1 + qαT ) ,

for x0 ∈ FS and, by [Theorem 4.2.5] and by [Remark 4.2.6] and taking q ↘ 1 and d(x0, x
∗) ≤ ψ1(α0η), this

implies that
ψ1(t) = c1t,

with t = α0η and c1 = a

(3a− 1)− a(1− a)(1 + αT ) > 0.
For y0 ∈ FT and ψ2 we have an analogous remark, i.e.

d(y0, y
∗) ≤ qα0η ·

a

(3a− 1)− a(1− a)(1 + qαS) ,

for y0 ∈ FT , by [Theorem 4.2.5] and by [Remark 4.2.6], one has that

d(y0, y
∗) ≤ ψ2(α0η).

This implies that ψ2(t) = c2t, with t = α0η and

c2 = a

(3a− 1)− a(1− a)(1 + αS) > 0.

b) If (X, d) is complete and T, S : X → Pcl(X), if GM algorithm is convergent and since we have showed that
Tαn and Sαn are multi-valued contractions with coefficients (1− a)(1 +αS), respectively (1− a)(1 +αT ), we
reason that Tαn and Sαn are indeed ψ1-MWP and ψ2-MWP, by [Remark 1.1.8], where ψ1(t) = t

αn(1− αT )
and ψ2(t) = t

αn(1− αS) , for each t ∈ R+.
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Now, our next result concerns the Ulam-Hyers stability of the fixed point inclusion related to Mann’s
iteration.

Theorem 4.2.12 (Ulam Stability with respect to Mann iteration). Let (X, d,W ) be a complete hyperbolic
space and T : X → P (X) a multi-valued operator, such that Tα0 : X → Pcp(X).
Let αn ∈ [a, 1− a] ⊂ (0, 1).
Let’s suppose following hypotheses hold :

(a) there exists αT ∈ (0, 1) such that H (Tx, Ty) ≤ αTd(x, y), for each x, y ∈ X,

(b) a ∈

αT − 2 +
√

8 + α2
T

2(1 + αT ) ,
1
2

 .
Let ε > 0 and x ∈ X, such that

D (x, Tα0x) ≤ ε.

Then, there exists x∗ ∈ FT , such that

d(x, x∗) ≤ ε · a

(3a− 1)− a(1− a)(1 + αT ) .

Theorem 4.2.13 (Sequences of contractions with respect to Mann’s iteration). Let (X, d,W ) be a complete
hyperbolic space and T : X → Pcl(X) an αT contraction with respect to the functional H. Let Tn : X →
Pcl(X), n ∈ N a sequence of multi-valued αT -contractions with respect to the Pompeiu-Hausdorff metric H,
such that Tnx

H→ Tx as n→ +∞, uniformly with respect with x ∈ X. Then,

FTn

H→ FT as n→ +∞.

Theorem 4.2.14 (Well-posedness with respect to D and Mann’s iteration). Let (X, d,W ) be a complete
hyperbolic space and T : X → Pcl(X), with (SF )T 6= ∅ and x∗ ∈ (SF )T .
Let αn ⊂ (0, 1), for each n ∈ N and Tαn be the admissible perturbations with respect to the multi-valued
αT -contraction T .
Let (xn)n∈N be a sequence from X, such that

D (xn, Tαnxn)→ 0 as n→ +∞.

Additionally, let’s suppose there exists a > 0, such that αn ≥ a, for each n ∈ N. Then,

xn
d→ x∗ as n→ +∞.

Theorem 4.2.15 (T-stability with respect to Mann iteration). Let (X, d,W ) be a complete hyperbolic space
and T : X → Pcl(X) an αT -contraction. Let x0 ∈ X and xn+1 ∈ Tαnxn, with {αn} ∈ [a, 1 − a] ⊂ (0, 1),
for each n ∈ N. Suppose that the lower bound of the sequence (αn)n∈N, i.e. a satisfies the condition from
[Theorem 4.2.10]. Furthermore, let {yn} a sequence and set

εn := H (yn+1, Tαnyn) ,

for each n ∈ N. Moreover, let x∗ ∈ FT . If Tx∗ is a singleton, we get that

yn → x∗ as n→ +∞ if and only if εn → 0 as n→ +∞.

Theorem 4.2.16 (Limit shadowing property with respect to Mann’s iteration). Let (X, d,W ) be a complete
hyperbolic space and T : X → Pcl(X) be an αT -contraction. Let x0 ∈ X and xn+1 ∈ Tαnxn, with (αn) ∈
[a, 1− a] ⊂ (0, 1), for each n ∈ N. Suppose that the lower bound of the sequence (αn)n∈N, i.e. a satisfies the
condition from ]Theorem 4.2.10].
Let (yn) be a sequence and set

D (yn+1, Tαnyn)→ 0, as n→∞.

Consider x∗ ∈ FT . Then if Tx∗ is a singleton, we have that

d(yn, xn)→ 0 as n→∞
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4.3 Convergence results for iterative schemes in the setting of convex
metric spaces.

Most of the real world problems of applied sciences are, in general, functional equations. Such equations can
be written as fixed point equations. Then, it is necessary to develop an iterative process which approximate
the solution of these equations that has a good rate of convergence. Many studies in the field of fixed point
theory concerning the existence and uniqueness of fixed points of single-valued contractions have been
developed using basic iterative algorithms, such as : Picard iteration, Krasnoselksii, Mann and Ishikawa
iterative processes. Over the years the interest regarding the speed of convergence of such iterations grew
very fast. For example, many authors considered numerous iteration processes and studied their rate of
convergence. For this see [4], [34], [51], [55], [41] and [156]. Some iterations were introduced to study the
fixed points of contractions. Also, others [132] were introduced for the context of nonexpansive mappings.
Furthermore, some authors [51] compared the rate of convergence for some iterative algorithms for the class
of quasi-contractions. Finally, since the class of convex metric spaces is larger than the well-known class of
linear normed spaces, we shall work in the context of convex metric spaces introduced by W. Takahashi.
Our aim is to introduce new iteration processes and prove that these are convergent under suitable
circumstances. In the present section, we work on a nonlinear domain, more explicitly on a convex metric
space. Also, we remind two important basic example of convex metric spaces : CAT (0) spaces and linear
normed spaces. For details, we let the reader follow [39] and [157]. Other important examples are :
hyperbolic spaces introduced by Goebel and Kirk and hyperbolic spaces in the sense of Reich and Safrir.
For details one can follow : [54] and [132].
In order to simplify some existing iteration processes from the literature, we recall the definition of Machado
from [87] of general convex combinations defined on convex metric spaces :
For a1, ..., an ∈ X and ϕ1, ..., ϕn ∈ [0, 1] with ∑n

i=1 ϕi = 1, we define the multiple convex combination of
a1, ..., an

W (a1, ..., an;ϕ1, ..., ϕn) = W

(
W

(
a1, ..., an−1; ϕ1

1− ϕn
, ...,

ϕn−1
1− ϕn

)
, an; 1− ϕn

)
,

if
ϕn 6= 1

and
W (a1, ..., an; 0, ..., 1) = an,

if ϕn = 1.
We will work in the cases when n = 2 and n = 3. For simplicity of this remark, we consider that ϕn 6= 1.
The other case is obvious and follows from the above definition.
We make the convention that, for n = 2, we have :

W (a1, a2;ϕ1, ϕ2) = W

(
W

(
a1, a1; ϕ1

1− ϕ2

)
, a2; 1− ϕ2

)
= W (a1, a2; 1− ϕ2)
= W (a1, a2, ϕ1),

where ϕ1 + ϕ2 = 1 .
Furthermore, we remind that we have used the following property of convex metric spaces, i.e. that
W (x, x, λ) = x, ∀x ∈ X and λ ∈ [0, 1].
For n = 3, we have that

W (a1, a2, a3;ϕ1, ϕ2, ϕ3) = W

(
W

(
a1, a2; ϕ1

1− ϕ3
,

ϕ2
1− ϕ3

)
, a3; 1− ϕ3

)
= W (b3, a3; 1− ϕ3) ,

where

b3 = W

(
a1, a2; ϕ1

1− ϕ3
,

ϕ2
1− ϕ3

)
= W

(
a1, a2; 1− ϕ2

1− ϕ3

)
,
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as in the case when n = 2. Also, we have that ϕ1 +ϕ2 +ϕ3 = 1. Furthermore, let C be a nonempty convex
subset of a normed space E and T : C → C a δ-contraction mapping. In 2005 Suantai [156] introduced a
modified Noor iterative method with the sequences
(αn), (βn), (an), (bn), (cn) ⊆ [0, 1] ,x1 = x ∈ C and

xn+1 = αnTyn + βnTzn + (1− αn − βn)xn, n ≥ 1
yn = bnTzn + cnTxn + (1− bn − cn)xn
zn = anTxn + (1− an)xn.

(4.3.0.1)

In the case when C is a nonempty convex subset of a convex metric space E, Berinde modified the above
iteration with the use of the convexity structure W and defined the iteration as follows

xn+1 = W

(
Tyn,W

(
Tzn, xn,

βn
1− αn

)
, αn

)
yn = W

(
Tzn,W

(
Txn, xn,

cn
1− bn

)
, bn

)
zn = W (Txn, xn, an) .

(4.3.0.2)

Moreover, in [6], Agarwal et al. presented a new iteration defined on nonempty convex subset C on
normed spaces, that can be adapted easily on convex metric spaces. This iteration is defined by x1 = x ∈ C
and {

xn+1 = αnTyn + (1− αn)Txn
yn = bnTxn + (1− bn)xn.

(4.3.0.3)

In the context of nonempty convex subset C of a convex metric space, the above iteration is defined by
x1 = x ∈ C and {

xn+1 = W (Tyn, Txn, αn)
yn = W (Txn, xn, bn) .

(4.3.0.4)

In [4] Abbas and Nazir improved the above iteration and they presented a three-step iteration. We will
present it in the context of convex metric space, as follows

xn+1 = W (Tzn, Tyn, αn)
yn = W (Tzn, Txn, bn)
zn = W (Txn, xn, an) .

(4.3.0.5)

In the fixed point literature we can find other classical iterations. From [55], we will recall them in the
context of convex metric spaces
SP iteration, with x0 = x ∈ C and 

xn+1 = W (Tyn, yn, αn)
yn = W (Tzn, zn, bn)
zn = W (Txn, xn, an) .

(4.3.0.6)

S iteration, with x0 = x ∈ C and {
xn+1 = W (Tyn, Txn, αn)
yn = W (Txn, xn, bn) .

(4.3.0.7)

CR iteration, with x0 = x ∈ C and 
xn+1 = W (Tyn, yn, αn)
yn = W (Tzn, Txn, bn)
zn = W (Txn, xn, an) .

(4.3.0.8)

Additionally, in [55] Gursoy and Karakaya presented a modified Picard-S hybrid iteration.
xn+1 = Tyn

yn = W (Tzn, Txn, bn)
zn = W (Txn, xn, an) .

(4.3.0.9)
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Also, regarding the question of Agarwal, Sintunavarat and Pitea in [155] introduced a new iteration that
is qualitatively better than that of Agarwal’s and of Picard. That is
Sn iteration, with x0 = x ∈ C and 

xn+1 = W (Tyn, T zn, αn)
yn = W (Txn, xn, bn)
zn = W (yn, xn, an) .

(4.3.0.10)

Even though we are working in the setting of a convex metric space, we shall employ an additional
property of hyperbolic spaces in the sense of Goebel and Kirk, that is W (x, y, λ) = W (y, x, 1− λ), for each
x, y ∈ X and λ ∈ [0, 1]. This property is easily satisfied in a linear normed space.
The first main result of this section improve Suantai’s iteration 4.3.0.2 on convex metric spaces. The next
iteration is an implicit algorithm made by multiple convex combinations. Let’s call it Suantai implicit

xn+1 = W (yn, Tyn, Txn+1; 1− αn − βn, βn, αn)
yn = W (zn, T zn, T yn; 1− bn − cn, cn, bn)
zn = W (Tzn, xn, an).

In terms of simple convex combinations, this iteration is
xn+1 = W

(
Txn+1,W

(
Tyn, yn,

βn
1− αn

)
;αn

)
yn = W

(
Tyn,W

(
Tzn, zn,

cn
1− bn

)
; bn
)

zn = W (Tzn, xn, an).

(4.3.0.11)

Our first result of this section concerns under what condition iteration 4.3.0.11 is convergent to the
unique fixed point of a δ-contraction.

Theorem 4.3.1. Let C be a nonempty, closed and convex subset of a complete convex metric space X. Let
T : C → C be a δ-contraction. Let (an), (bn), (cn), (αn), (βn), (bn + cn) and (αn + βn) sequences in [0, 1]
such that

∑∞
k=0(αk + βk) =∞. Then (xn) in 4.3.0.11 is convergent to the unique fixed point p of T .

As particular cases of iteration 4.3.0.11 we get classical iterations, such as implicit Noor, respectively
implicit Ishikawa iterative processes.

Remark 4.3.2. In 4.3.0.11, taking βn = cn = 0, we get Implicit Noor iteration 1.5.0.6 and taking βn =
cn = an = 0, we get Implicit Ishikawa iteration 1.5.0.7.

Finally, we will study two iterations which are modified implicit Noor II-type iterations through multiple
convex combinations.
Let’s call the first one Implicit Noor II with multiple convex combinations, or simply, IN II m.c.c. This is
defined, through multiple convex combinations, as

xn+1 = W (Tyn, T zn, Txn+1; 1− αn − βn, βn, αn)
yn = W (Tzn, Txn, T yn; 1− bn − cn, cn, bn)
zn = W (Tzn, xn, an).

With simple convex combinations, the iteration becomes
xn+1 = W

(
Txn+1,W

(
Tzn, T yn; βn

1− αn

)
;αn

)
yn = W

(
Tyn,W

(
Txn, T zn; cn

1− bn

)
; bn
)

zn = W (Tzn, xn, an).

(4.3.0.12)

Concerning the convergence of the iteration 4.3.0.12, we have the following theorem.

Theorem 4.3.3. Let C be a nonempty, closed and convex subset of a complete convex metric space X. Let
T : C → C be a δ-contraction. Let (an), (bn), (αn) ,(bn + cn), (αn + βn) sequences in (0, 1). Then (xn) in
4.3.0.12 is convergent to the unique fixed point p of T .
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We present the last iteration. Let’s call it Double Implicit Noor II with multiple convex combinations, or
simply, DIN II m.c.c. This is defined, through multiple convex combinations, as

xn+1 = W (Tyn, Txn+1, Txn+1; 1− αn − βn, βn, αn)
yn = W (Tzn, T yn, T yn; 1− bn − cn, cn, bn)
zn = W (Tzn, xn, an).

With simple convex combinations, the iteration becomes
xn+1 = W

(
Txn+1,W

(
Txn+1, T yn; βn

1− αn

)
;αn

)
yn = W

(
Tyn,W

(
Tyn, T zn; cn

1− bn

)
; bn
)

zn = W (Tzn, xn, an).

(4.3.0.13)

In our last theorem of this section, sufficient conditions for the convergence of the iterative process
4.3.0.13 are presented.

Theorem 4.3.4. Let C be a nonempty, closed and convex subset of a complete convex metric space X. Let
T : C → C be a δ-contraction. Let (an), (bn), (αn) ,(bn + cn), (αn + βn) sequences in (0, 1). Then (xn) in
4.3.0.13 is convergent to the unique fixed point p of T .
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