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Introduction

The compression-expansion theorems of Krasnoselskii represent a main tool in
studying nonlinear problems for integral, ordinary differential and partial dif-
ferential equations and systems. They are used to prove not only the existence
of solutions, but also to localize solutions in a conical annulus or other do-
mains of this type. This, in particular, allows us to obtain multiple solutions
to nonlinear problems when nonlinearities are oscillating. In the last three
decades a rich literature has been produced on this subject both in theory and
applications.

From a theoretical point of view, two major approaches of the subject are
known: the first one is in the framework of the fixed point theory and uses
essentially Schauder’s fixed point theorem and its generalizations, while the
second approach uses topological degree theory.

The original contributions of Krasnoselskii were given using the first ap-
proach and the present thesis follows the same way. Therefore all our theoret-
ical results are based on fixed point theory.

Here are the original Krasnoselskii’s compression-expansion fixed point the-

orems.

Theorem 0.1 (M. A. Krasnoselskii [36]) Let X be a real Banach space and
let K C X be a cone. Let N be a positive completely continuous operator with
NO = 6. If numbers r, R > 0 can be found such that

Nz Lz for allz € K with |z |[<r,x #6
and for all € > 0 (1)
Nz ¥ (1+¢e)x for all z € K with |z |> R,

then the operator N has at least one non-zero fized point in K.
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2 Introduction

Theorem 0.2 (M. A. Krasnoselskii [36]) Let X be a real Banach space and
let K C X be a cone. Let N be a positive completely continuous operator with
NGO = 0. If numbers r, R > 0 can be found such that for all € > 0

Nz ¥ (1+¢e)x for allz € K with |z |[<r,z #6
and (2)
Nz Lz for allz € K with |z |> R,

then the operator N has at least one non-zero fized point in K.

In literature, for r < R, the compression conditions from Theorem 0.1 is in

most cases replaced by the conditions:

I Nu =] wll, if | w =,
{ (3)

| Nul|<[|wl], if ||ul=R.
Similarly, the expansion conditions from Theorem 0.2 is replaced by:

{”NMMWWﬁHMhn n

| Nu (=] wll, if [[u]=R.

In this thesis we obtain a number of generalizations of Krasnoselskii’s fixed
point theorems in the cone K, where the fixed point is localized in a conical

generalized annulus of one of the forms:
K, p={ue K:r<p(u) <i¢u) <R}, (5)

K, p:={ue K:r <i¢(u),p(u) <R}, (6)

where ¢ <1 on K,
K,p:={x e K:r<di(z) <R} (7)

The compression conditions (1) and (3) and the expansion conditions (2) and

(4) will be generalized using the functionals ¢, 1) and ¢ as follows:

< ¢ (Nu) if =
{ go(u);qf( u) ife(u) =, (compression conditions)

¥ (u) = ¢ (Nu) if ¢(u) = R,

(expansion conditions).

{wMwawﬁﬂWZn
Y (u) < ¥ (Nu) if 9(u) =R,

for the forms (5), (6) of the annulus, and
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(compression conditions),

{ o(u) < o (Nu) if §(u) =7
¥ (u) > ¢ (Nu) if 6(u) = R,

{ o(u) > ¢ (Nu) if 6(u) =7
¥ (u) < (Nu) if 6(u) = R,

for the form (7) of the annulus.

(expansion conditions),

Compared to the literature, our results complement, extend and generalize
in several directions the results obtained by R. Legget, L. Williams [38], R.
Avery, J. Henderson, D. O’Regan [4], [5], R. Precup [58], [59] and others.
Such extensions using functionals ¢, 1 and § have been motivated by concrete
applications where this kind of functionals appeared in a natural way. For

instance, we may consider the functionals(see Section 3.5):

: = minu(t
p(u) minu(t),
D= t),
AR
(minu(t)* o
5(u) m, if u is not identically zero,
u) = t€[0,1]
0, if u=0.

We note that functional ¢ is used in this thesis for the first time.

A consistent part of the thesis is devoted to applications of the compression-
expansion type theorems to several classes of problems: two point boundary
value problems for second order ordinary differential equations, functional-
differential equations, systems of ordinary differential equations and p-Laplace
equations.

Our results concerning the applications complement and extend those given
by L.H. Erbe, H. Wang [14], D. O’'Regan, R. Precup [54], R. Avery, J. Hen-
derson, D. O’Regan [4] and others.

This thesis is based on our papers S. Budisan [8], [9], [11], [12] and S.
Budisan, R. Precup [10].

The thesis is divided into three chapters, an Introduction and a list of

References.
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1

Preliminaries

In this section we present the basic notions of "cone", "compression of the

cone", "expansion of the cone" in the way that they appear at Krasnoselskii.

Also, we present Krasnoselskii’s fixed point theorems using the original formu-
lation of M. A. Krasnoselskii [36] and other theorems related to the subject.

Definition 1.1 (M. A. Krasnoselskii [36]) Let X be a real Banach space. A
set K C X 1is called a cone if the following conditions are satisfied:

(a) the set K is closed;

(b) if z,y € K then ax + By € K for all a, f > 0;

(c) KN (—K) = {0}, where 6 is the zero of the space X .

From property (b), it follows, in particular, that a cone K is a convex set.
The cone K induces in the Banach space X an order relation defined in the
following manner:

r<yifand only ify —x € K.

Let us denote by | . | the norm of the Banach space X.

Definition 1.2 (M. A. Krasnoselskii [36]) We say that the operator N(N6 =

0) is a compression of the cone K if numbers r, R > 0 can be found such that
Nz Lz for allz € K with |z |[<r,z #6 (1.1)
and for all e > 0
Nz # (1+¢)x for all x € K with| z |> R. (1.2)

The operator N is positive if it transforms the cone K into itself.

This is page 5
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6 1. Preliminaries

Theorem 1.3 (M. A. Krasnoselskii [36], Theorem 4.12) Let the positive com-
pletely continuous operator N be a compression of the cone K.

Then the operator N has at least one non-zero fized point in K.
We denote K, p:={ze€ K:r<|z|<R}.

Lemma 1.4 (M. A. Krasnoselskii [36], Lemma 4.4)Let K be a cone in a
finite-dimensional space X. Let N be a continuous operator from K, r to K

such that the following conditions hold:

Nx=v ifze K,|x|=r
and

Nz =wy ifx € K,|z|=R,

where

|vo [< T <R<|ug|.
Then the operator N has at least one fized point in K, g.

Lemma 1.5 (M. A. Krasnoselskii [36], Lemma 4.5) Let N : K, p — K be a

completely continuous operator. Assume that

vo, ifx € K,|x|=m,
Nx =
UQ, Zf$€K7|x|:Ra

where | vy |[<r < R <|ug|.
Then the operator N has at least one fized point in K, g.

Definition 1.6 (M. A. Krasnoselskii [36])We say that the positive operator
N(NO = 0) is an expansion of the cone K if numbers r,R > 0 can be found
such that for all e > 0

Nz (1+¢e)x for allx € K with |z |<r,z #6 (1.3)
and
Nz Az for all z € K with |z |> R. (1.4)

Theorem 1.7 (M. A. Krasnoselskii [36], Theorem 4.14)Let the positive com-
pletely continuous operator N be an expansion of the cone K. Then the oper-

ator N has at least one non-zero fixed point in K.

We present now some results from R. Legget, L. Williams [38]. To present

some results of these authors we need the following definition.

Definition 1.8 (see R. Legget, L. Williams [38]) Let K be a cone of the

Banach space (E,|| . ||). a is a concave positive functional on K if « :
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K — [0,00) is continuous and satisfies
a(Az + (1 =Ny) > da(z) + (1 = Na(y), 0 <A <1

We observe that if « is a concave positive functional on a cone K, a set of
the form
S(e,a,b) ={xr € K:a<a(z)and | z|<b}

is closed, bounded and convex in K.Let K. := {z € K :|| z ||< ¢}, where
0<ec<oo.

Most of the results involve fixed point index, the basic properties which are
in the following lemma.

Next we present a fixed point result from R. Legget, L. Williams [38].

Theorem 1.9 (R. Legget, L. Williams [38]) Suppose N : K. — K is com-
pletely continuous and suppose there exist a concave positive functional o with
a(z) <|| z || (z € K) and numbers b > a > 0 (b < ¢) satisfying the following
conditions:

(1) {z € S(a,a,b) : a(z) > a} # ¢ and a(Nz) > a if x € S(«, a, b);

(2) Nx € K. if x € S(a, a,c);

(3) a(Nz) > a for all x € S(a,a,c) with || Nz ||> b.

Then N has a fived point x in S(a,a,c).

In R. Avery, J. Henderson, D. O’Regan [4] the authors give an existence

result based on the following properties:

Property A1l (R. Avery, J. Henderson, D. O’Regan [4]) Let P be a cone in a
real Banach space E and €2 be a bounded open subset of E with 0 € ).
Then a continuous functional 5 : P — [0, 00) is said to satisfy Property

Al if one of the following conditions hold:

(i) B is convex, $(0) =0, B(x) # 0 if z # 0, and meilglﬁfaﬂﬁ(x) >0,

) 3 is subli _ it 4 inf
(ii) B is sublinear, 5(0) =0, S(z) # 0 if = # 0, an xeglmaﬂﬁ(x) > 0,
(iii) B is concave and unbounded.

Property A2. (R. Avery, J. Henderson, D. O’Regan [4]) Let P be a cone in
a real Banach space E and 2 be a bounded open subset of E with 0 € €).
Then a continuous functional 5 : P — [0, 00) is said to satisfy Property

A2 if one of the following conditions hold:
(i) B is convex, B(0) =0, B(x) # 0 if = # 0,
(ii) B is sublinear, 5(0) =0, B(x) # 0 if = # 0,
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(iii) B(z +y) = B(x) + B(y) for all z,y € P, B(0) =0, B(x) # 0 if z # 0.
We present now the existence result.

Theorem 1.10 (R. Avery, J. Henderson, D. O’Regan [4]) Let Q1and Qg be
two bounded open sets in a Banach Space E such that 0 € Q; and Q1 C Q9 and
P is a cone in E. Suppose N : PN (Qy — Q1) — P is completely continuous,
a and Y are monnegative continuous functionals on P, and one of the two
conditions:

(K1) « satisfies Property A1 with a(Nz) > a(z), for allx € PN OQy, and
Y satisfies Property A2 with (Nx) < (z), for all x € PN 0Qs; or

(K2) « satisfies Property A2 with a(Nz) < a(x), for all x € PN OQ, and
Y satisfies Property A1 with »(Nx) > (z), for all x € P N 0Qe,

is satisfied. Then N has at least one fived point in P N (Qy — Q).

Theorem 1.10 provides a generalization of some compression-expansion ar-
guments that have utilized the norm /or functionals in obtaining the existence
of at least one fixed point. Avery, Henderson and O’Regan proved the result
above using the fixed point index.

Other authors give generalizations of Krasnoselskii’s fixed point theorem in

cones. For example, in R. Precup [57], is given the following result:

Theorem 1.11 (R. Precup [57]) Let (X,| . |) be a normed linear space,
K, Ky C X two cones; K := Kix Ko; r,R € Ri with 0 < r < R(r =
(r1,72), R = (R1,R2) and r < R if and only if r; < R; for i € {1,2}), and
N :K,r— K, N = (N1, N3) a compact map. Assume that for each i € {1,2},
one of the following conditions is satisfied in K, r,where u = (uy,ug) :

(a) Ni(u) £ w; if | u; |=ri, and N;(u) % u; if | u; |= R;

(b) Ni(u) % w; if | ui |= ri, and Nij(u) £ w; if | v |= R;.

Then N has a fized point u in K with r; <| u; |[< R; for i € {1,2}.

Some other versions and extensions of Krasnoselskii’s compression-expansion
fixed point theorems can be found in R. P. Agarwal, D. O'Regan [1], M. K.
Kwong [37], R. Precup [58], [59], M. Zima [91].

A powerful tool that is used in our thesis and in many other papers is the
following version of Krasoselskii’s fixed point theorem in cones. We present it

in two similar forms. The first form of the theorem is the following one:

Theorem 1.12 (M.A. Krasnoselskii [36]) Suppose that N is a completely
continuous operator on a Banach space X, and let K be a cone in X. If there

exist bounded open sets Q1,§s containing the zero element of X such that
Q1 CQy, N: KN (2 — Q) — K, and either:
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(i) u 2 Nu foru e KNIQ and Nu £ u for u € K NdQs; or
(ii) Nu £ u foru € K N9y and u £ Nu for u € K NNy,
then there is an element ug € Qo — Q1 satisfying Nug = uo.

The second form of the theorem is the following one:

Theorem 1.13 (M. A. Krasnoselskii [36]) Let (X,| . |) be a normed linear
space, C C X a cone, < the partial order relation induced by C, 0 < r < R
and Crp = {z € C :r <| z |< R}. Assume that N : C, p — C is a compact
map and one of the following conditions is satisfied:

(a) v £ Nz for |z |=r and Nz £ x for | x |= R;

(b) x £ Nz for |z |= R and Nx £ x for |z |=r.

Then N has a fized point x with r <| z |< R.

Other forms of Krasnoselskii’s fixed point theorem are the following two

theorems:

Theorem 1.14 (M. A. Krasnoselskii [36]) Let (X,| . |) be a normed linear
space, K C X a cone, < the partial order relation induced by K, 0 <r < R
and K, p ={z € K : v <| z |< R}. Assume that N : K, p — K is a compact
map and one of the following conditions is satisfied:

(a) x £ Nx for |z |=r and Nz £ x for | x |= R;

(b) x £ Nz for | x |= R and Nx &£ x for | x |=r.

Then N has a fized point x with r <| z |< R.

Theorem 1.15 (M. A. Krasnoselskii, [36]) Let X be a Banach space and
K C X be a cone. Assume that Q1 and Qs are open subsets of X with 0 €
Q1,01 C Qa, and let

N:KN(Q—-)— K

Using more or less the same technique, many authors gave existence and
localization results for different classes of equations, such as [2], [6], [13], [16]-
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Generalizations of Krasnoselskii’s fixed
point theorem in cones

This chapter contains the main theoretical contributions of this thesis. They
are concerning with compression and expansion conditions expressed in terms
of different functionals which totally or only partially replace the norm of the

space. This chapter relies on the papers S. Budisan [11], [12].

2.1 Fixed point theorems in a usual conical annulus.

The presentation from this section is based on the paper S. Budisan [11]. In
this section we give a number of generalizations of Krasnoselskii’s fixed point

theorems in the cone K, where the fixed point is localized in the conical annulus
K,gp:={uve K:r<|lu|< R}

The compression-expansion conditions are expressed with two functionals,

namely:

(compression conditions)

{ o(u) < ¢ (Nu) if|u|=r
Y (u) > (Nu) if |ul|=R,

respectively

(expansion conditions)

{ p(u) > ¢ (Nu) if |u|=r
¥ (u) <9 (Nu) if |ul=R.
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The first theorem from this section deals with the compression of the conical
annulus, while the following two theorems deal with the expansion of the
conical annulus.

Throughout this section we consider (X,| . |) be a normed linear space,
K C X a positive cone, "=<" the order relation induced by K, "<" the strict
order relation induced by K and R4 = [0, 00).

Theorem 2.1 (S. Budisan [11]) Let r,R € Ry be such that 0 < r < R.
Assume that N : K, p — K is a completely continuous operator and let ¢

K — Ry y: K — R. Also, assume that the following conditions are satisfied:
©(0) = 0 and there exists h € K — {0} such that
(i1) ©(Ah) >0, for all X € (0,1],
plx+y) > p@) +e(y) foralzyeK,
(12) ¢ (om:)>w( )foralla>1 and for all v € K with | x |= R
P (u) >

w) (Nu) if |lul=R

Then N has a fized point in K, g.

Remark 2.2 (S. Budisan [11]) (1) If X := C][0,1],7n > 0,1 C [0,1], I # [0, 1],
|z |:= m[g)f]:c(t) and K :={x € C[0,1] : & >0 on [0,1],2(t) > n || = || for all
telo,

t € I}, a functional that satisfies (i1) is

o(x) = 1}161}1:1;@)
Indeed, ¢(0) = 0, there exists h € K — {0} such that p(Ah) > 0, for all
A€ (0,1] and

plr+y) = rgleip[w(t) +y(t)] > rtnei;lw( )+ rtnel;ly( ) = () + oY)

(2) The norm is an example of functional that satisfies (i2).

Theorem 2.3 (S. Budisan [11]) Let r,R € Ry be such that 0 < r < R.
Assume that N : K. p — K 1is a completely continuous operator and let ¢, :
K — R. Suppose that the following conditions are satisfied:

(7i1) ¢ is strictly decreasing,

(7i2)

Y (ax) < (z) for allao > 1 and for all x € K with |z |= R
(133)

{ p(u) > o (Nu) if |ul=r,
<¢(Nu) if |u|=R
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Then N has a fized point in K, g.

Remark 2.4 (S. Budisan [11]) The functional ¥(x) = |$\1+1 is an example
of mapping that satisfies (ii2). Indeed, for o > 1 and | x |= R, we have that

Y(ax) = ﬁ < mﬁ = (z). Also, if | . | is strictly increasing, i.e., x <y
implies | x |<| y |, then p(x) := ‘x'ﬁ is strictly decreasing, so it satisfies (iil).

Theorem 2.5 (S. Budisan [11]) Let r,R € Ry be such that 0 < r < R.
Assume that N : K, p — K is a completely continuous operator and ¢, :

K — Ry. Suppose that the following conditions are satisfied:
olaz) = ap(x), for alla >0 and z € K,

(#i1) { o(ax) > o(z), for all a > 1 and for all x € K with |z |= R,
¥(0) = 0 and there exists h € K \ {0} such that
P(Ah) > 0 for all A € (0,1],
Y(ax) = ap(z) for alla >0 and x € K,
Y(x+y) > P(x) +P(y) for all z,y € K,

(iii2)

(i143)
{ o(u) > p(Nu) if |ul=r,
Y(u) < Y(Nu) if |ul|=R.

Then N has a fized point in K, g.

2.2 Fixed point theorems in a conical annulus defined by

one or two functionals

The presentation in this section is based on the paper S. Budisan [12]. In this
section we give a number of generalizations of Krasnoselskii’s fixed point the-
orems in the cone K, where the fixed point is localized in a conical generalized

annulus of one of the forms:
K, p:={ue K:r<p(u) <R},

Kogi={u€ K :r < p(u) < (u) < R}, where <  on K,

or
K, p:={ue K:r <¢(u),o(u) <R}, where p < on K.
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The both compression-expansion conditions and boundary conditions are ex-

pressed using the same functionals ¢ and 1, namely:

(compression conditions)

{ p(u) < ¢ (Nu) if p(u) =r
¢ (u) > ¢ (Nu) if ¢(u) = R,

or

(expansion conditions).

{ o(u) > ¢ (Nu) if p(u) =7
¥ (u) < ¢ (Nu) if ¢(u) =R,
The first three theorems from this section refer to the compression of the
annulus. The fourth theorem refers to its expansion.

In this section we will assume throughout that (X, | . |) is a normed linear
space, K C X is a positive cone, "<" is the order relation induced by K ,
"<" the strict order relation induced by K, Ry :=[0,00), R% := (0, 00), and
for r € R we have o~ !(r) := {z € K : ¢(z) = r}, where ¢ : K — R is
a functional. From our results, we list here the following six theorems and

remarks.

Theorem 2.6 (S. Budisan [12]) Let K, p = {x € K : r < ¢(z) < R}
be a nonempty set, where r,R € R}, r < R and let ¢,y : K — Ry be
continuous functionals. Assume that N : K, p — K 1is a continuous operator
with N (K, r) relatively compact, ¢ (0) = 0 and ¢ is strictly increasing with
respect to order relation induced by K (in the sense that x,y € K with x <y
implies () < p(y)). Suppose that the following conditions are satisfied:

(i) 6> o on K,

(i1) o(ax) = ap (), for all x € K and for all a € (0,00),

(111) ¥ (ax) = aw) (z) for all x € K and for all a € (0,1) ,

(i) ¥ (ax) > arp (x) for all x € K with ¢ (x) > R

and for all a € (1,00),
(v) N(¢p~1(r)) is bounded,
(vi)

T,

(Nz) if ¢ (2)
T R.

@
¥ (x) = (Nx) if ¢ ()

Y

Then N has a fized point u*in K, g.

Theorem 2.7 (S. Budisan [12]) Let K, p = {x € K : v < ¢ (x) < R} be a

nonempty set, where r,R € R* , r < R and let ¢, : K — Ry be continuous

functionals. Assume that N : K, p — K is a continuous operator with N (K, r)
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relatively compact, ¢ (0) =0 and h € K \ ¢~1(0) such that ¢ (A\h) > 0 for all
A > 0. Also, assume that the following conditions are satisfied:

(i) = ¢ on K,

(i1) ¢ (ax) = ap (x) for all x € K and for all a € (0, 00),

(iti) p(z +y) = o(z) + ¢(y), for allz,y € K,

() Y (ax) = ap (x) for all x € K and for all o > 0,

(v) N(¢~1(r)) is bounded,

(vi)

I
=

¢ (Nz) if ¢ (2)
Y (z) > ¢ (Na

=
<
&
v
=

Then N has a fived point u* € K, Rg.

Remark 2.8 (S. Budisan [12]) If X := C([0,1],R4),I C [0,1],I # [0,1],n >
0, = ||:= m[aaﬁx(t), K:={xeX:xzt)>n]| | foraltel} then p(x) :=
telo,
Igli}l:l)(t) and P(x) = m[(&)m)l(]:r(t) are functionals that satisfy the hypothesis of
€ te

Theorem 2.7.

)

Theorem 2.9 (S. Budisan [12]) Let v, : K — Ry be continuous function-
als, ¢ (0) =0 and h € K \ o= 1(0) such that (\h) > 0 for all A > 0. Assume
that ¢ > ¢ on K and let K, g == {x € K : 17 < ¢(z) < Y(x) < R} be a
nonempty set, where r,R € R, r < R. Also, assume that N : K. p — K
is a continuous operator with N (K, r) relatively compact . Suppose that the
following conditions are satisfied:

(i) ¢ (ax) = ap (z) for all x € K and for all a € (1,00),

(it) p(x +y) = p(x) + ¢(y), for all z,y € K,

(1ii) Y (ax) = avp (x) for all x € K and for all o > 0,

(iv) Rp(z) > rip(z) for all x € K,

(v) N(p~(r)) is bounded,

(vi)

-

<

&
!
R

Then N has a fized point u* € K, gr.

Theorem 2.10 (S. Budisan [12]) Let v, R be positive numbers with 0 <
r < R and consider p,v : K — Ry continuous functionals , 1 (0) = 0 and
h € K\¢1(0) such that b(\h) > 0 for all X > 0. Assume that 1 > @, Rp > i)
on K and denote ¢y 1= §,c2 := B LetK,p:={zeK:r<¢(z),p(x) <R}
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be a nonempty set . Assume that N : K, p — K is a continuous operator with
N (K, r) relatively compact. Suppose that the following conditions are satisfied:

(i) ¥ (ax) = avp () for all x € K and for all o > 0,

(i) Y(x +y) = () +¢(y) for all z,y € K,

(i1i) p(ax) = ap(z) for all x € K and for all a > 0,

(iv) N(p=1(r)) is bounded,

(v) ¢ and ¢ are increasing on K,

(vi) eciN(xz) < N(erz) for all x € K, g with¢(xz) = R and coN(x) > N(cox)
for all z € K, p with ¢(z) =T,

(vii)

Qo;
AS)
—~
8
~—
I
=

¢ (Nx
Y (2) < (Nw

=

<

&
I
=

Then N has a fized point ug € K, R.

Remark 2.11 (S. Budisan [12]) Notice that function ¢ from Theorem 2.9
does not satisfies neither Property A1, nor Property A2. Also, ¢ from Theo-
rem 2.10 does not satisfies neither Property A1, nor Property A2. Thus our

theorems clearly extend Theorem 1.10.

2.3 Krasnoselskii type fixed point theorems with respect
to three functionals

The presentation in this section is based on the paper S. Budisan [12]. In this
section we give two generalizations of Krasnoselskii’s fixed point theorems in

the cone K, where the "conical annulus" is defined as
K,p:={xe K:r<d(z) <R},

by means of a functional d, and the compression-expansion conditions are given
in the terms of two functionals ¢ and 1, while the boundary conditions are

given using the same functional like in the conical annulus definition, namely:

(compression conditions),

{ o) < o (Nu) if §(u) = r
¥ (u) > ¢ (Nu) if 6(u) = R,

respectively

(expansion conditions).
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In this section we will assume throughout that (X,| . |) is a normed linear
space, K C X is a positive cone, "<" is the order relation induced by K ,
"<" the strict order relation induced by K, Ry := [0,00), R% := (0,00), and
for 7 € R we have o~ 1(r) :== {z € K : p(z) = r}, where p : K — R is a

functional.

Theorem 2.12 (S. Budisan [12]) Let ¢,1,0 : K — Ry be continuous func-
tionals, § (0) = 0 and h € K \ 6~ (0) such that o(AR) > 0 for all A > 0. Let
K,p:={x € K:r <d(x) <R} be a nonempty set, where r,R € R, r < R.
Assume that N : K, p — K is a continuous operator with N (K, r) relatively
compact . Suppose that the following conditions are satisfied:

(1) 6 (ax) = ad (z) for all x € K and for all o > 0,

(it) o(x +y) = o(x) + ¢(y), for all z,y € K,

(111) ¥ (ax) > anp (x) for all x € K with 6(x) = R and for all a € (1, 00),

(iv) Y (x) > 0 for all x € K with 6(x) = R,

(v) N(671(r)) is bounded,

(vi)

Then N has a fized point u* € K, Rg.

Theorem 2.13 (S. Budisan [12]) Let ¢,1,0 : K — Ry be continuous func-
tionals, § (0) = 0 and h € K\ 67 *(0) such that ¥(A\h) > 0 for all X\ > 0. Let
K,rp:={rc K:r<d(x) <R} be a nonempty set, where r,R € R}, r < R.
Assume that N : K, p — K is a continuous operator with N (K, r) relatively
compact . Suppose that the following conditions are satisfied:

(i) § (ax) = ad (z) for all x € K and for all o > 0,

(1i)p(z +y) = P(x) + P(y), for all z,y € K,

(113) 9 (%x) = %w (x) for all x € K with 6(z) =,

(v) ¢ (z) >0 for all x € K with (z) = R,

o(ze) = pe(x) for all x € K with §(z) = R,

v) { o(ax) > ap(x) for all x € K with §(x) = R and for all o € (1,00),
(vi) N(§7Y(R)) is bounded,
(vit)

Then N has a fived point ug € K, g.
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2.4 Krasnoselskii type theorem for a coincidence equation
We give an abstract Krasnoselskii type theorem for the coincidence equation
Lr = Nx

For our result we need Theorem 1.14.

Theorem 2.14 Let (X,|.|) be a normed linear space, K C X a cone, "<"
the order relation induced by K. Letr,R€ Ry, 0<r <R, K, p:={ue K :
r <|ul|< R} and L,N : K, p — K. Suppose that there exists P : K — K
so that L + P is a bijection, (L + P)~! is completely continuous, N + P
is continuous and (L + P)~! is nondecreasing. Also assume that one of the
following conditions (a) or (b) is satisfied:

(a) there exists uy € K with | uy |=r so that

Luy > Nuy

and

there exists ug € K with | ug |= R so that
Lus < Nusg
(b) there exists u; € K with | uy |=r so that
Lu; < Nuy

and

there exists ug € K with | ug |= R so that
LUQ t NUQ

Then (??) has a solution u* € K, g.
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3
Applications

This chapter contains the main applications of this thesis. They are concerning
with existence and localization results for the solutions of several classes of
problems involving ordinary differential equations and systems, and partial
differential equations with p-Laplacian. The chapter relies on the papers S.
Budisan [8], [9], [12] and S. Budisan, R. Precup [10].

3.1 Applications of Krasnoselskii’s fixed point theorem in
cones to a delay ordinary differential equations

The results of this section were established in the paper S. Budisan [8]. Con-

sider the following bilocal problem:

au(0)— B (0) =0, (3.1)
yu(l)+ou' (1) =0, '
u(t)=Fk —0<t<0

Here g : [0,1] — [-0,1], 0 >0, and g(¢) <t for all t € [0,1] and k > 0.

The following conditions will be assumed throughout:

(A1) f € C([0,00),[0,00)) and g € C ([0, 1], [0, 1]);

(A2) a € C(]0,1],[0,00)) and a () is not identically zero on any proper
subinterval of [0, 1];

(A3) a,B,v,0 >0and p:=vB+avy+ad >0.

The purpose here is to give an existence result for positive solutions to (3.1),
assuming that f is either superlinear or sublinear. We seek solutions of (3.1)

which are positive in the sense that u (¢) > 0 for 0 < ¢ < 1. We introduce the



20 3. Applications

notations

The situation fo = 0 and f. = oo corresponds to the superlinear case, and
fo =00 and fo = 0 to the sublinear case.
The proof of our main result, Theorem 3.1, is based on Theorem 1.15 due

to Krasnoselskii.

Theorem 3.1 (S. Budisan [8]) Assume that conditions (A1)-(A3) hold. If
g € CH[0,1], ¢ > 0, g(1) > 0, then problem (3.1) has at least one positive

solution in each of the cases:
(i) fo=0 and foo = 0o (superlinear);
(ii) fo =00 and foo =0 (sublinear).

Remark 3.2 (S. Budisan [8]) If we choose g (t) =t — h,h € [0,1), we note
that g (1) > 0> g(0),g =1, so g satisfies the hypothesis of Theorem 3.1.

Remark 3.3 (S. Budisan [8]) If we choose g (t) = % , &€ > 1, we note that
g(1)>0>g(0),¢ = % so g satisfies the hypothesis of Theorem 3.1.

3.2 Applications to p-Laplacian equations

The content of this section is based on the paper S. Budisan [9], and we
present below some of the results and reasonings. In this section we give some
applications of Krasnoselskii’s fixed point theorem in cones to the following

boundary value problem for a system of equations with p-Laplacian(p > 2):

—div(| Vu 272 Vu) = f(u) for |z |<T,

u>0 for 0 <| z |< T, (3.2)
u=20 for x = 0,
Vu=0 for |z |=T.

Here z = (z1,29,...,zn5) € RV, u = (u1(x), ua(x), ..., u,(z)) and

is the Euclidian norm. Also Vu = (Vuy, Vug, ..., Vu,) is the gradient of u in

the following sense:

V’LL/L' = (67:1;17 871:2,..., 8.%']\[

)and | Vu =Y | Vi e,
=1
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and

div( | Vul|P™2 Vu)
= (div(] Vu |22 V), div(| Vu [272 V), ..., div(| Vu P72 Vuy,)).

We seek a radial solution of (3.2), that is, a function u(z) = v(| z |).

This means that v satisfies the following conditions:
n n

[ Tui(r) P20 ()] + A g (r) P20 (7))
=1 =1

=—f(v(r),0<r<T,
v (T) = v(0) =0,
v>0on (0,7).

Theorem 3.4 (S. Budisan [9]) Let f € C(R;RY). Assume that there are
numbers o, 3 > 0, o # 3 and functions p,v € L*([0,T);Ry) such that

S T T 1
<l ([ rVemanag, (33
and ; -
7> | /0 ([ wiryin) s, (3.4)
where
T
| () + (V — 1N / N f ()t |
S1:= sup —~N ,
zeRY, |z|<a, r(0,T) r~Nep(r)
T
| Fa() + (¥ — 1N / ENUf ()t |
L= z€RT, |x\e[1§[3,,8], re(0,T) »(r) '
Here the norm | . | is | . |s.

Then (3.2) has at least one solution uw € K with | u |s increasing, concave
and
min{a, 8} <| v |o< max{a, 5}.

Remark 3.5 (S. Budisan [9]) 1) If f is nondecreasing on [0, max{«, 5}], con-
dition (3.3) can be replaced with

N Q T T 1
T ™ <[/0 </ rNo(r)dr)7Tds] P, (35)

aP~1  inf
re (O,T)QD

inf > 0.
for int_o(r)
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2) If in addition we suppose p = 1, then condition (3.5) becomes

TN T T o
% < [/ (/ T*NdT)Pil ds]' P (3.6)
aP 0 s
and for p > N, (8.6) can be replaced by the sufficient condition
f(Oé) p_Np—lN_l
) < (p— 7 ) 5 (3.7)

3)Ifp(t) =0 for0<t<a<T and(t) =1 fora <t <T, then condition
(3.4) becomes

. IQ =
| @) + (N = 1) / N f (o (t)) e |

= inf —
z€RY, |z|€[FB,8], r€(a,T) 8P

p )p—l ]-

>(p—1 (T —a)r’

If, in addition, f is nondecreasing on [0, max{«, B}|, condition (3.4) becomes

f(%5)>( Py 1

g > R e (3.8)

For a given compact interval [c, d], let A; and ¢; be the first eigenvalue and

a corresponding positive eigenfunction of the problem

{ Cdiv(| Va2 V)= A u 2, (3.9

u(c) = u'(d) = 0.

Notice that

d
/ | Vu [P dt
AL = inf{#¢————— tu € Ce,d] \ {0}, u(c) = ' (d) = 0}, Ay > 0,
| w [P dt
and there exists a function ¢; € C[e,d] with ¢,(c) = ¢;(d) = 0 and ¢, () > 0
on (¢,d), for which the above inf is reached. In the sequel we shall always

assume that | ¢; |co= max¢,(t) = 1.
t€le,d]

Theorem 3.6 (S. Budisan [9]) Let f € C(R};RY). Assume that there exist
intervals [a,b] and [A, B] with [a,b] C [0,T] C [A, B], such that if \, ¢ and A, P
denote the first eigenvalue and the first positive eigenfunction for the interval

[a,b] and respectively [A, B], then
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(i) there are constants c,C > 0 with
cp(t)P™1 <1 a.e. t € (a,b), (3.10)

1< Co(t)P! ae te(0,T); (3.11)

(ii) there are numbers o, 5 > 0, a # 3 with

T
N-1 —1
xealﬁl?@ga’f(m)' v /rt O (t)rLdt h G
S| <@

mianRi, |z\€[%6,ﬁ], rG[a,b]'f(ﬁ(T))l .
prt
T
tN=1o(t)P—ldt

POV =) R e | > M

(3.13)

where M > 1 is such that
T
p(r)Pt + (N — 1)r—N/ tN o)t < Me(r)P~! forr € 0,T). (3.14)
Then (3.2) has at least one solution uw € K with | u |s increasing, concave and
min{«, 8} <| u |so< max{a, 8}.

Theorem 3.7 (S. Budisan [9]) Let f € C(R;RY) and suppose that there
exist the intervals [a, b] and [A, B] with [a,b] C [0,T] C [A, B] and a > 0 so that
the condition (i) from Theorem 3.6 is fulfiled (X, ¢, A, ® are from Theorem
3.6). Also, suppose that condition (3.14) is satisfied. In addition, assume that

one of the following two conditions holds:

(a)

T
/ tN=1@ ()P~ dt
Cho |14+ (N —1) sup =~

reory  TNO(r)pl <A

and
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or
(b)
- T
" r—N/ tNLo(t)ptdt
— )P~ Llehy [14 (N —1) inf r AM
R R G
and
r T
/ tN=1P ()P~ Ldt
Che [14+ (N —1) sup =L <A.
( )TE(O,T) rN®(r)p1

Then (3.2) has a solution.

Remark 3.8 (S. Budisan [9]) 1) The relation (3.8) from Remark 3.5, 3) is
also found in D. O’Regan,R. Precup [54](Remark 2.3, &).
2) For p > N, the relation (3.7), namely

fla)

ab-1

p—N
p—1

T’

<

)

from Remark 3.5, 2) is similar to the relation

p )p—lN_l
p—1 TP

from D. O’Regan,R. Precup [54], Remark 2.3, 3.

3.3 Applications of the vector version of Krasnoselskii’s
fixed point theorem

This section relies on the paper S. Budisan, R. Precup [10]. We give an ap-
plication of Krasnoselskii’s fixed point theorem in cones to the second-order

functional-differential system

{ w/(t) + a1 (t) fi (ur (g(£)), uz (g (£)))
() + az(t) fa(ur (g (1)), uz (9 (1))

(0 <t < 1) under the boundary conditions

0
’ 3.15
. (315)

aiui(0) — B;u;(0) = 0,
us(1) + Siul(1) = 0, (3.16)
wi(t)y="k for —0<t<0 (i=1,2).
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Here 6 > 0, g : [0,1] — [—0,1] and g(t) <t for all ¢ € [0, 1]. We seek positive
solutions to (3.15)-(3.16), that is a couple u = (u1,u2) with u;(t) > 0 for
O<t<landi=1,2.

We shall assume that the following conditions are satisfied for ¢ € {1,2} :

(A1) fi € €([0,00)%,]0,00)) and g € C([0, 1], [0, 1]);

(A2) a; € C([0,1],[0,00)) and a;(t) is not identically zero on any proper
subinterval of [0, 1];

(A3) a4, By, i, 0is ki >0, p; :=v,;08; + airy; + a;d; > 0.

Our existence result is based on the vector version of Krasnoselskii’s fixed
point theorem in cones, Theorem 1.11, due to R. Precup [57] and extends to
systems the main result due to S. Budisan [8]. We need to introduce some
notations and notions. Let (X,| . ||) be a normed linear space, let Ki, Ko
be two cones of X and let K := K; x K3. We shall use the same symbol
= to denote the partial order relation induced by K in X2 and by Ki, Ko
in X. Similarly, the same symbol < will be used to denote the strict order
relation induced by K; and K in X. Also, in X2, the symbol < will have the
following meaning: u < v (u,v € X?) if u; < v; for i = 1,2. For r, R € R2,
r=(ri,r2), R=(R1,Ra), we write 0 <7 < Rif 0 <r; < Ry and 0 < r3 < Rp

and we use the notations:

(Ki)rpr, + ={veKi:r <[v|<Ri} (i=1,2)

KT,R : = {u = (ul,UQ) c K T SH U; ”S Rz for i = 172}
Clearly, K, r = (K1)r Ry X (KZ)rz,Rz-

Remark 3.9 (S. Budisan, R. Precup [10]) In Theorem 1.11 four cases are
posible for v € K, R :
(cl) Ni(u) £ g if || wg [|=r1, and Ny(u) % wy if || uy ||= R,
No(u) A ug if || ug ||= 72, and Nao(u) # ug if || ug ||= Ra;
(c2) Ni(u) £y if || wg [|=r1, and Ny(u) % uq if || uy ||= R,
Nao(u) # ug if || ug ||=r2 and Nao(u) £ ug if || ug ||= Ra;
(c3) Ni(u) % wp if || wy [|=r1 and Ny(u) £ uq if || w1 ||= R,
No(u) A ug if || ug ||= 72, and Nao(u) # ug if || ug ||= Ra;
(c4) Ni(u) # up if || wg [|=r1 and Ny(u) £ uy if || w1 ||= R,
No(u) # ug if || ug ||=r2 and Na(u) £ ug if || ug ||= Ra.

The main result of this section is the following existence theorem.

Theorem 3.10 (S. Budisan, R. Precup [10]) Assume that conditions (Al)-
(A3) hold. In addition assume that g € C1[0,1], ¢ > 0, g(1) > 0. Then

problem (3.15)-(3.16) has at least one positive solution u = (ui,u2) in each
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of the following four cases:

(f1)o(z2) =0 uniformly for all zo > 0,
(f1)oo(m2) = 00 wniformly for all xo > 0,
(f2)o(z1) =0 uniformly for all z1 > 0,
(f2)oo(z1) = 00 uniformly for all z1 > 0;

(3.17)

( (f1)o(z2) = o0 uniformly for all xe > 0,
uniformly for all xo > 0, if f1 is unbounded
(fi)oo (x2) =0 (and in this case suppose that at least fi(.,x2)
is unbounded),
(f2)o (x1) = 00 uniformly for all x1 > 0,
uniformly for all x1 > 0, if fo is unbounded
(f2)oo (1) =0 (and in this case suppose that at least fo(x1,.)

\ is unbounded);

(3.18)
( (f1)p (x2) =00 uniformly for all xzo > 0,
uniformly for all zo > 0, if f1 is unbounded
(f1)oo (22) =0 (and in this case suppose that at least fi(.,x2)
is unbounded),
(f2)o (z1) = uniformly for all z1 > 0,
(f2) oo (x1) = 00 uniformly for all x1 > 0;

(3.19)

(fi)g (w2) =0 wniformly for all x5 > 0,
(f1)oo (z2) = 00 wniformly for all x9 > 0,
(f2)o (1) =00 wniformly for all x; > 0,
uniformly for all x1 > 0, if fo is unbounded
(f2)oo (1) =0 (and in this case suppose that at least fa(z1,.)

is unbounded).

(3.20)

Remark 3.11 (S. Budisan, R. Precup [10]) 1) An example of function f =
(f1, f2) like in (3.17) is the following:

»
xy(z2 + 1)
T1,T = —=
filer, @) 1+ w2 +1
1 1
= 2—— +1 M 41
fa(z1, 32) :rz[(lerl)q + ]+x2[($1+1)s +1],

where r > 1;p>2; ¢q,s > 0.
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2) An example of function f = (f1, f2) like in (3.18) is the following:

1 1
= 2 42— +1
f1(l’1,l’2) xl[($2+1)q + ]+x1[($2+1)s + ]7

where 0 < r,p<1; ¢q,s > 0.

3.4 Existence of positive periodic solutions of differential
systems

In this section we complete the results from R. Precup [57] by providing suffi-
cient conditions that assure the hypothesis of Theorem 3.12(Theorem 3.1, R.
Precup [57]).

The author R. Precup [57] gives sufficient conditions in only three different
cases and it is our goal in this section to obtain sufficient conditions in other
two cases.

These conditions guarantee the existence and localization of positive peri-

odic solutions of the nonlinear differential system

, (3.21)

{ uy (1) = —ay (ua () + £1 fi (L, wa (1), ua(t))
uy(t) = —ag(t)ua(t) + eafo(t, ui(t), ua(t)),

w w

where for ¢ € {1,2} : a; € C(R,R), /ai(t)dt #0, ¢ = sign/ai(t)dt, fi €

0 0
C(RxR2,Ry), and a;, f;(.,u1,u2) are w-periodic functions for some w > 0.

We seek positive w-periodic solutions to system (3.21), i.e., pairs u := (u1, u2)
of w-periodic functions from C(R, (0,00)) which satisfy (3.21). Let X = {v :
ve CR,R), v(t) = v(t +w)} be endowed with norm | v |o= trer%a}j] | v(t) |,
and let P be the cone of all nonnegative functions from X. Let

S S

wﬂ/whﬂﬂ wﬂ/thﬂ

Hi(t,s) =¢; i = : ,

w

wm]%wmﬂ—1 ]mﬁ/%ﬁﬂﬂ—l\
0

0
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i € {1,2}. Tt is easily seen that the problem of finding nonnegative w-periodic

solutions for system (3.21) is equivalent to the integral system in P2,

t+w

ui(t) = /Hl(t, s)f1(s,u1(s), ua(s))ds

t
t+w

ua(t) = / Ha(t, ) fols, un(s), us(s))ds.

t

Let
A; ¢ =min{H;(t,s):0<t <w,t<s<t+w},
B; @ =max{H;(t,s):0<t<w,t<s<t+w},
A
M; :é(zzlﬂ).

Notice that A; = H;(t,t) > 0 and B; = H;(t,t + w) > 0 if &; = +1, and
A; = Hi(t,t+w) > 0 and B; = H;(t,t) > 0 when ¢; = —1. Also note that 0 <
M; < 1. Before stating Theorem 3.12, we introduce the following notations. For
a;, B; > 0 with a; # B; we let 7, = min{«;, 5;}, Ri = max{a,, 5} (i = 1,2),

and

v1 = min{fi(t,u1,u2): 0 <t <w, M3y <up < B, Marg <ug < Ro},
Yo = min{fo(t,ur,uz) 1 0 <t <w, My <wup < Ry, Mafy <ug < By},
I = max{fi(t,u,u2) : 0 <t <w,Miag <uy <ag, Mary <ug < Ry},
Ly = max{fa(t,ur,u2): 0 <t <w,Mir <uy < Ry, Maan <up < as}.

Theorem 3.12 (Theorem 3.1,R. Precup [57]) Assume that there exist a,
B; > 0 with a; # B;, i = 1,2, such that

Blwfl é aq, Alwyl 2517 (322)
Bowl's < ag, Aswys > [s.

Then (3.21) has a positive w-periodic solution u = (u1,uz) with r; <| U; |o<
R;, i = 1,2, where r; = min{wy, 5;}, Ri = max{a,3;}. Moreover, the corre-

sponding orbit of u is included in the rectangle [Myr1, R1] X [Mara, Ra].

Now we give sufficient conditions for (3.22), if fi = fi(ui,u2) and fo =
f2(u1,uz) do not depend on ¢, where we shall assume for simplicity that M; =
My =: M:
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Theorem 3.13 Assume that f1 is nondecreasing in w1 and us, fo is nonin-

creasing in w1 and uz, and suppose that

fl(MfL‘, 0)

lim ¥———= = 2
T T (3:23)
lin(l)M =0 for ally > 0, (3.24)
xr— €T
M

lim oz, My) = 0, uniformly for all x > 0. (3.25)
y—00

lir%h(jy) = 00, for all x > 0. (3.26)

y—)

Then conditions (3.22) are satisfied for some suitable oy, g, 51, By-

Remark 3.14 The functions fi(z,y) = 2%(y*> + 1) and fo(z,y) = m

satisfy the conditions from the previous theorem.

Theorem 3.15 Assume that f1, fo are nondecreasing in ui and nonincreasing

m ug and suppose that

lim 21220 _ (3.27)
Tr—00 T
M
lir%W =00, for ally >0, (3.28)
M
im 2EMY iz s 0, (3.29)
Yy—00 y
lin(l)fQ(:;’ v) = 00, for all z > 0. (3.30)
y—)

Then conditions (3.22) are satisfied for some suitable ay, g, B1, By.

1
1
Remark 3.16 The functions fi(u1,uz) = % and fa(ui,ug) = u;”jrl satisfy

the conditions from previous theorem.

3.5 Applications of the generalizations of Krasnoselskii’s
fixed point theorems

In this section we give applications of our abstract theorems from Chapter 2.
The presentation from this section relies on the paper S. Budisan [12]. We are
concerned with the existence of at least one positive solution for the second

order boundary value problem,

u (t)+ flt,u®) =0, 0<t <1, (3.31)
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u(0) =u(1) =0, (3.32)

where f : [0,1] x Ry — Ry is continuous. We look for solutions u € C2[0, 1] of
(3.31)-(3.32), which are both nonnegative and concave on [0, 1]. We will apply
the theorems from the previous chapter to a completely continuous operator

whose kernel is the Green’s function G(t, s) of the equation
u =0, (3.33)

under the boundary conditions (3.32). We have that
t(1— 0<t<s<1
Gt = 4 =9 0stss<], (3.34)
(1—1¢) t<1.

G(t, s) has the following properties, which are essential for our results:

G(t,s) < G(s,s), 0<ts<l1,
1G(s,s) <Glt,s), 0<s<1, +<t<3
1 i (3.35)

/G(s,s)ds =1 /G(s,s)ds =4
0 1

\ 4

Let
I=[3 3,

s u(t) > 3 [[ull forallt eI}, (3.36)
), Y(u) = maxu(t) = ul.

K :={uecC[0,1]:u>0on [0,1]
( te[0,1]

Pt K = R, p(u) i= minu

This technique of using min and max functionals is also used in R. Avery, J.
Henderson, D. O’'Regan [4] and in many other papers.
It is obviously that K is a cone. Also, u € K is a solution of (3.31)-(3.32) if

and only if
1

u(t) = / G(t, 5)f (5, uls))ds. (3.37)
0
Firstly, we will impose conditions on f which ensure the existence of at least

one positive solution of (3.31)-(3.32) by applying Theorem 2.9.

Theorem 3.17 (S. Budisan [12]) Let M, r, R be positive numbers such that
0<r <R r<% <Randlet fi :[0,1] x K — [0,00) be defined by
fi(s,z) = f(s,x(s)). Assume that fi satisfies the following conditions:

(1) fi(s,x) < M for all s € [0,1], for all x € K with ¢(z) =1,

(i) fi(s,z) > 384y for all s € I, for all v € K with o(z) =

(117) fi(s,x) < 6R for all s € [0,1], for all x € K with ¢(x ) =R.
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Then (3.81)-(3.82) has a solution u* such that

r < min u*(t) < maxu*(t) < R.

te[,3 t€[0,1]

Remark 3.18 (S. Budisan [12])The function f(s,z)= jié iig is an example

of mapping that satisfies Theorem 3.17.

Theorem 3.19 (S. Budisan [12]) Let M, r, R be positive numbers such that
0<r <R O0<Mr<3andlet fi : [0,1] x K — [0,00) be defined by
fi(s,z) = f(s,x(s)). Assume that fi satisfies the following conditions:

(1) fi(s,z) < M for all s € [0,1], for all x € K with é(x) =

(ii) fi(s,z) > 28y for all s € I, for all x € K with §(z) =

(111) f1(s,z) < 6R for all s € [0,1], for all z € K with é(x ) =R,

where 6(x) = M

Then (331)—(332) has a solution u* such that

min u*(t) + maxu*(t)

te[d, t€(0,1]
p < 5 <R (3.38)
and
r
r < maxu*(t) < 4R and - < min uv*(¢) < R. 3.39
< () S AR and < min 1) < (3.39)

Remark 3.20 (S. Budisan [12]) The function f(s,z) = ;'H is an example

of a mapping that satisfies the hypothesis of Theorem 8.19.

Let

1 K — Ry, := minu(t), = maxu(t) = .
P11 K — Ry () == minu(t), ¢ (u) fél[off]“( ) =l wll
We make these new notations to make easier the application of Theorem 2.13.

Now we give an application of Theorem 2.13.

Theorem 3.21 (S. Budisan [12]) Let r and R be positive numbers such that
0<r<Randlet f :[0,1]xK — [0,00) be defined by fi(s,z) = f(s,z(s)).Suppose
f1 satisfies the following conditions:
(1) fi(s,z) < 6r for all s € [0,1], for all z € K with §(x)
(ii) fi(s,z) > 38R for all s € I, for all x € K with §(x)
where 6(x) = W.
Then (3.81)-(3.82) has a solution u* such that

T,

R,

min u*(t) + maxu*(t)
tel3.3 t€[0,1]

P
- 2

(3.40)
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and

r
r < maxu*(t) < 4R and - < min uv*(¢) < R. 3.41
< () S AR and [ < min () < (3.41)

Remark 3.22 (S. Budisan [12]) In Theorem 3.19 and Theorem 3.21 (the re-
lations (3.39) and (3.41)) we obtain similar localization results with the results
from R. Avery, J. Henderson, D. O’Regan [4]. In this paper the authors obtain

the following localization result(see Theorem 4.1):

r < maxu*(t) and min u*(t) < R. (3.42)
t€(0,1] te[,3

Now we give an other application of Theorem 2.13, where f(.,.) may be
unbounded. In our proof we use a functional §, that gives a similar result like
n (3.42). We note that functional § is used in S. Budisan [12] for the first

time.

Theorem 3.23 (S. Budisan [12]) Let r and R be positive numbers such that
0 < 16r < R and suppose f satisfies the following conditions:

(1) f(s,x) < 6r forall s €[0,1], for all x € [0,167] ,

(ii) f(s,z) > SR for all s € I, for all x € [R,16R] .

Then (8.31)-(3.32) has a solution uy with

r < min ug < 4R
te[zaﬂ
and

r < maxug < 16R.
te[0,1]

Remark 3.24 (S. Budisan [12]) An example of unbounded function that sat-

. . . _ s41.2
isfies the conditons of Theorem 3.23 is f(s,z) = S52°.

As an application of Theorem 3.23 we give the following multiplicity result.

Corollary 3.25 (S. Budisan [12]) Suppose that there exist positive numbers
r1,72, R and Ry such that 0 < 1671 < Ry < }égi, 16r9 < Ro and f satisfies
the following conditions:

(1) f(s,x) < 6ry for all s € [0,1], for all x € [0,1671] ,

(ii) f(s,z) > YRy for all s € I, for all x € [Ry,16Ry] ,

(111) f(s,x) < 6ry for all s € [0,1], for all x € [0,16r3] ,

() f(s,xz) > 6144R2 for all s € 1, for all x € [Ra,16Ry],
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Then (3.81)-(3.82) has at least two solutions uy and ug with

r1 < min u; < 4Ry,
1te[4,4

r1 < maxu; < 16Rq,
te€[0,1

and

ro < min us < 4Ro,
1:6[4,4

ro < maxus < 16Rs.
te(0,1]
Remark 3.26 (S. Budisan [12]) An example of function f that satisfies the

conditions from Corollary 8.25 is

671 exp(x — 16r1), if x € [0,16r],
a(z — Ry)exp(z — 16r1) + §2 Ry exp(z — Ry), if z € (1671, Ry),
S Riexp(z — Ry), if © € [Ry,16R4],
6erg exp(x — 1672) + d(x — 16r2), if x € (16R;y, 1673],
6144R2 exp(z — Ra) + p(x — Rg) exp(x — 16r2), if x € (16r2, Ra),
S Ry exp(x — Ry), if © € [Ry, 00),

\

where, beside the conditions from Corollary 3.25, riand Ry satisfy the condi-

tions

R1 — 167“1 < 1
1024R1 exp(16ry — Ry) < ro(it is posible for Ry small enough),

with ro and Ro satisfying the conditions from Corollary 8.25. Also,

. 67 *MR:[GXP(IGT:[ —R1)
a = 1671 — Ry ’

1>c¢> 1024 fl exp(16re — Ry),
6cr27MR2 exp(16r2—R2)

p:= 16r2— Ry J
d .= %Rl exp(15R1)—6¢cra exp(16 R1—1672)
T 16 R;—1679

The values of the constants a,c,p,d assure us that f is continuous.
Finally we give an application of Theorem 2.10.

Theorem 3.27 (S. Budisan [12]) Let r, R be positive numbers with R >
4r > 0 and denote c; = pJ,co = % Let us define ¢, : K — [0,00),
p(z) == tmaxz(t) =1 || z |, ¢(z) := rgn}m:(t) and K, p i ={x e K :r <
€
) =

t€[0,1]
Y(x), p(x) < R}, f(s, g(s)h(z) where g : [0,1] — [0,00) , h : [0,00) —
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[0,00) are continuous. Also, we define hy : [0,1] x K — [0,00), hi(s,z) =
h(z(s)).Assume that the following conditions are satisfied:
, hi(s,c1z) > c1hi(s,x) for all s € [0,1] and x € K with ¢(z) = R,
) { hi(s,cox) < cahy(s,z) for all s € [0,1] and z € K with p(x) =,
(i1) f(s,x) < 24r for all s € [0,1], for all x € [0, 4r],
(iii) f(s,x) > 3R for all s € I, for all z > R.
Then (3.81)-(3.82) has a solution ug with

r < minug(t) <|[| up [|< 4R.
tel

Remark 3.28 (S. Budisan [12]) Comparing the condition (ii) from Theorem
3.27 with the following condition

f(x) < 8r for all z € [0,r]

(the condition (ii) from Theorem 4.1 from R. Avery, J. Henderson, D. O’Regan
[4]), we note that Theorem 3.27 extends Theorem 4.1 from R. Avery, J. Hen-
derson, D. O’Regan [4].
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