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Introduction

Keywords: elastic constitutive law, quasistatic processes, viscoelastic constitutive law, nu-
merical method, Cauchy problem, normal compliance, Runge-Kutta method, memory term,
Steffensen method, unilateral constraint, convergence order, local truncation error, variational
inequality, zero-stability

The purpose of this thesis is twofold. The first one is to introduce the reader to some rep-
resentative notions of numerical methods for Cauchy problems like consistency, zero-stability,
convergence, order of convergence, local truncation error, etc. The second one is to introduce
the reader a mathematical theory of contact problems involving deformable bodies. This
concern the mathematical modelling and the variational analysis of the models, including ex-
istence, uniqueness and convergence results. More precisely, quasistatic contact processes are
treated in the infinitesimal strain theory and the material behavior is modeled with elastic and
viscoelastic constitutive laws. The contact is frictionless and modeled with various conditions,
including normal compliance and memory term.

The thesis is divided into two parts and eight chapters. Part I, containing Chapters 1-3 is
devoted to the numerical methods for initial value problems for ordinary differential equations.
In writing this part of the thesis the books [17], [23], [54], [36] were followed especially. Part
II refers to the modelling and analysis of some frictionless contact problems for nonlinear
elastic or viscoelastic materials. It contains Chapters 4-8. In writing this part the books [39],
[89], [95] were followed especially.

The original contributions in the first part of the thesis consist in the analysis of some
numerical methods for Cauchy problems for first order ordinary differential equations. Thus,

in Chapter 2 the combination of a Steffensen type method with the trapezoidal rule
for approximating solutions of scalar initial value problems for first order differential
equations is studied (Section 2.4). Conditions under which this method provides bilateral
approximations are provided (Theorem 1.2.22—1.2.25). These results were published in
[70].

in Chapter 3 an interpolation formula is used to introduce a class of numerical methods
for approximating the solutions of scalar initial value problems for first order differential
equations. These methods can be identified as explicit Runge-Kutta methods. Bounds
for the local truncation error are determined and the convergence order and the absolute
stability region are compared with those for explicit Runge-Kutta methods, which have

iii
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convergence order equal with number of stages (Sections 3.2 and 3.3). The contents of
this chapter represent the object of the papers [71] and [72].

The original contributions in the second part of the thesis consist in modeling and ana-
lyzing some new contact problems. Thus,

in Chapter 6 some ideas in [95] are used. There, the Signorini contact problem for
nonlinear elastic materials and static process was considered. The originality of the
results in this chapter arises in the fact that the Signorini condition is replaced with
the normal compliance condition with unilateral constraint. It is shown that this new
problem leads to an elliptic variational inequality for the displacement field (Section 6.1).
An existence and uniqueness result for the weak solution of the model is proved (Theorem
I1.6.1) and this result is recovered by using a penalization method (Theorem I1.6.2).
To this end, a penalized problem with normal compliance and infinite penetration is
considered (Section 6.3). The contents of this chapter will make the object of the
forthcoming paper [8].

in Chapter 7 a new quasistatic contact problem for nonlinear elastic materials is studied.
The novelty consists in the fact that the contact is moeled with normal compliance
and memory term. A variational formulation of the problem in the form of a history-
dependent variational equation for displacement field is derived (Section 7.1). Also, the
unique weak solvability of the model is proved (Theorem II.7.1) and the continuous
dependence of the solution with respect to the data is provided (Theorem I1.7.2). The
results of this chapter will be included in [74] and the numerical results were published
in [11].

in Chapter 8 a new contact problem is considered. Here the novelty consists in the
fact that the material ’s behavior is described with a viscoelastic constitutive law with
long memory and the contact is modeled with normal compliance, memory term and
unilateral constraint. A variational formulation of the problem in the form of a history-
dependent variational inequality for displacement field, which involves two Volterra in-
tegral terms is provided (Section 8.1). The unique weak solvability of the problem
(Theorem I1.8.1) and two convergent results are proved. The first one shows the contin-
uous dependence of the solution with respect to the data (Theorem I1.8.2), The second
one proves that the weak solution of the problem represents the limit of the weak so-
lution of a contact problem with normal compliance and memory term, as the stiffness
coefficient of the foundation convergences to infinity (Theorem II.8.3). The material
presented in this chapter has made the object of the paper [97].
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Chapter 1

Preliminaries

1.1 Ordinary Differential Equations

In the first chapter of the thesis basic notions concerning first order differential equations
(ODE) are introduced and related to them notions concerning autonomous ODE, high order
ODE and initial value problems are presented.

Definition 1.1. An ordinary differential equation of first order is an equation of the form

v = f(z,y) wel, (1.1)

where I C R is a bounded or unbounded interval and f : I x R™ — R" is a given function.
A function y : R™ — R"™ is called solution of this equation if it verifies (1.1) for all x € I.

Definition 1.2. For xg € I and yy € R™ an additional condition of the form

y(z0) = o (1.2)

is called initial condition and the obtained problem is called initial value problem or Cauchy
problem.

Thus, an initial value problem has the form

v = f(z,y) x€l,
(1.3)
y(z0) = Yo

A briefly description of linear differential equations is also provided.

1.2 Existence and Uniqueness of Solutions

In the second part of the chapter the following existence and uniqueness theorems and the
following results concerning the dependence of solution on the data are mentioned.
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Definition 1.3. The function f: I x R™ — R" is said to satisfy a Lipschitz condition in its
second variable if there exists a constant L, named the Lipschitz constant, such that

1f(z,y) = f(z,2)| < Llly — 2| (1.4)
foranyx el y, z€ R".

Theorem 1.4. If [ satisfies a Lipschitz condition with constant L and w and z are each
solutions of the equation

y/ = f(x,y),
then
[w(z) = 2(z)|| < [Jw(zo) — 2(zo)|| exp(L(z — x0)) V& = zo. (1.5)

Definition 1.5. The function f : I x R™ — R" satisfies a one-sided Lipschitz condition if
there exists a constant [, named the one-sided Lipschitz constant, such that

(fz,y) = flz,2), y = 2) <y — 2 (1.6)
foranyxel, y, z € R™

Theorem 1.6. If f satisfies a one-sided Lipschitz condition with constant | and w and z are
solutions of the equation

y/ = f(x,y),
then
[w(z) — 2(@)|| < [[w(zo) — 2(z0)|| exp(l(x — z0)) VY = 0. (1.7)

Definition 1.7. The function y : Iy — R" is called local solution of initial value problem
(1.3) if Iy C I is a neighborhood of xo and y verifies (1.3). If I = Iy then y is called global

solution.

Theorem 1.8. (The Cauchy-Peano Theorem) If f is continuous on I x R™ then for all
yo € R" there exists a unique local solution of the initial value problem (1.3).

Theorem 1.9. (The Cauchy-Lipschitz Theorem) If f is continuous and satisfies a Lipschitz
condition in its second variable then for all yo € R™ there exists a unique global solution of
the initial value problem (1.3).

The material mentioned in this chapter is standard and can be found in many books and
surveys, e.g. [3], [13], [38], [40], [62], [81], [101]. For a comprehensive treatment of basic
aspects concerning the existence and uniqueness of solution, the dependence of solution on
the data or the regularity of solution the reader is referred to [12], [23], [38], [62], [81], [101].



Chapter 2

Numerical Methods for Cauchy
Problems

2.1 Background

In this section the general form of a numerical method for Cauchy problems, classifications
concerning the number of steps or implicitness and properties like convergence, consistency,
zero-stability are introduced. Thus, the following results are provided.

A solution of Cauchy problem (1.3) is sought on the interval I = [zg, zo+ T, where T" > 0
is finite. This continuous interval is replaced by the discrete point set

{zi|zi=xi—1+ hiy i =1, N},

where N € N* is the number of points and h; represents the distance between x;_1 and x;. The
length of the steps h; can be constant h; = h, i = 1, N or can be changed after a prescribed

rule with the requirement max h; < h.
i=1, N
The numerical methods of the form

k
> iy =" (Yitks Yirk—15 - - Ui, iz h), (2.1)
j=0
is considered. Here a;j € R, j = 0,...,k, are constants and the subscript f on the right-hand
side indicates that the dependence of ¢ on ¥k, Yizk_1, -.-¥i, ; is through the function
f(z,y).

The following classifications of (2.1) concerning number of steps and concerning implicit-
ness are mentioned.

Definition 2.1. The numerical method (2.1) for the approximation of the solution of the
initial value problem (1.3) is called one-step method if for all i > 0 the value y;+1 depends
only on y;. Otherwise the method is called multistep method.
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Definition 2.2. A numerical method is called explicit if y; 11 can be computed directly in
terms of the previous values yi, k < i. A method is said to be implicit if y;4+1 depends
implicitly on itself through f.

The concept of convergent scheme is presented.

Definition 2.3. The method defined by (2.1) is said to be convergent if for all initial values
problems satisfying the hypotheses of Theorem 1.9 we have that

i) — Yi h . 2.2
max y(e) —ul =0 as h—0 22)

To give necessary and sufficient conditions for convergence of the numerical method (2.1)
notions like: local truncation error, consistency, zero-stability, root-condition and their prop-
erties are provided.

Definition 2.4. The local truncation error of (2.1) at ;1 s given by

k

Tivr =Y ay(@ivs) — hos(y(@icn) Y(@isno1),- ., y(@i), 233 h). (2.3)
=0

Definition 2.5. The method defined by (2.1) is said to be consistent if for all initial value
problems satisfying the hypotheses of Theorem 1.9 the quantity T;y defined by (2.3) satisfies

1
lim —T;1% = 0. 24
Ay g ik =0 24)

Theorem 2.6. The method (2.1) is consistent if it satisfies the conditions

k
Z a5 = 0,
7=0 N (2.5)
Sr(y(@i),y(@i), - y(we), 255 0) = flaiy(@) - (D jay).
j=0

Definition 2.7. The method (2.1) is said to satisfy root-condition if all the roots of the
polynomial

k
p&) =) a;¢l, ¢ecC.

J=0

have modulus less than or equal to unity, and those with modulus equal to unity are simple.

Definition 2.8. The method defined by (2.1) is said to be zero-stable if it verifies root-
condition.

Theorem 2.9. The method (2.1) is convergent if and only if it is consistent and zero-stable.
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Also, some notions and properties of iterative methods for nonlinear algebraic equations
of the form

y=0o(y) ¢:R"—R" (2.6)
are mentioned.

The first method is the fized point iteration method, which consists of generating a sequence
of approximations {y*)} given by

YD — (™) v =0,1,..., (2.7)

where initial guess y(©) is arbitrary.
The following theorem states conditions under which (2.6) has a unique solution such that
the iteration generated by (2.7) converges.

Theorem 2.10. Let ¢ satisfy the Lipschitz condition

l6(y) — o)l < Llly — 2| (2.8)

for ally, z € R", where 0 < L < 1. Then there exists a unique solution y* of (2.6) and the
sequence generated by (2.7) converges to y* as v — oo.

The second iterative method is the Newton iteration method and, in general, it is applied
when the hypotheses of Theorem 2.10 are not satisfied and the sequence {y*)} given by (2.7)
diverges. The Newton iteration applied to the system

F(y) =0, (2.9)
with F € CY(R";R") is given by
Y = 0 — TGO P v =01, (2.10)
where J = %—5 is the Jacobian matrix of F' with respect to y.
When
Fy)=0, F:R—R (2.11)

the Newton iteration is given by

wi) _w  F@™)

=y - 2Ly =0,1,... 2.12
y VU o) IR (2.12)

and, substituting F(y) =y — ¢(y) in (2.11) the following formula

gt =y — 1= ¢ WY — 6y v=0,1,... (2.13)
is obtained.
A method that does not require the calculation of the derivative of F' is the Steffensen
method given by
F2(y™)
F(y®) + F(y®)) — F(y™)

D @) v=01,..., (2.14)
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or, in equivalent form,

(1/) _ F(y(V)) v = 0 1
[y(V)jy(V) + F(y(’/))’ F} Y

where [u, v; F| represents the first order divided difference of F' at the points u, v defined by

y ) (2.15)

=Yy

*

Flu)—F
[, v; F] = Flu) — Flv) (2.16)
uU—v
A generalized method for (2.14) and (2.15) is defined by
F(y™)
(v+1) — ) _ —
Y =y v=0,1,..., (2.17)
[y™), g(y™)); F]
where g is a decreasing function such that it has y* as a fixed point, i.e. y* verifies the equation
9(y) =y. (2.18)

The following hypothesis for the functions F' and g are considered.

(o) F is a continuous function given in such a way that equation (2.11) has a unique solution
y* in the bounded interval (¢, d);

(B) the equations (2.11) and (2.18) are equivalent;

(7) g is a continuous and decreasing function on [c, d].

Results in the study of these kind of methods are provided in many papers, e.g., [19], [20],
[25], [26], [76], [77] and [79].
The next theorem is proved in [75].

Theorem 2.11. Assume that the functions F and g satisfy the conditions (a) — (y) and
moreover, the following conditions hold:

(1) F is increasing and convex on |c,d];
(it) F(y©) <0;
(i) 9(y©) < d.

Then the elements of the sequences {y™)} and {g(y™))} belong to the interval [c,d] and,
moreover, the following properties hold:

(j) the sequence {y™)} defined by (2.17) is increasing and convergent;
jj) the sequence {g(y™))} is decreasing and convergent;

(737) v <y <gy™) v=01,...;
)

lim y(” = hm g( (”)) =y*;

V—00

(v) ly* —yW| < |gly®) —yW|, v=0,1,...

(jv
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2.2 Linear Multistep Methods

In this section a special sub-class of (2.1) is presented. This class is represented by linear
multistep methods or a linear k-steps methods. The general form of these methods is given by

k k
Zajyi+j = hZﬁjfz‘Jrj (2.19)
j=0 3=0

where fii; = f(zitj,vi+5), 7 =0, k, and «;, §; are constants which verify the conditions
ap =1, |ao|+|Bo] #O0. (2.20)

The notions of convergence order, local truncation error, polynomial of stability, absolute
stability and region of absolute stability are introduced.

Definition 2.12. The linear difference operator L associated with the linear multistep method
(2.19) is defined by

k

L)) = 3 laya(a + jh) — b2 (z + i), (2.21)
j=0

where z € CY(I) is an arbitrary function.
Expanding z(z + jh) and 2'(z + jh) in Taylor series with respect to x is obtained
L[z(z); h] = Coz(x) + C1he' (x) + ... + Coh?2\D(z) + ... (2.22)
where C; are constants.

Definition 2.13. The linear multistep method (2.19) and the associated linear difference
operator L defined by (2.21) are said to be of order p if in (2.22) we have Cy = C; = ... =
Cp,=0, Cpi1#0.

In this case Cpiq is called error constant.

Definition 2.14. The local truncation error (LTE) of the method (2.19) at ;1 denoted by
Titvr is defined by
Thp = Lly(w): b, (2.23)

where L is the associated difference operator given by (2.21) and y is the exact solution of
initial value problem (1.3).

Definition 2.15. The polynomial of stability associated to the method (2.19) is defined by
7(r, ) = p(r) — z0(r), (2.24)
where z = hA and p, o are given by

k k
p&) = o, o =) pit/, ¢ecC (2.25)
j=0

j=0
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Definition 2.16. The method (2.19) is said to be absolutely stable for a given z if all the
roots r; of the stability polynomial (2.24) satisfy

<1, j=1,...,k (2.26)

The set of all these points z is called region of absolute stability for the method (2.19) and is
denoted in general by R 4.

2.3 Runge-Kutta Methods

The second special sub-class of (2.1) analyzed in this chapter is represented by Runge-Kutta
methods. The general form of these methods is given by

Yir1 =yi+h Y biki,
=1 (2.27)

S
ki = f(zi + cih, yi+hzatjkj), t=1,2,...,s
7=1

where by, ¢, azj, t, j = 1, s are constants.
Using

k= f(zi+ahYy), t=1,s (2.28)
the alternative form of (2.27) given by

S
Yirr =yi+h > bif(@i+eh,Yi)
S (2.29)
Yt:yiJthatjf(xiqLcth,Yj), t=1,2,...,s
j=1

is provided.
The notions of stability function, absolute stability and region of absolute stability are
introduced.

Definition 2.17. The stability function of the method (2.27) is defined by
R(z) =14 26T (I — zA)"te (2.30)

or, in alternative form,
det[I — 2(A — eb”))]
R(z) = det(I —zA)

(2.31)
where e = [1,1,...,1]T € R®.
The method (2.27) is said to be absolutely stable for a given z if
|R(z)| < 1. (2.32)
The region of absolute stability for (2.27) is defined by
Ra={2z€C:|R(z)| < 1}. (2.33)
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For Runge-Kutta methods a practicable way to determine the absolute stability region is

scanning technique presented in [54]. Additional information concerning Runge-Kutta meth-
ods can be found in [17] or [36].
For various results, details and comments on the material in previous sections the following
references [4], [22], [25], [44], [82], [99], [100] are provided. These papers abound in information
concerning the topic of numerical analysis, including notions about numerical methods for
initial value problems of ordinary differential equations and numerical methods for nonlinear
algebraic equations, as well.

2.4 Application of Steffensen Method to the Trapezoidal Rule

In this section a combination of a Steffensen type method with the trapezoidal rule for ap-
proximating solutions of scalar initial value problems is studied. Thus, an implicit equation
of the form

y = hA(z,y) + ¥ (2:34)

is obtained after the application of the trapezoidal rule with constant step-size h. Here A is
a constant determined by the numerical method and v is a known value.

Thus, the approximations y; for the exact solution at the points x;, ¢ = 1, N are the
solutions of the equation

Y= hA(ﬁ(ﬂ?h y) + 4, (2.35)
where ¥; = ¥;(zo, by Yi—1,Yi—2, - .., Yo) are known values.
For each i =1, N F; : [c,d] — R is defined by
Fi(y) =y — hAd(xi,y) — i (2.36)
and equation (2.35) is rewritten in the form
Fi(y) = 0.

To approximate bilaterally the solution yf, i = 1, N, of (2.35) the sequence {ygy)}yzo is
generated by
wt1) _ ) Fi(y)

y’b — yl ” 5 UV = O, 17 “ e (237)
v, 9(y)); F)

or, using (2.36),

(2.38)

ymﬂ:hmw%¢> Dy gw): ol ) + i
Z —~ hAly f D g elai, )]

The trapezoidal rule to integrate the initial value problem (1.3), for n = 1, and the
Steffensen method (2.17) to solve the equation (2.35) are considered.
For any point x;, ¢ = 1, N, the bellow equation

ﬁf(ﬂl?i,yi) -

h
9 S f(@i-1,9i-1) —yi-1 =0 (2.39)

Yi — B)
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is obtained and, in this case,

h h
Fi(y)=y— §f( inY) — §f($z'—1,yi—1) = Yi-1-
Thus, in (2.35) the values are given by A = %, d(xi,y) = f(xi,y) and Y; = %f(xi_l, Yie1)+
Yi—1, 1= 1, N.
For simplicity only the autonomous case, i.e. f = f(y), is considered and in this case
equation (2.39) becomes

h h
Yi = 5 i) = 5 Wim1) = yim1 =0 (2.40)
with h
Ei(y) =y - 5fy) =i,
where 9; = 2 f(yi—1) + yi—1, i = 1, N.
Using the fact that
h
[u,v; F;] =1 — E[u,v;f] Yu, v € [ed], (2.41)
and "
[u,v,w; F;] = —§[u,v,w;f] Yu, v, w € [c,d], (2.42)

for all ¢ =1, N, the auxiliary function ¢ is given by

Bfly) —yld —e.d; f]) + i
1—- %[d_€7daf]

. B(f(y) — yleet e 1) +

9) = 1—%[c,c+e;f] ’

where ¢ is sufficiently small such that the exact solution y; of the equation Fj(y;) = 0,
i=1,...,N, belongs to the interval [c + &,d — €.
For each ¢ = 1, N the followings quantities

Vhax = max{y, + 2 f(yp) |k =0,...,i— 1},

Yinin = min{yg + 5F()lk = 0,....i — 1}
are introduced.
The following original results are proved.
(0)

/A

Theorem 2.18. Assume that the function f, the step-size h and the initial guesses y
i1=1,..., N, satisfy the following conditions

(i) [ v, f] <0 for all u, v, w € [c,d);
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(i) (m<[uv f1 <M <0 forallu, v € [e,d]) or (0 <m < [u,v; f] <M forallu, v € [c,d]

and h < 2 );
(iii) 4 = V) < iy

() yOM — f(57) > 2{d(ME — 1) + -

Then the elements of the sequences {y }l,>0, {g(yz )},,>0, i=1,...,N, belong to the interval

[c,d] and, moreover, the following properties hold:

(7) {yZ(V)}l,ZO defined by (2.17) is increasing and convergent;
(77) {g( )},,>0 is decreasing and convergent;

Gig) v <wyr <g@™), v=0,1,..;

(o) lim g = lim g(u") = y;;

(2

@) =) < 19wy =], v=01,...

Theorem 2.19. Assume that the function f, the step-size h and the initial guesses y
1=1,..., N, satisfy the following conditions

(0)

7 I

(i) [u,v,w; f] <0 for all u, v, w € [c,d);

(i) 0 <m < [u,v; f] < M, for all u, v € [c,d];

(iii) v — 2 p) < i ;

() yOm — fF?) > 2[e(mb — 1) + i
(v) Z <h.

Then the elements of the sequences {y )}V>0, {g( )},,>0, i=1,...,N, belong to the interval

[e,d] and, moreover, the following properties hold

() {yz-(y)}yzo defined by (2.17) is decreasing and convergent;

(77) {g(yl-('/))},,zo is increasing and convergent;

Gid) 9wy <yr <y v=0,1,...;

(o) Jim y” = T g(y”) = y;;

@) |y =1 <o) = vl v=01,... .
Theorem 2.20. Assume that the function f, the step-size h and the initial guesses y( )

1=1,..., N, satisfy the following conditions
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(i) [0, f] > 0 for all u, v, w € [c,d);

(@) (m < [u,v;f] < M <0 for all u,v € [c,d]) or (0 < m < [u,v;f] < M for all
u, v € [c,d], and h < %),

iid) v = b)) > i
() y M — f(57) < 2le(ME — 1) + i)

Then the elements of the sequences {yZ )},,>0, {g( )}l,>0, i=1,...,N, belong to the interval
[c,d] and, moreover, the following properties hold

() {y-(y)},,>0 defined by (2.17) is decreasing and convergent;

(77) {g( )},,>0 is increasing and convergent;

(37) 9) <wi <ol v=0.10
(o) Jim " = lim g(y") = y;:

@) lyr =) <19y =y, v=0,1,...

Theorem 2.21. Assume that the function f, the step-size h and the initial guesses yz-(o),
1=1,..., N, satisfy the following conditions:

(1) [u,v,w; f] >0 for all u, v, w € [c,d];

(7) 0 <m <[u,v; f] < M for all u, v € [c,d];
(i) 1 B F”) > Yo
(i) y'm — f(y”) < Fldml = 1) + ¥y ];
(v) Z <h.

Then the elements of the sequences {yl )}1/>O> {9( )}u>0, 1=1,...,N, belong to the interval
[e,d] and, moreover, the following properties hold

() {yz(”)}l,>0 defined by (2.17) is increasing and convergent;
(77) {g( )},,>0 is decreasing and convergent;
Gid) v <ur <o) v=0,1,...;

(jv) lim 3 = lim gy

V—00 V—00

— %
_yi7

@) |y =y <o) =y, v=0,1,...

The results presented in this section are original and were published in [70].
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2.5 Numerical example

The chapter ends with a numerical example to exemplify the results presented in the previous
section.



Chapter 3

A Special Class of Runge-Kutta
Methods

3.1 An Approximation Formula for Functions

In this section some remarks concerning an approximation formula for functions given in [78]

are provided. This represents a generalization of some interpolation formulae defined in [103].
First of all, a (2¢ + 1)-times derivable function h : I — R, ¢ € N is considered, where the

interval [ is finite and has the form I = [zg, zo + 7], T > 0. Also, the class G of functions

q
G={g:9(x) = h(zo)+ (z— o) Zaih’(xo + Bi(z — z0)),
i=1
a, B €eR, i=1,q, ze€l} (3.1)

is given, and the following problem is considered.
Find a function g € G such that

h(z0) = g (zo), =1, m, (3.2)

where m € N*.
The coefficients (3; are taken as the roots of the Legendre polynomial w, of degree g, i.e.
the roots of the equation

S ) e 3.3

wq(@f@@[l’(m—)]— ) (3.3)

and the coefficients «; are given by the following formula
(a)*

[(29)28:(1 — i) [wy (Bi)]*

Next, is presented a theorem, given in [78], which shows that the above problem has a
unique solution for m = 2q and establishes the forms of the coefficients «a;, ;.

i=T1,q. (3.4)

Q; =

15
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Theorem 3.1. Assume that h : I — R is a (2q + 1)-times derivable function on I. Then
there exists a unique function g € G which verifies conditions (3.2) for m = 2q. Moreover, the
coefficients {a;}i_, are given by the formula (3.4) and {B;}{_, are the roots of the equation
(3.3).

This section ends with the estimation

Mogr1 2((29)7° —[q']"

R]| < — xo[?T! 3.5
for the remainder given by
h(z) = g(x) 4 r[h], (3.6)
where
Mg 11 = sup [T ()] (3.7)

zel

The interpolation formula is used in the rest of the chapter to introduce a class of numer-
ical methods for approximating the solutions of scalar initial value problems for first order
differential equations.

3.2 The Particular Case ¢ =1

In this section the approximation formula for the particular case ¢ = 1 is used. Thus, a1, 51
have the values (6; = %, a1 = 1, the function g € G in Theorem 3.1 has the form

g(z) = h(zo) + (z — 20)h (z0 + 1 (x — 20)) (3.8)
and satisfies ' ‘
h(20) =g (x), i=0,2 (3.9)
and
h(z) —g(x)] < g Ms|z — ol (3.10)

where M3 = sup |h"'(z)].
xel
Using (3.8) a class of numerical methods for approximating the solutions of an autonomous

scalar initial value problem (1.3), i.e. when f = f(y) and n = 1, is introduced. The following
numerical method is obtained

Yir1 = Yi + hif (i + 5hif (i + g5 hif (i + . + o=t hif () - ), (3.11)

where h; = 2,41 — 23, © = 0,..., N — 1 represents the length of the step.
For this method the following equivalence result is proved.



3.2. The Particular Case ¢ =1 17

Theorem 3.2. The method (3.11) is equivalent with a po-stages explicit Runge-Kutta method
with the Butcher array given by

0
w-z | 0 gm= 0
%000 2%(1)
0 0 o0 0 i o0
0 0 0 0 0 1

For the method (3.11) and for particular cases the local truncation error, absolute-stability
region, consistency, convergence order are studied. First of all, as in [83], it is supposed that

£l < M and ||f9)]| < on I, (3.12)

Mi—1
where || f|| = sup{|f(¢)| : t € I} and M, L are positive real numbers.

The convergence order of the method (3.11) is provided in the following result.

Theorem 3.3. The method (3.11) has convergence order 2 and the coefficient of principal
local truncation error C's has the following bound

|Cs]| < LML (3.13)

The method (3.11) is a zero-stable method because it verifies root-condition. Also, since
the convergence order is 2 we conclude that it satisfies the consistency condition. It follows
that the method (3.11) represents a convergent method.

Also, the stability function and the absolute-stability region for the method (3.11) are
defined.

Theorem 3.4. The method (3.11) has the stability function given by
Po
R(z)=1+4Y —p2* zeC. (3.14)
k=1 272

The absolute-stability region is given by

po
R={zeC:[1+) a7 <1} (3.15)
k=12 2

In the rest of the section two particular cases are analyzed and are compared with explicit
Runge-Kutta methods, which have convergence order equal with number of stages. This part
was written following original paper [71].



18 Chapter 3. A Special Class of Runge-Kutta Methods

3.3 The Particular Case ¢ = 2

In this section the approximation formula for the particular case ¢ = 2 is used. Thus, the
coefficients «;, (; have the values

ﬁlZ%,@:%, o =ay =1, (3.16)

the function g € G in Theorem 3.1 has the form

g(z) = h(zo) + 5 [1 (z0 + 2282 — w0)) + W (w0 + 22 (2 — a0))] (3.17)
and satisfies ‘ '
h(wg) = 5P (20), i=0,4 (3.18)
and
|h(z) — g(@)| < 155 Ms|z — 0|, (3.19)

where Ms = sup |h®) (z)].
zel
Using for each z;, ¢ = 1, N the notation

uf]r =Y+ %ﬂi]ﬂghl [f(uf]—l-lr) + f(uf]r—l-l)]a

the following numerical method is obtained

Yir1 = yi+ shi[f(ulo) + fuby)), (3.20)
Ui = v+ 5B Bl (k) + Ful i),
7=0,k k=1,p0—1,
u;ioo—jj = ¥, J=0,po,

where h; = x;41 — x;, 1 = 0, N — 1 represents the length of the step.
In the rest of the section the particular cases of this method for pg = 2, 3, 4 are analyzed.
For pg = 2 the method

Yirr = Yi + shilf (yi + Buhif (i)
+f(yz + ﬂ2hzf(yz))]’ 1=1,N—-1 (3'21)

is obtained.
The convergence order of the method (3.21) is provided in the following result.

Theorem 3.5. The method (3.21) has convergence order 2 and the coefficient of principal
local truncation error Cs has the following bound

|Cs)| < 2ML2. (3.22)

The stability function and absolute stability region of the method (3.21) are provided in
the following result.



3.4. Numerical Examples 19

Theorem 3.6. The method (3.21) has the stability function given by

2

R(z) =142+ % 2 eC. (3.23)
For pg = 3 the method
Yirr = Y+ ghilf (uio) + f(upy); (3.24)
uio = zﬁlh [f(ulzo) f(u Z1 )]s
uy = Yi §ﬂ2ﬁz[f(ul11) f(ugy)],
uy_i;i o= yi+ B Bhif(y), =02,

is obtained.
The convergence order of the method (3.24) is provided in the following result.

Theorem 3.7. The method (3.24) has the convergence order 3 and the coefficient of the
principal local truncation error Cy has the bound

|Cal| < ML,

The stability function and absolute stability region of the method (3.24) are provided in
the following result.

Theorem 3.8. The method (3.24) has the stability function given by

2 3

R(z):l—i-z—l—%—i-%, 2 eC. (3.25)
For pg = 4 the method
yir1 = yi+ghilf(uig) + f(upy)), (3.26)
i k—3j aj i i
Up_j; = Wit %51 ]5éhi[f(uk7j+lj) + f(ukfjjJrl)]a
j=0,k k=12,
us_i o= yi+ B Bhif(y), j=0,3,

is obtained. This method has convergence order 4 and the stability function is given by

2 2,3 24

z

This part was written following original paper [72].

3.4 Numerical Examples

The chapter ends with a numerical examples to exemplify the results presented in the previous
sections.
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Chapter 4

Preliminaries of Functional Analysis

This chapter contains some preliminaries and basic results on functional analysis which will
be used in the next chapters.

4.1 Banach Spaces and Hilbert Spaces

In this section are presented some basic definitions and properties of the normed spaces,
including results on Banach and Hilbert spaces. It is started with the Banach fixed point
theorem for Banach spaces.

Theorem 4.1. (The Banach Fixed Point Theorem) Let K be a nonempty closed subset of
a Banach space (X, || - ||x). Assume that A : K — K is a contraction, i.e. there exists a
constant o € [0,1) such that

IAu — Av||x < aflu—v|x VYu,veK. (4.1)
Then there exists a unique v € K such that Au = u.

To introduce projection operators the following existence and uniqueness result, named
The Projection Lemma is provided.

Theorem 4.2. (The Projection Lemma) Let K be a nonempty, closed, convexr subset of a
Hilbert space X. Then, for each f € X there exists a unique element u € K such that

lu = fllx = min flv - fllx. (4.2)

Using this theorem the following definition is presented.

Definition 4.3. Let K be a nonempty, closed, convexr subset of a Hilbert space X. Then,
for each f € X the element uw which satisfies (4.2) is called the projection of f on K and is
usually denoted Py f. Moreover, the operator P : X — K is called the projection operator
onto K.



Also, the following characterizations of the projection and Riesz Representation Theorem
are provided.

Proposition 4.4. Let K be a nonempty, closed, convexr subset of a Hilbert space X and let
feX. Then u=Pxf if and only if

ve K, (w,v—u)x>(f,v—u)x VYvekK. (4.3)

Proposition 4.5. Let K be a nonempty, closed, convexr subset of a Hilbert space X. Then
the projection operator P satisfies the following inequalities:

(Pxu— Pgv,u—v)x >0 VYVu,veX, (4.4)
|Pru—Prolx < |lu—v||lx VYu,velX. (4.5)

Theorem 4.6. (The Riesz Representation Theorem) Let (X, (-,-)x) be a Hilbert space and
let £ € X'. Then there exists a unique u € X such that

l(v) = (u,v)x VYveX. (4.6)

Moreover,
1]l xr = llullx- (4.7)

This introductory section ends with a particular case of the well-known FEberlein-Smulyan
Theorem.

Theorem 4.7. If X is a Hilbert space then any bounded sequence in X has a weakly convergent
subsequence.

Theorem 4.8. Let X be a Hilbert space and let {u,} be a bounded sequence of elements in
X such that each weakly convergent subsequence of {u,} converges weakly to the same limit
u € X. Then u, — u in X.

4.2 Monotone Operators

In this section are presented several results on monotone operators which will be useful in the
study of variational inequalities.

Definition 4.9. Let X be a space with inner product (-,-)x and norm ||-||x andlet A: X — X
be an operator. The operator A is said to be monotone if

(Au— Av,u—v)x >0 Vu,veX.
The operator A is strictly monotone if
(Au— Av,u—v)x >0 Vu,ve X, u#w,
and strongly monotone if there exists a constant m > 0 such that

(Au— Av,u —v)x >m|u—v|% VYu,veX. (4.8)



The operator A is nonexpansive if
|[Au — Av||x < |lu—v|x VYu,veX
and Lipschitz continuous if there exists M > 0 such that
|Au — Av||x < M|ju—v|x VYu,veX. (4.9)
Finally, the operator A is hemicontinuous if the real valued mapping
0 — (A(u+ 0v),w)x is continuous on R, Yu, v, w € X,

and continuous if
Up — uw in X — Au, — Au in X.

Proposition 4.10. Let (X, (-,-)x) be an inner product space and let A : X — X be a
monotone hemicontinuous operator. Assume that {u,} is a sequence of elements in X which
converges weakly to the element u € X, i.e.

up, —~u in X as n— oo. (4.10)
Moreover, assume that
lim sup (At un, —u)x < 0. (4.11)
n—oo

Then, for all v € X, the following inequality holds

liminf (Au,, up —v)x > (Au,u —v)x. (4.12)
n—oo
Theorem 4.11. Let X be a Hilbert space and let A : X — X be a strongly monotone Lipschitz
continuous operator. Then, for each f € X there exists a unique element uw € X such that

Au = f.

4.3 Elliptic Variational Inequalities

In this section is provided an extension of the existence and uniqueness result in Theorem
4.11. First of all, it is considered the problem of finding an element u such that

ve K, (Au,v—u)x > (f,v—u)x VYveK, (4.13)

where X is a given Hilbert space, A : X — X is an operator, K C X and f € X.
Next is presented the following theorem which guarantees the existence and uniqueness of
solution of elliptic variational inequality of the first kind (4.13).

Theorem 4.12. Let X be a Hilbert space and let K C X be a nonempty, closed, convex
subset. Assume that A : K — X is a strongly monotone Lipschitz continuous operator, i.e.
it satisfies conditions (4.8) and (4.9). Then, for each f € X the variational inequality (4.13)
has a unique solution.



4.4 History-dependent Variational Inequalities

In the last section of this chapter is extended the existence and uniqueness result in Theorem
4.12 to a special class of time-dependent variational inequalities. To this end it is introduced
some background of spaces of functions defined on a time interval with values in an abstract
Hilbert space. Also, it is provided a fixed point result which is useful to prove the solvability
of nonlinear equations and variational inequalities with history-dependent operators and the
Gronwall inequality.

Proposition 4.13. Let A : C([0,T]; X) — C([0,T]; X) be an operator which satisfies the
following property: there exist k € [0,1) and ¢ > 0 such that

[Am(t) = Ana(8)][x < K [Im(8) = ne(@)]x + C/o [1171(s) — m2(s)lx ds

V7717772€C([07T]§X>7 te [OvT] (414)
Then, there exists a unique element n* € C([0,T]; X) such that An* = n*.

Lemma 4.14. (The Gronwall Inequality) Let f, g € C([0,T]) and assume that there exists
¢ > 0 such that

£(t) gg(t)—l—c/otf(s) ds Vtelo,T]. (4.15)
Then t
F(t) < g(t) + c/o g(s)ec = ds Vielo,T). (4.16)
Moreover, if g is nondecreasing, then
f(t) <g(t)et Veelo,T].

In the rest of this section it is introduced the concept of history-dependent quasivariational
inequalities for which it is provided an existence and uniqueness result. As in the previous
section it is considered the problem of finding a function v € C([0,T]; X) such that, for all
t € [0,T], the inequality below holds

u(t) € K, (Au(t),v —u(t))x + (Su(t),v —u(t))x
> (f(t),v—u(t))x Vv e K, (4.17)

where
K is a nonempty closed convex subset of X (4.18)

A: X — X is a strongly monotone Lipschitz continuous operator, i.e.

(a) There exists m > 0 such that
(Auy — Aug,uy —ug)x > m||u; — u2||§(
Yup, ug € X. (4.19)

(b) There exists M > 0 such that
||AU1 — A’LL2||X <M Hul — UQHX Yuq, ug € X.



S:C([0,T]; X) — C(]0,T]; X) satisfies

There exists Lg > 0 such that

[Sur(t) = Sua(t)][x < LS/O [ur(s) — ua(s)l|x ds (4.20)
Yur, ug € C([O,T];X), Vit e [O,T]

and
feC(o,T]; X). (4.21)

Finally, it is provided the following results which guarantees the existence and uniqueness
of solution of history-dependent quasivariational inequalities (4.17).

Theorem 4.15. Let X be an Hilbert space and assume that (4.18)—(4.21) hold. Then, the
variational inequality (4.17) has a unique solution u € C([0,T]; K).

Corollary 4.16. Let X be a Hilbert space and assume that (4.19)-(4.21) hold. Then there
exists a unique function u € C([0,T]; X) such that

(Au(t),v)x + (Su(t),v)x = (f(t),v)x Vve X, Vtel0,T]. (4.22)

The material presented in this chapter is standard and can be found in many books of
functional analysis. For more information in the field we refer the reader to the books [5],
[16]. Existence, uniqueness and regularity results for nonlinear equations with monotone
operators in Hilbert spaces can be found in [14], [15]. The literature in the study of elliptic
variational inequalities is extensive see for instance the surveys [58], [64], [95] and the references
therein. Interest in variational inequalities originates in mechanical problems, as shown in [29],
where many problems in mechanics and physics are formulated in framework of variational
inequalities. More recent references in the mathematical analysis of variational inequalities
include [6], [48], [50], [68], [95].



Chapter 5

Modelling of Contact Problems

This chapter contains the preliminary material which is needed to introduce the mathematical
models analyzed in Chapters 6-8 of the manuscript.

5.1 Function Spaces in Contact Mechanics

The aim of the first section is to provide the functional spaces with their basic properties in
which the data and the unknowns belong. Thus, it is denoted by R? the d-dimensional real
linear space, and the symbol S¢ is used for the space of second order symmetric tensors on
R? or, equivalently, the space of symmetric matrices of order d. The canonical inner products
and the corresponding norms on R% and S? are given by

w-v=uv;, |v]=@ v)/? Yu=(u),v=(v)ecR

1/2

o1 =0y7j, |Tll=(T-7)* Vo =(oy), T=(n) €S,

respectively. Notation I; will represent the identity operator on R? or, equivalently, the unit
matrix of order d. And, as usual, the zero elements of R? and S? will be denoted by Oga4 and
Oga, respectively.

The following spaces used in the rest of this manuscript are provided.

C™ () — the space of functions whose derivatives up to and including order m are continuous
up to the boundary T’

C°(€) — the space of infinitely differentiable functions up to the boundary T';

C°(€2) — the space of infinitely differentiable functions with compact support in ;

LP(Q2) — the Lebesgue space of p-integrable functions on €2, with the usual modification if
b = 005

LP(T") — the Lebesgue space of p-integrable functions on I'; with the usual modification if
b = 095

LP(T'y) — the Lebesgue space of p-integrable functions on I'y, with the usual modification if
b = 095



LP(T'3) — the Lebesgue space of p-integrable functions on I's, with the usual modification if
b= o0

L} () — the space of locally integrable functions on €;

WP () — the Sobolev space of functions whose weak derivatives of orders m or less are
p-integrable on §2;

H™(Q) = W™2(Q), for positive integer m.

Also, if X represents one of the above spaces the notations X¢ and X2*? are used for the
spaces

Xd:{:c:(q:i) c ;e X, 1<i<d},
XPl={Lg=(v) : vyy=a;;€X,1<i,j<d}
and, in particular, are used the spaces
LX) ={v=(v) : € L*Q), 1<i<d},
Q == LQ(Q)ng == {T = (Tij) . Tij == Tji S L2(Q), 1 S i, ] S d} (52)

These are Hilbert spaces with the canonical inner products

(u, 'U)LQ(Q)d = /

Q

(O’,T)Q—/O'Z'jTijda?—/O'-de,
Q Q

and the associated norms denoted by || - || 12(q)e and || - ||lq, respectively.
The deformation operator e : H'(Q)¢ — @ is defined by

uivid:c:/u-vdx,
Q

e(u) = (gij(w)), eij(w) = 5 (uij + uj;).

The quantity e(u) is the linearized (or small) strain tensor associated with the displacement
u.

Besides the function spaces introduced above specific function spaces for the displacement
and the stress field are provided. Displacements are sought in the space

H Q) ={v=(v): v, e H(Q), 1<i<d}

or its subspaces or subsets, depending on prescribed boundary conditions. The space H' ()¢
is a Hilbert space with the canonical inner product

(u,'v)Hl(Q)d = / (uivi + ui jviz) da,
Q

and the corresponding norm

1/2
memﬂ—péwwﬁwm%ﬁm). (5.3)



For an element v € H'(Q)? its trace v : H'(Q)? — L*(I')% and its normal component and
tangential part on the boundary are defined. Thus,

V,=V-V, VU;=v—U,V. (5.4)
In the study of contact problems, the subspace V of H'(2)? given by

V={veH Q) v=0ae onT;} (5.5)

3 ”

is frequently used. Here, the condition “ v = 0 a.e. on I';” is understood in the sense of trace,
ie. yv =0 a.e. on I';. On the space V the inner product (-, )y

(u,v)y = (e(u),e(v))q, (5.6)

and its induced norm
[v]lv = lle(v)lq (5.7)

are defined. It is showed that there exists a positive constant ¢y, depending on €2, I';, and I's,
such that
H/UHLZ(F?))CI < c¢p ||’UHV VveV. (58)

To define a function space for stress fields which is useful in the study of contact problems
the definition of the divergence of a regular tensor field is extended. Thus, the concept of the
weak divergence is introduced directly.

Definition 5.1. Let o = (0;;) and w = (w;) be such that o;; = 0j; € L _(Q), w; € LL _(Q),
forall1 <i, j <d. Then w is called a weak divergence of o if

/Qaij%‘,j dx = —/sz' pide Vo= (p) € ()"
Using the above definition is defined the space
Qi ={7TeQ: Divr e L*(Q)?}, (5.9)
which is a Hilbert space endowed with the inner product
(0,7)q, = (0,7)q + (Dive, Div 1) 12y

and the associated norm || - ||g,.
This section ends with the definitions of normal component and the tangential part of the
stress field o on the boundary

o, =(ov) v, or=0V—0,V (5.10)

and Green’s formula

/0'~e(v)dx+/ Diva-vdx:/au-vda Vo e HY(Q)?. (5.11)
Q Q T



5.2 Physical Setting and Constitutive Laws

In this section the physical setting of contact process is provided. Also, some constitutive
laws are presented.

First of all, it is assumed that a deformable body occupies, in the reference configuration,
an open bounded connected set  C R? with boundary T', composed of three sets I'y, T's and
T3, with the mutually disjoint relatively open sets I'y, I's and I's. The body is clamped on
I'y. Surface tractions of density f, act on I's and volume forces of density f act in 2. In the
reference configuration the body is in contact on I'g with an obstacle, the so-called foundation.

The general elastic constitutive law

o = Fe(u) (5.12)

is considered, where F is the elasticity operator, assumed to be nonlinear. Also, F depends
on the location of the point and the short-hand notation Fe(u) for F(x,e(u)) is used.
It is assumed that the operator F satisfies the following conditions

(a) F: QxS — 8%
(b) There exists Ly > 0 such that
|F(@.e1) — Flz,e2)]| < Lrller — el
Ve, es €8 ae x el
(c) There exists mz > 0 such that
(F(z,e1) — F(z,€2)) - (€1 — €2) > mr [le1 — &2
VEl, €9 € Sd, a.e. x € €.
(d) The mapping  — F(x,€) is measurable on {2,
for any € € S%.
(e) The mapping « — F(x,0g¢) belongs to Q.

(5.13)

Some particular cases for (5.12), when d = 3, are provided, e.g.,
F(e)=2pe + Atr(e) I,
where A > 0, ;1 > 0 are the Lamé coefficients and tr(e(u)) denotes the trace of the tensor
e(u),
tr(e(u)) = €ii(u).

Also, the general viscoelastic constitutive law with long memory

o(t) = Fe(u(t)) —i—/o R(t — s, e(u(s))) ds, (5.14)

is considered, where the elasticity operator F and the relazation operator R depend on the
location of the point. Also, the operator F satisfies condition (5.13) and the relaxation
operator R is such that
(a) R: Qx [0,T] x S — §¢.
(b) R(a:,t,s) = (T’ijkl(w,t)é'kl) for all e = (sij) S Sd,
te[0,7], a.e. & €. (5.15)
(€) rijrt = it = 15 € C([0,T]; L=(Q)),
1<id,5,k,1 <d.



Using (5.15) the constitutive law (5.14) can be written in the form

t
o(t) = Fe(ul(t)) + / R(t — s)e(uls)) ds. (5.16)
0
At the end of the section the space of fourth order tensor fields Q. is defined by
Qoo ={& = (ijr) : €ijrr = €jirs = epij € L7(Q), 1 < 4,5,k 1 <d}.

More information concerning the elastic and viscoelastic constitutive laws can be found
in [21, 27, 28, 34, 39, 59, 80, 89, 93, 102]. Experimental background and elements of surface
physics which justify some of the contact and frictional boundary conditions can be found in
[49, 67].

5.3 Contact Conditions

In the last section of this chapter the balance equation and the boundary conditions are
presented. It is assumed that the volume forces and surface tractions do not depend on time
and the inertia of the mechanical system is negligible. In other words, the acceleration term
is negligible in the equation of motion and, therefore, the balance equation for the stress field
is

Dive + f; = 0. (5.17)

Equation (5.17) is called the equation of equilibrium. It is satisfied in Q x (0,T) if the process
is time dependent and in € if it is time independent. Here Div is the divergence operator,
that is Dive = (0y55), 0ij; = %UT’;. Equation (5.17) shows that the applied external force f
is fully balanced by the internal forces that are represented by —Div e and is derived from
the principle of momentum conservation.

It is assumed that the body is held fixed on I'y and, therefore,
u=0, (5.18)

which represents the displacement boundary condition. Tt is satisfied in T'; x (0,7) if the
process is time dependent and in I'y if it is time independent. Also, it is supposed that known
tractions of density f, act on the portion I'y thus,

ov = f,. (5.19)

This condition is called the traction boundary condition. It is satisfied in T's x (0,7 if the
process is time dependent and in I'y if it is time independent.

Finally, the various boundary conditions on the contact surface I's are described. These
are divided naturally into the conditions in the normal direction, called contact conditions or
contact laws, and those in the tangential direction, called also frictional conditions or friction
laws. First of all, the normal compliance contact condition is mentioned. This condition
describes a deformable foundation. It assigns a reactive normal pressure that depends on the



interpenetration of the asperities on the body’s surface and those of the foundation. A general
expression for the normal reactive pressure is

-0y, = p(uy), (5.20)

where p is a nonnegative prescribed function which vanishes for negative argument. Con-
dition (5.20) shows that the pressure exerts by the foundation on the body depends on the
penetration.

The following examples of the normal compliance function p are provided:

p(r) = cort, (5.21)

where ¢, > 0 is the surface stiffness coefficient, and v+ = max {r, 0} denotes the positive part
of r;
+ .
crm ifr <a,
= . 5.22
p(r) {c,,a if r > a, ( )

where « is a positive coefficient related to the wear and hardness of the surface. In this case
the contact condition (5.20) means that when the penetration is too large, i.e., when it exceeds
«, the obstacle offers no additional resistance to penetration.

The Signorini contact condition is mentioned. This condition represents an idealization
of the normal compliance in which the foundation is assumed to be perfectly rigid. Thus, the
complementarity form of Signorini contact condition

u, <0, 0,<0, oyu,=0 (5.23)

is mentioned.
Also, the normal compliance condition with unilateral constraint is given by

uy, < g, oy +plu) <0,
{ (uw) (5.24)

(uy — g)(oy +p(uy)) = 0,

where g > 0. This condition is satisfied in I'3 x (0, T") if the process is time dependent and in I's
if it is time independent. It can be interpreted physically in the following way: the foundation
is assumed to be made of a hard material covered by a thin layer of a soft material with
thickness g; the soft material is deformable and allows penetration, which is modeled with
normal compliance; the hard material is rigid and, therefore, it does not allow penetration.
It follows from above that the foundation has an elastic-rigid behavior; the elastic behavior is
given by the layer of the soft material, and the rigid behavior is given by the hard material.

Taking into account that in various situations the reaction of the foundation at the moment
t depends on the history of the penetration and, therefore, it cannot be determinate as a
function of the current value w,(t), it is assumed that the normal stress satisfies a condition
of the form

—o,(t) = /0 b(t — s) u,f (s)ds, (5.25)

in which b represents a given function, the so-called surface memory function.



In the tangential direction only frictionless condition is considered, i.e.,
o =0. (5.26)

The normal compliance contact condition was first introduced in [67] and since then used
in many publications, see, e.g., [49, 51, 52, 60] and references therein. The term normal
compliance was first introduced in [51, 52]. The Signorini condition was first introduced
in [90] and then used in many papers, e.g., [89] and references. Condition (5.24) was first
introduced in [45] and conditions of the form (5.25) were considered in [63] in the study of a
lumped model with contact and friction. More details and information on the friction laws
can be found in the books [39], [89], [93], [95].



Chapter 6

Analysis of a Static Contact
Problem

In this chapter is studied a frictionless contact problem for nonlinear elastic materials. The
process is static and the contact is described with normal compliance and unilateral constraint.

6.1 Problem Statement

In this section is presented the classical formulation of the problem and it is listed the as-
sumptions on the data. Thus, it is considered the following problem.
Problem P. Find a displacement field w : Q — R? and a stress field o : Q@ — S% such that

o = Fe(u) in €, (6.1)

Dive + f; =0 in Q, (6.2)

u=0 on Iy, (6.3)

ov = f, on Do, (6.4)

u, <g, oy +plu,) <0 } — ©5)
(00 + p(u)) (1 — ) =0

o, = on T, (6.6)

where the elasticity operator F satisfies condition (5.13), the body forces and surface tractions
have the regularity
fo€ L* ()7, fy € LX) (6.7)
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and the normal compliance function p is such that

((a) p: g xR — Ry.
(b) There exists L, > 0 such that
Ip(x, 1) — p(x,72)| < Lp [r1 — 12
Vry, r9 € R, a.e. x €I's.
(©) (o, 1) — p(@,72)) (11 —72) > 0 (6.9)
Vry, o € R, a.e. x €T's.
(d) The mapping « — p(x,r) is measurable on I's,
for any r € R.
(e) p(x,r) =0forall r <0, ae. x €I}

To derive the variational formulation of this problem it is introduced the set of admissible
displacements U by
U={veV:vy,<g ae onls} (6.9)

and using the Riesz representation Theorem (4.6) it is defined the element f € V by equality

(f,'v)vz/ﬂfo-'vd:n+ g forvda YveV (6.10)

and the operator P : V — V by equality
(Pu,v)y :/ p(uy)vy,da Yo eV (6.11)
I's

Using the material presented above it is provided the variational formulation of the problem
P,
Problem PV. Find a displacement field w € U such that

(Fe(u),e(v) —e(u))g + (Pu,v—u)y > (f,v—u)y VoelU (6.12)

which represents an elliptic variational inequality of the first kind for the displacement field.

6.2 Existence and Uniqueness

In this section it is proved an existence and uniqueness result for the weak solution, using
arguments of elliptic variational inequalities.

Theorem 6.1. Assume (5.13), (6.7) and (6.8) hold. Then there exists a unique solution
u € U to Problem PV.

6.3 Penalization

In this section the result (6.1) is recovered by using a penalization method. For simplicity, it is
assumed that the function p does not depend on ® € I's, i.e. it is considered the homogeneous



case. In this case assumption (6.8) is written as follows:

(a) p: R — R+7
(b) There exists L, > 0 such that
lp(r1) = p(r2)| < Lylri — 72|, Vri, 2 €R,

(c) (p(r1) —p(r2))(r1 —r2) >0, Vri,r2 €R,
(d) p(r) =0 for all r < 0.

It is introduced the function ¢ which satisfies

(a) q: [g,—l—OO] - R-H
(b) There exists L, > 0 such that
lq(r1) — q(r2)| < Lylry — 12|, Vri, 72> g,

(6.13)

(6.14)

(¢) (g(r1) —q(r2))(r1 —r2) >0, Vri,r2>g, 11 F#72,

(d) q(g9) =0

and for p > 0 is defined the function p, : R — R by

p(r) it r<y,

2= L) +plg) i 7>

The function p,, satisfies condition (6.13), i.e.

(a) Pu - R— R+’
(b) There exists L, > 0 such that

1Du(r1) — pul(re)| < Lylri —re| Vri, r €R,
(©) (pu(r1) —pu(r2))(ri —r2) 20 Vri, mp €R,
(d) pu(r) =0 for all r <O0.

With these notation, it is considered the following contact problem.

Problem P,. Find a displacement field u,, : £} — R? and a stress field o,

Op = fs(u#) in Q7
Dive,+ fo=0 in Q,
u, =0 on I'q,

o v =fy on I'g,

—Ouv = pu(uuu) on I's,

0'/“_ = 0 on FS

(6.15)

(6.16)

: Q — S? such that

6.17
6.18
6.19
6.20
6.21

(
(
(
(
(
(6.22

)
)
)
)
)
)

The difference between problems P and P,, arises in the fact that here the contact condition
with normal compliance and unilateral constraint (6.5) is replaced with the contact condition
with normal compliance (6.21). In this condition u represents a penalization parameter which



may be interpreted as a deformability of the foundation, and then % is the surface stiffness
coefficient. Indeed, when g is smaller the reaction force of the foundation to penetration
is larger and so the same force will result in a smaller penetration, which means that the
foundation is less deformable. When g is larger the reaction force of the foundation to
penetration is smaller, and so the foundation is less stiff and more deformable.

Using arguments similar to those used in the study of Problem P the following variational
formulation of Problem P, is obtained.

Problem PL/. Find a displacement field w, € V' such that

(Fe(uy),e(v))g + (Puuy,v)y = (f,v)y VveV. (6.23)

Here the operator P, : V' — V is defined by

(Pyu,v)y = / pu(uy)vyda Vu,veV. (6.24)
I's
In the rest of the section the following existence, uniqueness and convergence result is
proved.

Theorem 6.2. Assume (5.13), (6.7) and (6.16). Then:
1) For each p > 0 there exists a unique solution w, € V' to Problem PX.
2) There exists a unique solution w € U to Problem PV .
3) The solution wu, of Problem 77){ converges strongly to the solution w of Problem PV,
i.€.
u,—u in V as pu—0. (6.25)

The proof of Theorem 6.2 is carried out in several steps and it is based on arguments similar
to those used in [95] in the study of the Signorini contact problem. Original contributions in
this proof consist to handle the nonlinear term involving the operator P. This leads to some
new mathematical difficulties.

The convergence result in Theorem 6.2 is extended to the weak solution of the correspond-
ing contact problems P and P,. Thus, it is showed that

lo,—ollg, — 0 as pu— 0. (6.26)

In addition to the mathematical interest in the convergence result (6.25), (6.26), it is
important from the mechanical point of view, since it shows that the weak solution of the
elastic contact problem with normal compliance and unilateral constraint may be approached
as closely as one wishes by the solution of the elastic contact problem with normal compliance
with a sufficiently small deformability coefficient.

6.4 Numerical Solution

In this section the numerical solution of the contact problem P is provided.



6.5 Numerical Example

The chapter ends with numerical simulations which validate the convergence result described
in the penalization method.

In writing this chapter some ideas in [95] were used. There, the Signorini contact problem
for nonlinear elastic materials was considered and its unique solvability was proved by using a
penalization method. The originality in this chapter arises in the fact that the results in [95]
are extended to the case when the Signorini condition is replaced with the normal compliance
condition with unilateral constraint. The contents of this chapter will make the object of the
forthcoming paper [8].



Chapter 7

Analysis of a Quasistatic Contact
Problem

In this chapter is studied a frictionless contact problem for nonlinear elastic materials. In
contrast with the problem in Chapter 6, the process is quasistatic and the contact is modeled
with normal compliance and memory term.

7.1 Problem Statement

In this section is presented the classical formulation of the problem and the assumptions on
the data are listed . Thus, the following problem is considered.

Problem Q. Find a displacement field u : 2x [0, T] — R? and a stress field o : Qx[0,T] — S?
such that, for eacht € [0,T],

o(t) = Fe(u(t)) in Q, (7.1)

Dive(t)+ fo(t) =0 in (7.2)

u(t)=0 on Ty, (7.3)

o(t)y = fo(t) on To, (7.4)

o (t) + plus(t)) + /0 “bt— shut(s)ds=0  on Ts, (7.5)
o.(t)=0 on T, (7.6)

where the elasticity operator F satisfies condition (5.13), the body forces and surface tractions
have the regularity

Fo € C(O.THLHQ)?),  fa € C(0,T]; LA(I2)?), (7.7)
the normal compliance function p verifies (6.8) and the surface memory function satisfies

b e C([0, T]; L®(T'3)). (7.8)
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The novelty consists in condition (7.5) which shows that the contact follows a normal
compliance condition with memory term. At the moment ¢, the reaction of the foundation
depends both on the current value of the penetration (represented by the term p(u,(t))) as
well as on the history of the penetration (represented by the integral term).

As in Chapter 6 it is provided the variational formulation of the problem Q,

Problem QY. Find a displacement field w : [0,T] — V such that, for all t € [0,T], the
equality below holds

u(t) €V, (Fe(u(t)),e(v))q + (p(un(t)), vu)r2(ry)

t
—|—(/0 b(t — s)u (s)ds, vl,> £3a)
= (fo(t),v) 2y + (F2(t),v)2ry)e VO EV (7.9)

which represents a nonlinear variational equation for the displacement field involving a Volterra
type integral term.

7.2 Existence and Uniqueness

In this section the following existence and uniqueness result is presented.

Theorem 7.1. Assume that (5.13), (6.8), (7.7) and (7.8) hold. Then, Problem Q" has a
unique solution which satisfies u € C([0,T]; V).

Theorem 7.1 provides the unique weak solvability of Problem Q. Moreover, the regularity
of the weak solution is w € C([0,T]; V), o € C([0,T]; @Q1)-

7.3 A Continuous Dependence Result

In this section the dependence of the solution with respect to the data is studied and a
convergence result is proved. To this end, for each p > 0, py, by, fo, and f,, are considered
perturbations of p, b, f, and f, which satisfy conditions (6.8), (7.8), (7.7), and the following
variational problem is considered.

Problem Q:)/. Find a displacement field u, : [0,T] — V such that, for all t € [0,T], the
equality below holds:

up(t) €V, (Fe(up(t), e(v))q + (pp(upm (1)), v0) L2(ry)

t
+</0 by(t — s)u;“,/(s) ds, UV)L2(F3)
= (Fop(t), V) 2(pa + (F2,(t), V) 2(rp)e YV EV, (7.10)

where uy, represents the normal component of the function w,,.



Using the following assumptions on the data

b, — b in C([0,T];L>(I's)) as p—0, (7.11)
fo,— fo in C(0,T;L*()%) as p—0, (7.12)
fop— fo in C([0,T];L*(T2)%) as p—0. (7.13)

There exists G : Ry — R4 and § € Ry such that

(@) [pp(z, 7) = p(2,7)| < G(P)(Ir| + B)
Vr e R, a.e. x € I's, for each p > 0, (7.14)

(b) lim G(p) = 0.
p—0
the following convergence result is proved.

Theorem 7.2. Under assumptions (7.11)—~(7.14) the solution u, of Problem QX converges to
the solution w of Problem QV, i.e.

u,—uw in  C(0,T;V) as p—0. (7.15)
The convergence result in Theorem 7.2 is extended to the corresponding stress function, i.e.

o,— 0o in C(0,T];Q1) asp—0. (7.16)

In addition to the mathematical interest in the convergence result (7.15), (7.16), it is of
importance from mechanical point of view, since it states that the weak solution of problem
(7.1)~(7.6) depends continuously on the normal compliance function, the surface memory
function and the densities of body forces and surface tractions.

7.4 Numerical Examples

The chapter ends with numerical simulations, for one-dimensional and bi-dimensional exam-
ples, which validate the convergence result. The results of this chapter are original and will
be included in [74]. The numerical results were published in [11].



Chapter 8

Analysis of a Viscoelastic Contact
Problem

In this chapter a frictionless contact problem for nonlinear viscoelastic materials is studied.
In contrast with the problems in Chapter 6 and Chapter 7, the process is quasistatic, the
material behavior is described with a viscoelastic constitutive law with long memory and the
contact is modeled with normal compliance, memory term and unilateral constraint.

8.1 Problem Statement

The chapter begins with the classical formulation of the problem and the assumptions on the
data. Thus, the following problem is considered.

Problem M. Find a displacement field w : Q x [0, T] — R? and a stress field o : Q x [0,T] —
S such that, for each t € [0,T],

o(t) = Fe(ult)) + /0 R(t— s)e(u(s)ds i 9, (8.1)
Divo(t)+ fo(t) =0 in Q, (8.2)
u(t)=0 on I, (8.3)
o(t)v = fot) on Iy, (8.4)
uy(t) < g,
7u(8) + plun(t) + [ bt = s)uf (s)ds <0,

0 on Iy, (8.5)

(u(t) = 9) (0(8) + p(un (1))

— S qu s|jas | =

+/Ob(t Juf (s)ds) =0

o-(t)=0 on T, (8.6)

where the elasticity operator F verifies (5.13), the relaxation operator R satisfies (5.15), g > 0
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is a given bound for the normal displacement, the surface memory function b has the regularity
(7.8), the normal compliance function p verifies

(a) p: R— R-‘ra
(b) There exists L, > 0 such that
Ip(r1) = p(r2)| < Lylri —7ra| V71, 72 €R, (8.7)

(c) (p(r1) = p(r2))(r1 —r2) 20 Vry, ra €R,
(d) p(r) =0 for all r < 0.

and the body forces and the traction forces have the regularity (7.7).
Using similar arguments as in Chapter 6 and Chapter 7 the following variational formu-
lation of Problem M is derived.

Problem M. Find a displacement field w : [0,T] — V such that the inequality below holds,
for allt € [0,T7:

u(t) €U, (Fe(u(t)),e(v) —e(u(t))q

([ R(L 9)e(u(s)) ds,e(w) — efult)

+(p(uy(t)), vy — uy (t))L2(F3)

-|-</0t b(t — s)u,; (s)ds, v, — Uu(t)>

L2(T3)
> (fo(t),v —u(t)) 2
+(f2(t),v — u(t))Lz(F2)d Vv eU, (88)

which represents an evolutionary variational inequality for the displacement field which in-
volves two Volterra integral terms.

8.2 Existence and Uniqueness

In the study of the problem MV the following existence and uniqueness result is presented.

Theorem 8.1. Assume that (5.13), (5.15), (7.7), (7.8) and (8.7) hold. Then, Problem M"
has a unique solution which satisfies w € C([0,T]; V).

Theorem 8.1 provides the unique weak solvability of Problem M. Moreover, the regularity
of the weak solution is w € C([0,T]; V), o € C([0,T]; @Q1)-
8.3 A First Convergence Result

In this section the dependence of the solution of Problem MV with respect to perturbations
of the data is studied. To this end, the following variational problem is considered.



Problem MX. Find a displacement field w, : [0,T] — V such that, for all t € [0,T], the
inequality below holds :

w(t) €U, (Fe(uy(t)),(0) -~ e(usp(t))g
/ Ryt — $)e(aug(s)) ds. (o) — e(aug(1)))
+(pp(upu(t))’ Vy — Upy (t))LQ (T'3)

+(/Otbp(t—s) () ds, v, — (1))

Q

L2(T3)

2 (fo(1), v — up(t)) L2 ()
+(f2p(t),v — up(t))Lz(FQ)d Vv eU, (8.9)

where, for each p > 0, R, pp, by, fo, and fy, are perturbations of R, p, b, f( and f, which
satisfy conditions (5.15), (8.7), (7.8) and (7.7), respectively.
Using the following assumptions:

R,— TR in C([0,T]; Q) as p—0,
b, = b in C([0,
f()p—>fo in C(

f2p—>f2 in C([0,

and the functions p, and p verify (7.14), the following convergence result is provided.

Theorem 8.2. Under assumptions (7.14), (8.10)—(8.13), the solution wu, of Problem MZ
converges to the solution uw of Problem MYV, i.e.

u,—u in C(0,T)V) as p—0. (8.14)

The convergence result in Theorem 8.2 is extended to the corresponding stress functions,
i.e.
o,— o in C([0,T];Q1) as p — 0. (8.15)

In addition to the mathematical interest in the convergence result (8.14), (8.15), it is of
importance from mechanical point of view, since it states that the weak solution of problem
(8.1)—(8.6) depends continuously on the relaxation operator, the normal compliance function,
the surface memory function and the densities of body forces and surface tractions.

8.4 A Second Convergence Result

A convergence result in the study of Problem M, based on the penalization of the unilateral
constraint is provided in this section. To this end, the following contact problem is considered.



Problem M. Find a displacement field w, : Q x [0,T] — R? and a stress field o,
Q x [0,T] — S? such that, for all t € [0,T],

o u(t) = Fe(un(t) + /O "Rit— s)e(up(s)ds  in 9, (8.16)
Dive,(t)+ fot) =0 in  Q (8.17)

w,()=0 on T\, (8.18)

ou(tw = fof)  on T, (8.19)

() = pp () + /0 bt —s)ut,(s)ds  on Ts, (8.20)
ou()=0 on Ty, (8.21)

where p, : R — R defined by (6.15) satisfies condition (6.16).

The difference between problems M and M, arises in the fact that here the contact
condition with normal compliance, memory term and unilateral constraint (8.5) is replaced
with the contact condition with normal compliance and memory term (8.20). In this condition
1 represents a penalization parameter, as discussed in Chapter 6.

Using similar arguments to those used in the study of Problem M the following variational
formulation of Problem M, is obtained.

Problem ./\/ll‘f Find a displacement field w,, : [0,T] — V such that the equality below holds,
for all t € [0,T7:

(Fe(uu(t)),e(v))g + (/0 R(t — s)e(uu(s))ds, s(v))Q

+(Pu(uuw (8)); vo) L2(rg) + (/0 b(t = 8y (5) ds’””>L2(r3)

= (Fo(t),v)r2)a + (F2(t), V) p2ryye YV EV. (8.22)

In the rest of the section the following existence, uniqueness and convergence result is
proved.

Theorem 8.3. Assume that (5.13), (5.15), (7.8), (7.7), (8.7) and (6.14) hold. Then:
1) For each yu > 0 Problem M, has a unique solution which satisfies u, € C([0,T];V).

2) The solution w, of the Problem ML/ converges to the solution u of the Problem MYV,
that s

() = u(t)[y — 0 (8.23)
as p— 0, for all t € [0,T].

The convergence result in Theorem 8.3 is extended to the weak solution of the correspond-
ing contact problems M and M. Thus, it is showed that



lou(t) —o(t)|g, — 0 as p— 0. (8.24)

In addition to the mathematical interest in the convergence result (8.23), (8.24), it is
important from the mechanical point of view, since it shows that the weak solution of the
viscoelastic contact problem with normal compliance memory term and unilateral constraint
may be approached as closely as one wishes by the solution of the viscoelastic contact problem
with normal compliance and memory term, with a sufficiently small deformability coefficient.

8.5 Numerical Example

The chapter ends with numerical simulations which validate the convergence results obtained
in Theorem 8.2 and Theorem 8.3.

The material presented in the sections of this chapter is original and has made the object
of our paper [97]. Other references on quasistatic contact problems involving viscoelastic
materials with long memory include [85, 86, 87].



Bibliography

1]
2]

R.A. Adams, Sobolev Spaces, Academic Press, New York, 1975.

P. Alart and A. Curnier, A mixed formulation for frictional contact problems prone to
Newton like solution methods, Computer Methods in Applied Mechanics and Engineering
92 (1991), 353-375.

O. Agratini, I. Chiorean, Gh. Coman, R. Trimbitas, Numerical Analysis and Approzima-
tion Theory, Vol. III, Presa Universitara Clujeana, 2002 (in Romanian).

U. Ascher, L. R. Petzold, Computer Methods for Ordinary Differential Equations and
Differential-Algebraic Equations, Lecture Notes, 1997.

K. Atkinson, W. Han, Theoretical Numerical Analysis: A Functional Analysis Frame-
work, Texts in Applied Mathematics 39, Springer, New York, 2001.

C. Baiocchi, A. Capelo, Variational and Quasivariational Inequalities: Applications to
Free-Boundary Problems, John Wiley, Chichester, 1984.

M. Barboteu, A. Matei, M. Sofonea, Analysis of quasistatic viscoplastic contact problems
with normal compliance, Quarterly Jnl. of Mechanics and App. Maths., submitted.

M. Barboteu, F. Patrulescu, M. Sofonea, Analysis of an elastic contact problem with
normal compliance and unilateral constraint (in preparation).

M. Barboteu, F. Patrulescu, A. Ramadan, M. Sofonea, On the behavior of the so-
lution to a viscoplastic contact problem, Proceedings of the 7th Congress of Romanian
Mathematicians, Bragov, 2011.

M. Barboteu, F. Patrulescu, A. Ramadan, M. Sofonea, History-dependent contact
models for viscoplastic materials, The IMA Journal of Applied Mathematics (submitted).

M. Barboteu, A. Ramadan, M. Sofonea, F. Patrulescu, An elastic contact problem
with normal compliance and memory term, Machine Dynamics Research (accepted for
publication).

V. Barbu, Nonlinear Semigroups and Differential Equations in Banach Spaces, Editura
Academiei, Bucuresti, 1976.

27



[13]

[14]

[15]

[16]
[17]

18]

F. Brauer, H. Nohel, The Qualitative Theory of Ordinary Differential Equations, Dover
Publications, New York, 1989.

H. Brézis, Equations et inéquations non linéaires dans les espaces vectoriels en dualité,
Ann. Inst. Fourier 18 (1968), 115-175.

H. Brézis, Opérateurs mazimaux monotones et semi-groupes de contractions dans les
espaces de Hilbert, Mathematics Studies, North Holland, Amsterdam, 1973.

H. Brézis, Analyse fonctionnelle-Théorie et applications, Masson, Paris, 1987.

J. C. Butcher, Numerical Methods for Ordinary Differential Equation Second Edition,
John Wiley & Sons, Inc., 2008.

M. Calvo, D. J. Higham, J. I. Montijano, L. Réandez, Stepsize selection for tolerance

proportionality in explicit Runge-Kutta codes, Advances in Computational Mathematics,
7 (1997), 361-382.

E. Catinag, Methods of Newton and Newton-Krylov Type, Risoprint, Cluj-Napoca, 2007.

E. Catinag, On some iterative methods for solving nonlinear equations, Rev. Anal. Numér.
Théor. Approz., 23, no. 1 (1994), 47-53.

P.G. Ciarlet, Mathematical Elasticity, Volume I: Three Dimensional Elasticity, Studies
in Mathematics and its Applications 20, North-Holland, Amsterdam, 1988.

Gh. Coman, Analiza Numericd, Libris, Cluj-Napoca, 1995.

M. Crouzeix, A. L. Mignot, Analyse numérique des equations différentielles, Masson,
Paris, 1989.

G. Dahlquist, Aspecial stability problem for linear multistep methods, BIT, 3 (1963),
27-43.

G. Dahlquist, A. Bjork, Numerical Methods, Dover Publication, Inc., New-York, 2003.
J. W. Demmel, Applied Numerical Linear Algebra, 1996.
I. Doghri, Mechanics of Deformable Solids, Springer, Berlin, 2000.

A.D. Drozdov, Finite Elasticity and Viscoelasticity—A Course in the Nonlinear Mechan-
ics of Solids, World Scientific, Singapore, 1996.

G. Duvaut, J.-L. Lions, Inequalities in Mechanics and Physics, Springer-Verlag, Berlin,
1976.

C. Eck, J. Jarusek, M. Krbe¢, Unilateral Contact Problems: Variational Methods and
Ezistence Theorems, Pure and Applied Mathematics 270, Chapman/CRC Press, New
York, 2005.



[31]

[32]

A. Farcag, F. Patrulescu, M. Sofonea, A history-dependent contact problem with uni-
lateral constraint, Ann. Acad. Rom. Sci. Ser. Math. Appl. 4, no. 1 (2012), 90-96.

G. Fichera, Problemi elastostatici con vincoli unilaterali. II. Problema di Signorini con
ambique condizioni al contorno, Mem. Accad. Naz. Lincei, S. VIII, Vol. VII, Sez. I, 5
(1964) 91-140.

C. W. Gear, Numerical Initial Value Problems in Ordinary Differential Equations,
Prentice-Hall, Inc., New-Jersey, 1971.

P. Germain, P. Muller, Introduction a la mécanique des milieux continus, Masson, Paris,
1980.

C. I. Gheorghiu, Numerical Methods for Dynamical Systems, Scientific Book Publishing
House, Cluj-Napoca, 2004 (in Romanian).

E. Hairer, S. P. Norsett, G. Wanner, Solving Ordinary Differential Equations I Nonstiff
Problems, Springer-Verlag, Berlin Heidelberg, 2008.

E. Hairer, G. Wanner, Solving Ordinary Differential Equations 11 Stiff and Differential—
Algebraic Problems, Springer-Verlag, Berlin Heidelberg, 1991.

A. Halanay, Differential Equations: Stability, Oscilations, Time Lags, Academic Press,
New-York and London, 1966.

W. Han, M. Sofonea, Quasistatic Contact Problems in Viscoelasticity and Viscoplastic-
ity, Studies in Advanced Mathematics 30, American Mathematical Society—International
Press, 2002.

P. Hartman, Ordinary Differential Equations, John Wiley & Sons, Inc., 1964.

J. Haslinger, I. Hlavacek, J. Nec¢as, Numerical methods for unilateral problems in solid
mechanics, Handbook of Numerical Analysis, Vol. IV, P.G. Ciarlet and J.-L. Lions, North-
Holland, Amsterdam, 1996, 313—485.

P. Henrici, Discrete Variable Methods in Ordinary Differential Equations, John Wiley &
Sons, Inc., New-York, 1962.

L.R. Ionescu, M. Sofonea, Functional and Numerical Methods in Viscoplasticity, Oxford
University Press, Oxford, 1993.

E. Isaacson, H. B. Keller, Analysis of numerical methods, Dover Publications, Inc., New-
York, 1993.

J. Jarusek, M. Sofonea, On the solvability of dynamic elastic-visco-plastic contact prob-
lems, Zeitschrift fir Angewandte Mathematik und Mechanik (ZAMM) 88 (2008), 3—22.

H. B. Khenous, P. Laborde, Y. Renard, On the discretization of contact problems in
elastodynamics, Lecture Notes in Applied Computational Mechanics 27 (2006), 31-38.



[47]

[48]

[49]

[50]

[51]

H. B. Khenous, J. Pommier, Y. Renard, Hybrid discretization of the Signorini problem
with Coulomb friction. Theoretical aspects and comparison of some numerical solvers,
Applied Numerical Mathematics 56 (2006), 163-192.

N. Kikuchi, J.T. Oden, Theory of variational inequalities with applications to problems
of flow through porous media, Int. J. Engng. Sci. 18 (1980), 1173-1284.

N. Kikuchi, J.T. Oden, Contact Problems in Elasticity: A Study of Variational Inequal-
ities and Finite Element Methods, STAM, Philadelphia, 1988.

D. Kinderlehrer, G. Stampacchia, An Introduction to Variational Inequalities and their
Applications, Classics in Applied Mathematics 31, SIAM, Philadelphia, 2000.

A. Klarbring, A. Mikeli¢, M. Shillor, Frictional contact problems with normal compliance,
Int. J. Engng. Sci. 26 (1988), 811-832.

A. Klarbring, A. Mikeli¢, M. Shillor, On friction problems with normal compliance, Non-
linear Analysis 13 (1989), 935-955.

A.J. Kurdila, M. Zabarankin, Convezr Functional Analysis, Birkhéuser, Basel, 2005.

J. D. Lambert, Numerical Methods for Ordinary Differential Systems-The Initial Value
Problem, John Wiley & Sons, Inc., 1990.

J. D. Lambert, On the local error and local truncation error of linear multistep methods,
BIT, 30 (1990), 673-681.

T. Laursen, Computational Contact and Impact Mechanics, Springer, Berlin, 2002.
J.-L. Lions, E. Magenes, Problémes auz limites non-homogénes I, Dunod, Paris, 1968.

J.-L. Lions, Quelques méthodes de résolution des problémes auzr limites non linéaires,
Gauthiers-Villars, Paris, 1969.

L.E. Malvern, Introduction to the Mechanics of a Continuum Medium, Princeton-Hall,
Inc, New Jersey, 1969.

J.A.C. Martins, J.T. Oden, Existence and uniqueness results for dynamic contact prob-
lems with nonlinear normal and friction interface laws, Nonlinear Analysis TMA 11
(1987), 407-428.

J.A.C. Martins, M.D.P. Monteiro Marques, eds., Contact Mechanics, Kluwer, Dordrecht,
2002.

R. Matheij, J. Molenaar, Ordinary Differential Equations in Theory and Practice, STAM,
2002.

S. Migérski, A. Ochal, M. Sofonea, Analysis of lumped models with contact and friction,
Journal of Applied Mathematics and Physics (ZAMP) 62 (2011), 99-113.



[64]

[65]

[66]

[67]

[68]

[69]

[74]

[75]

[76]

[77]

78]

U. Mosco, Nonlinear operators and the calculus of variations, Lecture Notes of Mathe-
matics 543, (1975), 83-156.

J. Necas, Les méthodes directes en théorie des équations elliptiques, Academia, Praha,
1967.

J. Necas, 1. Hlavacek, Mathematical Theory of Elastic and Elastico-Plastic Bodies: An
Introduction, Elsevier Scientific Publishing Company, Amsterdam, Oxford, New York,
1981.

J.T. Oden, J.A.C. Martins, Models and computational methods for dynamic friction
phenomena, Computer Methods in Applied Mechanics and Engineering 52 (1985), 527—
634.

P.D. Panagiotopoulos, Inequality Problems in Mechanics and Applications, Birkhauser,
Boston, 1985.

P. D. Panagiotopoulos, Hemivariational Inequalities, Applications in Mechanics and En-
gineering, Springer-Verlag, Berlin, 1993.

F. Patrulescu, Steffensen type methods for approximating solutions of differential equa-
tions, Stud. Univ. Babes-Bolyai Math., 56, no. 2 (2011), 505-513.

F. Patrulescu, A numerical method for the solution of an autonomous initial value
problem, Carpathian J. Math., 28 (2012), 289-296.

F. Patrulescu, A class of numerical methods for autonomous initial value problems,
Rev. Anal. Numér. Théor. Approzx. (accepted for publication).

F. Patrulescu, A. Farcag, M. Sofonea, A viscoplastic contact problem with normal
compliance, unilateral constraint and memory term, Advances in Applied Mathematics
and Mechanics (submitted).

F. Patrulescu, A. Ramadan, Converge Results for Contact Problems with Short Mem-
ory (in preparation).

1. Pavaloiu, On the monotonicity of the sequences of approximations obtained by Stef-
fensen’s method, Mathematica, 35(58), no. 1 (1993), 71-76.

1. Pavaloiu, Bilateral approximation for the solution of scalar equations, Rev. Anal.
Numér. Théor. Approz., 23, no. 1 (1994), 95-101.

I. Pavaloiu, Approximation of the roots of equations by Aitken-Steffensen-type monotonic
sequences, Calcolo, 32 (1995), 69-82.

I. Pavaloiu, On an approxiation formula, Rev. Anal. Numér. Théor. Approz., 26, no. 1-2
(1997), 179-183.



[79]

[80]

[81]

[82]

[83]

[84]

[85]

I. Pavaloiu, Aitken-Steffensen type methods for nonsmooth functions (III), Rev. Anal.
Numér. Théor. Approx., 32, no. 1 (2003), 73-77.

A. C. Pipkin. Lectures in Viscoelasticity Theory, Applied Mathematical Sciences 7,
George Allen & Unwin Ltd., London, Springer-Verlag, New York, 1972.

R. Precup, Differential Equations, Risoprint, Cluj, 2011. (in Romanian)

A. Quarteroni, R. Sacco, F. Saleri, Numerical Mathematics, Springer-Verlag, New York,
2000.

A. Ralston, Runge-Kutta methods with minimum error bounds, Math. Comp., 16, no.
80 (1962), 431-437.

M. Raous, M. Jean, J.J. Moreau, eds., Contact Mechanics, Plenum Press, New York,
1995.

A. D. Rodriguez—Aros, M. Sofonea, J. M. Viafnio, A class of evolutionary variational
inequalities with Volterra-type integral term, Math. Models Methods Appl. Sci. 14 (2004),
555-577.

A. D. Rodriguez—Aros, M. Sofonea, J. M. Viafio, Numerical approximation of a viscoelas-
tic frictional contact problem, C. R. Acad. Sci. Paris, Sér. II Méc. 334 (2006), 279-284.

A. D. Rodriguez—Aros, M. Sofonea, J. M. Vianio, Numerical analysis of a frictional contact
problem for viscoelastic materials with long-term memory, Numerische Mathematik 198
(2007), 327-358.

M. Shillor, ed., Recent advances in contact mechanics, Special issue of Math. Comput.
Modelling 28 (4-8) (1998).

M. Shillor, M. Sofonea, J.J. Telega, Models and Analysis of Quasistatic Contact, Lecture
Notes in Physics 655, Springer, Berlin, 2004.

A. Signorini, Sopra alcune questioni di elastostatica, Atti della Societa Italiana per il
Progresso delle Scienze, 1933.

M. Sofonea, C. Avramescu, A. Matei, A fixed point result with applications in the study of
viscoplastic frictionless contact problems, Communications on Pure and Applied Analysis
7 (2008), 645-658.

M. Sofonea, W. Han, M. Shillor, Analysis and Approximation of Contact Problems with
Adhesion or Damage, Pure and Applied Mathematics 276, Chapman-Hall/CRC Press,
New York, 2006.

M. Sofonea, A. Matei, Variational Inequalities with Applications. A Study of Antiplane
Frictional Contact Problems, Advances in Mechanics and Mathematics 18, Springer, New
York, 2009.



[94] M. Sofonea, A. Matei, History-dependent quasivariational inequalities arising in Contact
Mechanics, Furopean Journal of Applied Mathematics 22 (2011), 471-491.

[95] M. Sofonea, A. Matei, Mathematical Models in Contact Mechanics, London Mathematical
Society Lecture Notes, Cambridge University Press 398, Cambridge, 2012.

[96] M. Sofonea, Y. Ouafik, A piezoelectric contact problem with normal compliance, Appli-
caciones Mathematicae 32 (2005), 425-442.

[97] M. Sofonea, F. Patrulescu, Analysis of a history-dependent frictionless contact problem,
Mathematics and Mechanics of Solids, DOI: 10.1177/1081286512440004.

[98] M. Sofonea, A. D. Rodriguez—Aros, J. M. Viano, A class of integro-differential varia-
tional inequalities with applications to viscoelastic contact, Mathematical and Computer
Modelling 41 (2005), 1355-1369.

[99] D. D. Stancu, Gh. Coman, O. Agratini, R. Trimbitas, Analizd numericd si teoria
aproximarii, Vol. I, Presa universitara Clujeana, 2001 (in Romanian).

[100] D. D. Stancu, Gh. Coman, P. Blaga, Analiza numerica si teoria aprozimarii, Vol. 11,
Presa universitara Clujeana, 2002 (in Romanian).

[101] M. Serban, Differential Equations and Systems of Differential Equations, Cluj University
Press, 2009. (in Romanian)

[102] R. Temam, A. Miranville, Mathematical Modeling in Continuum Mechanics, Cambridge
University Press, Cambridge, 2001.

[103] J. F. Traub, Iterative Methods for the Solution of Equations, Prentice-Hall, Inc., Engle-
wood Cliffs, N.J., 1964.

[104] P. Wriggers, P.D. Panagiotopoulos, eds., New Developments in Contact Problems,
Springer-Verlag, Wien, New York, 1999.

[105] P. Wriggers, Computational Contact Mechanics, Wiley, Chichester, 2002.

[106] P. Wriggers, U. Nackenhorst, eds., Analysis and Simulation of Contact Problems, Lec-
ture Notes in Applied and Computational Mechanics 27, Springer, Berlin, 2006.



