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Introduction

Mathematical optimization (alternatively, mathematical programming or optimization) rep-
resents a vast area of research in mathematics, which consists to maximize or minimize an objective
function by some conditions called constraints. Semi-infinite programming (SIP) is a subclasses of
optimization and probably one of the oldest branches of mathematical programming. It contains
convex and nonconvex optimization problems.

In 1924, we can found the first description of semi-infinite programming as Chebyshev
approximation, but the name was coined in 1962 by Charnes, Cooper and Kortanek, in papers
(see, [14], [15], [16]), about linear semi-infinite programming.

Semi-infinite programming is an optimization problem characterized by a finite number
of variables and an infinite number of constraints, or an infinite number of variables and a finite
number of constraints, so is the name semi-infinite. In last decades, the area of semi-infinite pro-
gramming is very well developed in terms of theoretical and practical results. We mention for an
introduction to (SIP) the paper by Hettich and Kortanek [36], for linear semi-infinite optimiza-
tion and algorithms (see, [31], [65]), for numerical methods [37] and for standard and generalized
semi-infinite programming (see, [34], [84]). In 1973, Kortanek and Gustafson, developed the first
numerical methods for (SIP) in [35]. There were several authors that investigated applications to
approximation problems and numerical methods: Hettich and Zencke [37], Fiacco and Kortanek
[27], Tichatschke [86], Glashoff and Gustafson [30].

This area of semi-infinite programming has many applications in various fields of mathemat-
ics, engineering and economics, such as: air pollution control [88] solved by discretization methods
(see, [38], [39], [78]), reverse Chebyshev approximation [42], portfolio problem [54], optimal layout
of an assembly line [89], problems of manoeuvrability of robots [40], time minimal control (see,
[50], [52]), statistics [19], system and control [31], design centering (see, [33], [43], [64], [66]), iden-
tification of regression models, dynamics of networks in the presence of uncertainty [90], robust
optimization (see, [5], [87]), transportation problems, fuzzy sets, cooperative games (see, [36], [67]),
gemstone cutting [51].

The notion of duality in semi-infinite programming, has its roots in the theory of uniform
approximation of functions, in the classical theory of moments and in the theory of systems of
linear inequalities. There exists an extensive literature on duality of convex (SIP) problems. We
can mention here: an approach based on conjugate duality [82], a Mond-Weir dual problem for
a nonlinear semi-infinite programming problem using the concepts of generalized semilocally type
I-preinvex functions [46], augmented Lagrange multipliers [81] or other approaches (see, [3], [4], [7],
8], [10], [28]).

The reader can find other researches for semi-infinite optimization problems in (see, [13],



[21], [29], [44]).

This thesis consists of five chapters, which are briefly presented in the following lines.

Chapter 1, entitled Preliminary notions and results, contains the most important defini-
tions and results from convex analysis and vector optimization.

Chapter 2, is dedicated to a convex-concave semi-infinite optimization problem whose
objective function is convex while the constraint is convex-concave. In this chapter, to solve the
optimization problem, we attach to it a dual problem which provide information about optimal
solution of original problem. We consider four dual problems related to our semi-infinite optimiza-
tion problem and we have established duality relations between them. In the case of weak duality,
the optimal value of original problem is greater than or equal to each of the optimal values of
considered dual problems. Strong duality, namely that the optimal value of the original problem is
equal with the optimal value of the dual problems, achieved under different convexity assumptions
and regularity conditions often called constraint qualifications.

In Section 2.1, we introduce a new dual type called (D;). We establish relations between
this dual and other three dual problems which are known in the literature. Weak duality is also
established. To study strong duality, the dual problems (D2), (D3) are reformulated and we obtain
three duals (Ds), (Ds), (Dy).

In Section 2.2, we present some numerical results of our theoretical part, using Matlab
program to find the optimal value of a problem.

The author’s original contributions are presented below: Propositions: 2.1.1, 2.1.2, 2.1.5,
2.1.6, 2.1.9, 2.1.10, Examples: 2.2.1, 2.2.2, 2.2.3. Remarks: 2.1.7, 2.1.8.

The results of this area of research are included in the following paper: [76].

In Chapter 3, we consider a semi-infinite optimization problem and we propose to attach
an n-approximated semi-infinite optimization problem, whose solutions will provide information
about the optimal solutions of the original problem.

The idea of p-approximation a nonlinear mathematical programming problem appeared in
papers (see, [1], [22]), in the case where index sets T" and S are finite. This method was constructed
by Antczak and was called n-approximated method. The novelty of results obtained in this chapter
is that it is not require that the index sets T" and .S to be compact.

In Section 3.1, we constructed for a semi-infinite optimization problem, three first order
n-approximated semi-infinite optimization problems. Then we establish connections between the
feasible solutions of the original problem and the feasible solutions of (0, 1) —n approximated semi-
infinite optimization problem and the feasible solutions of the original problem and the feasible
solutions of (1,1) — n approximated semi-infinite optimization problem. Some examples illustrat-
ing theoretical notions presented. In the next three subsections, the connections studied refers to
the optimal solutions of (1,0) — n approximated semi-infinite optimization problem, (0,1) — n ap-
proximated semi-infinite optimization problem, (1,1) — n approximated semi-infinite optimization
problem and the optimal solutions of original optimization problem. New results and examples are
presented to establish the conditions when an optimal value of original problem is 7 < ” or ” > 7
then the optimal value of Problem (P ;). In the last part of this section, connections between
optimal solutions of first order n-approximated semi-infinite optimization problems are formulated.

In Section 3.2, we deal with the same optimization problem and we constructed five sec-
ond order n-approximated semi-infinite optimization problem. Other new connections between:



the feasible solutions of second order n-approximated semi-infinite optimization problems and the
feasible solutions of the original problem, feasible solutions of first order n-approximated semi-
infinite optimization problems and feasible solutions of second order n-approximated semi-infinite
optimization problems are presented. Some theorems ensures, under different hypothesis, that any
optimal solution of original optimization problem is an optimal solution of its n-approximated
problem and vice-versa. Then we study the connections between the optimal solutions of second
order n-approximated semi-infinite optimization problems. And finally, the last subsection provides
connections between the optimal solutions of first and second order n-approximated semi-infinite
optimization problems.

The author’s original contributions are presented below: Theorems: 3.1.1, 3.1.3, 3.1.6, 3.1.7,
3.1.8, 3.1.9, 3.1.10, 3.1.11, 3.1.12, 3.1.14, 3.1.17, 3.1.18, 3.1.19, 3.1.20, 3.1.21, 3.1.22, 3.2.1, 3.2.2,
3.2.3,3.24,3.2.5,3.2.6,3.2.7, 3.2.8, 3.2.9, 3.2.10, 3.2.11, 3.2.12, 3.2.13, 3.2.14, 3.2.15, 3.2.16, 3.2.17,
3.2.18, 3.2.19, 3.2.20, 3.2.21, 3.2.22, 3.2.23, 3.2.24, 3.2.25, 3.2.26, 3.2.27, 3.2.28, 3.2.29, 3.2.30, 3.2.31,
3.2.32, 3.2.33, 3.2.34, 3.2.35, 3.2.36, 3.2.37, 3.2.38, 3.2.39, 3.2.40, 3.2.41, 3.2.42, 3.2.43, 3.2.44, 3.2.45,
3.2.46, 3.2.47, 3.2.48, 3.2.49, 3.2.50, 3.2.51, 3.2.52, 3.2.53, 3.2.54, 3.2.55, 3.2.56, 3.2.57, 3.2.58, 3.2.59,
3.2.60, 3.2.61, 3.2.62, 3.2.63, 3.2.64. Examples: 3.1.2, 3.1.4, 3.1.5, 3.1.13, 3.1.15, 3.1.16.

The results of this area of research are included in the following papers: [70], [71], [72], [73],
[74].

Chapter 4, deals with the study of a vector optimization problem.

In Section 4.1, we study connections between the efficient solution of a vector optimization
problem and the efficient solution of first order n-approximated problems.

Section 4.2, is devoted to applications for solving a vector optimization problem. We propose
two methods: weighting methods and constraint methods. After a brief summary concerning the
notions, conditions for a point to be an efficient solution and algorithms for these two methods,
we give some numerical examples. We have shown that a minimal value set of a problem is not a
singleton in general and we can have also a subset of minimal solutions or a representative part
of it. For every example, we constructed a table with results and a graphical representation, using
Matlab program and RStudio.

The author’s original contributions are presented below: Theorems: 4.1.2, 4.1.3, 4.1.4, 4.1.5,
4.1.6, 4.1.7. Remark: 4.1.8. Examples: 4.2.3, 4.2.4, 4.2.5, 4.2.6, 4.2.7, 4.2.8, 4.2.10, 4.2.11, 4.2.12,
4.2.13, 4.2.14, 4.2.15.

Some of the results of this area of research are included in the following chapter: [56] and
paper [75].

Chapter 5, is devoted to solve the optimization problems using Jensen’s inequality, Radon’s
inequality, Holder’s inequality, Liapunov’s inequality and some bounds for statistical indicators.
This chapter is split in two sections.

In Section 5.1, motivated by recent theoretical results to inequalities and many applications
of these, we solve different optimization problems using inequalities.

In Section 5.2, one solve other optimization problems for the following bounds used in
statistics: dispersion (variance), standard deviation and coefficient of variation.

The author’s original contributions are presented below: Theorems: 5.1.3, 5.1.4, 5.1.9, 5.1.10,
5.1.11, 5.1.13, 5.1.14, 5.2.1, 5.2.2, 5.2.3. Remark: 5.2.4.

The results of this area of research are included in the following papers: [60], [77].
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Chapter 1

Preliminary notions and results

In this chapter we present some basic concepts and conventional notations from convex
analysis and vector optimization, which will be used in this work. We can find these notions in
publications such as (see, [11], [23], [41], [47], [57], [61], [79]).

1.1 Basic concepts

In this section we recall the notions which appear in convex analysis or in vector optimization

theory (invex function, conjugate function, infimal convolution, efficient point).

1.2 Results

In this part of chapter are given necessary and sufficient conditions for a point to be solution

for a semi-infinite optimization problem.



Chapter 2

Convex-concave semi-infinite
optimization problem

The aim of this chapter is to study dual problems for a convex-concave semi-infinite opti-
mization problem. In order to do this we consider four dual problems related to a given semi-infinite
optimization problem and we establish the relations between the optimal objective values of these
dual problems. Moreover, under some sufficient conditions, we study strong duality between the
primal and the dual problems, respectively weak duality.

There is an extensive literature on duality and optimality conditions in convex optimization
(see, [31], [36], [54]). In [83] Shapiro and in [26] Fang, Li, Ng, gave results on Lagrangian dualities
in convex semi-infinite programming (SIP). Mishra, Jaiswal and Thi Hoai An formulated in [62] for
a nonsmooth (SIP) problem Wolfe and Mond-Weir duals and established weak, strong and stricte
converse duality.

The semi-infinite optimization problem was studied in various forms of restriction imposed
on function g, (t € T). For example: f (the objective function), g; are lower semicontinuous in
papers (see, [20], [32]) or continuous in paper [9]. In our case the objective function f is convex,
while the constraint ¢, (t € T) is convex-concave.

This chapter consists of two sections. In the first section we consider four dual problems,
where the dual (D7) is newly constructed, while others are known in the literature. We prove weak
duality and then some relations between the optimal objective values of dual problems are given.
To prove strong duality, we rewrite duals (D3) and (D3) and we obtain three dual problems. For
strong duality we use also Sion’s theorem (see, [85]).

In the second section we consider three numerical examples in order to justify the theoretical

part of first section.

2.1 Theoretical results

In this section, we assume that C' is a nonempty convex subset of a locally convex Hausdorff
topological vector space X, T is a nonempty (possibly infinite) index set and f, g; : X — R :=
R U {+o0}, (t € T) are proper convex functions.

We consider the optimization problem



inf f(x)
subject to z € C (P)
g (x) =0, (te).

We propose to attach to Problem (P), the following four dual problems:
The first dual is

sup{inf{f(z) + Z Mge(z) iz e CY: A e RSFT)}. (D)
tesupp(A)

The second dual is
sup{inf{fo(z) + Ag(x) : € X} : A€ Ry, tE T}, (D)
where fo : X — R is defined as
fo(x) == f(x) + dc(x), for all z € X.
The third dual is
sup{—(f&(~") + (Ag)*(2")) : A € Ry, a* € X*, 1€ T}, (D)
The four dual is
sup{—(f*(—=2" —u*) + 05 (u*) + (Agt)"(z*)) : N eRy, 2" € X*, v € X*, t€T}. (D3)
Proposition 2.1.1 (A. Ratiu [76]) The following inequality
inf(P) = max{sup(D), sup(D1), sup(D2), sup(Ds)},

holds.

In the following, we are going to give some relations between the optimal objective values
of different dual problems we introduced above.

Proposition 2.1.2 (A. Ratiu [76]) The following inequalities hold:
(1) sup(D;) 2 max{sup(D2), sup(Ds3)},
(13) sup(D2) = sup(Ds3).

Next, to prove strong duality, we rewrite duals (D) and (D3) and we obtain the following
dual problems:

sup{—(fo + Ag1)*(0) : N e R4, t € T}, (D3)
sup{—(fcD(Ag))")(0) : A e Ry, t €T}, (Ds)

sup{—(f*"06-0(Ag:)*)(0) : X e Ry, t € T'}. (Dy)



Proposition 2.1.5 (A. Ratiu [76]) The following inequality
inf(P) = max{sup(D), sup(D1), sup(Ds)},
holds.
Proposition 2.1.6 (A. Ratiu [76]) If O is exact, then the following inequality
inf(P) = max{sup(bv;),), sup(l’)jl)},
holds.

Remark 2.1.7 (A. Ratiu [76]) From above we have that the dual (lf)v4) can be considered like

another way to write the dual (Ds).
Remark 2.1.8 (A. Ratiu [76]) If O is exact then the following inequality
inf(P) = max{sup(D), sup(D1), Sup(E), sup(ﬁg), sup(li)},
holds.
Proposition 2.1.9 (A. Ratiu [76]) If O is exact then the following relation
sup(Dy) = sup(Dy) = sup(Ds) = sup(Dy),
holds.

Proposition 2.1.10 (A. Ratiu [76]) If the set T is convex, compact, and the functions f, g; :
X — R :=RU{+c0}, (t € T) are convex, continuous, and g;(z) are concave in t for every fixed
point x € X, then we have

inf(P) = max{sup(D), sup(D1), sup(lf?vg), sup(lA);)), sup(lf)z)}.

2.2 Numerical results

To illustrate relations
inf(P) = sup(D),

and
inf(P) = sup(D1) = sup(D2) = sup(Ds3),

several test problems are listed in the following and solved in Matlab program. Throughout the
computational experiments, the function ¢; is convex in z and concave in ¢t and T is a convex
compact set. To find the optimal value for Problem (P) and dual problems, we use functions
defined in Matlab Optimization Toolbox, starting at an initial estimate.



Chapter 3

n-Approximated semi-infinite
optimization problems

In this chapter, we consider a semi-infinite optimization problem (P) with inequality and
equality constraints. An approach to obtain sufficient optimality conditions for an optimization
problem and its dual has been introduced by Antczak in [1]. He constructed an n-approximated
problem equivalent to the original problem and studied the connections between optimal solutions
of these two problems. Other authors who have used the approximation method are: Duca and
Duca [22], Boncea and Duca [6], Cioban and Duca [17], Pop and Duca [68].

To determine the nature of Problem (P) we have the following cases: if the index sets T" and
S are finite, then Problem (P) is a classic optimization problem and if the index sets T and\or S
are infinite we have a semi-infinite optimization problem. To obtain the optimal solutions of a semi-
infinite optimization problem, we attach an approximate optimization problem which is constructed
by a first and second order n-approximation. We will analyze the relationships between Problem (P)
with set constraint X C R"™ and eight related approximation problems with the same set constraint
and functional constraints depending on a point z° € intX and a function n : X x X — X.
Under different assumptions on the objective and the constraint functions it is shown that any
optimal solution of Problem (P) is an optimal solution of its approximations and vice-versa. Then
we will study the connections between the optimal solutions of original optimization problem and
optimal solutions of first and second order n-approximated semi-infinite optimization problems.
Connections between the feasible solutions of Problem (P) and feasible solutions of first and second
order n-approximated semi-infinite optimization problems are established. In the last section of this
chapter we will study the connections between the optimal solutions of n-approximated semi-infinite
optimization problems.

3.1 First order n-approximated semi-infinite optimization prob-
lems
In this section, we assume that X is a nonempty subset of R", T" and S are index sets,

n:X x X — X a function, 2° be an interior point of X and f: X - R, g;: X - R, (t € T) and
hs: X — R, (s € S) are differentiable at 2.
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We consider the optimization problem

min f(z)

subject to
reX (P)
gi(x) =0, (teT)
hs(x) =0, (s € 5).

Let
F(P):={zeX: q(xr) =0, (teT), hs(x)=0, (s€S)},

denote the set of all feasible solutions for Problem (P) and
v (P):=inf{f(x): 2z € F(P)},

is the optimal value for Problem (P).

One of the manners to solve Problem (P) is to attach another optimization problem, whose
solutions provide information about the optimal solutions of the initial Problem (P).

We propose to attach to Problem (P), the problems (P;), ((j,k) € {(1,0),(0,1),(1,1)}),

min F9) (z)

subject to
x€X (P
G* (z) <0, (teT)
q (2) =0, (s € 9),

called (j,k)-n approximated semi-infinite optimization problem, where F <1>,G§1>,H DX SR
(teT, se€S) are defined by:

P (2) = f(a°) + [V£(a°)] (n(x,27)),

forall z € X, and F©O = f, G\ = g,, HY = h,, t € T, s € ).
In what follows, we denote by:

Fo = {xexzc:;”(x) <0, (teT), HO(z) =0, (seS)},

and
Fi={rex: 6@ <0 (teT), B () =0, (sc 9}

Let’s remark that if F(P) denote the set of all feasible solutions for Problem (P), then
Fo=F(P)=F(Pip), F1=F(Poa)=F(Pr,).
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3.1.1 Connections between the sets of feasible solutions of Problem (P) and
first order n-approximated problems

In the following two theorems establish connections between the sets of feasible solutions
of Problem (P) and the problems (P 1), (P1,1).

Theorem 3.1.1 (A. Ratiu, D.I. Duca [71]) Let X be a nonempty subset of R”, 2° be an interior
point of X, n: X x X — X and g4, hs: X > R, (t €T, s € S). Assume that:
(a) for each t € T, the function g; is differentiable at 2° and invex at 2% w.r.t. n,
(b) for each s € S, the function h, is differentiable at z° and avex at 2% w.r.t. n,
then
Fo C Fi.

Following example shows that the inclusion Fy C F; can be strict.

Example 3.1.2 (A. Ratiu, D.I. Duca [72]) Let gi : R? — R, (k € N), the function defined by

x%—.f(:Q, k=1
gk(x): T+ T — 2, k=2
(z1 -2+ (22— 5)° - 17— 4, keNk =3,

We observe that
Fo={(x1,22) €R*: 2?2 — 25 S0, x1 + 29 £ 2, (x1 — 2)* + (22 — 5)> — 17 L 0}.

For the point 2#° = (—2,4) and the function 1 : R? x R? — R?, defined by n(z,y) = = — v,
for all (z,y) € R? x R?, we have

G (2) = 1(2°) + [V (a%)] (n(z,2°)) = 41 — 25 — 4,
Gén(a:) = go(2°) + [Vgg(xo)] (n(x,2°)) =z + x5 — 2,

1
Gy (@) 1= ge(2®) + [Vou(a")] (n(z, ) = —8a1 — 20y —8— - KNk 23,

for all z € X.
Then,
Fi1 = {($1,$2) S R? . —4x1 — x9 é 4,
1 +x9 £ 2, — 811 — 219 §8+%;k€N,]€23},
hence,
Fo C F,
and
F1 # Fo,
because,

(0,0) S .7:1 \]:().

Theorem 3.1.3 (A. Ratiu, D.I. Duca [71]) Let X be a nonempty subset of R”, 2° be an interior
pointof X, n: X xX —- Xand f, g1, hs : X >R, (t€T,seS). If
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(a) for each t € T, the function g, is differentiable at 2 and incave at z° w.r.t. 7,

(b) for each s € S, the function hy is differentiable at z° and avex at 2 w.r.t. 0,
then

F1 C Fo.
Following two examples shows that the inclusion F; C Fy can be strict.
Example 3.1.4 (A. Ratiu, D.I. Duca [70]) Let g; : R? — R, (k € N) the function defined by

o n k=1
ge(x) = —x9, k=2
$1l‘2—%, keN k= 3.

We observe that
Fo = ({0} x [0, +o00[) U ([0, +oo[x{0}).

For the point 2° = (1,0) and the function 7 : R? x R? — R?, defined by n(x,y) = = —y, for
all (x,y) € R? x R%, we have

G§1>(m) = g1(2°) + [Vgl(l‘o)] (17(:3,$0)) = —x1,

GS (@) = g2(a°) + [Vg2(a%)] (n(a,2°)) = —a2,

for all z € X.
Then,

We remark that
Moreover,

because (0,1) € Fo \ Fi.

Example 3.1.5 (A. Ratiu, D.I. Duca [70]) Let g; : R? — R, (k € N), the function defined by

—Z9, k=1
(@) =¢ —(21—2)% — (22— 1)*+1, k=2
—z1 — Ty + 155, keNk=3

For the point 2° = (1,0) and the function 7 : R? x R? — R?, defined by n(z,y) = x —y, for
all (z,y) € R? x R?, we have:

AV (2) == g1(2%) + [V (2®)] (n(z,2°)) = —a,

Gg)(az) = go(2°) + [Vgg(xo)] (n(:v, xo)) = 21 + 2x9 — 3,
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k+1
G,il>(x) = gp(z0) + [ng(;ro)] (n(l‘,$0)) = —x1 —T9 + i keN, k=3,
for all z € X.
Obviously, we have
F1 € Fo,
and
~F.l 7& f()v

because (2,2) € Fo \ Fi.

3.1.2 Approximate problem (P )

The goal of this section is to establish the connections between the optimal solutions of
Problem (P) and the optimal solutions of approximated problem (P ).

Following theorem shows that in some hypothesis, any optimal solution for Problem (P} o)
is an optimal solution for Problem (P).

Theorem 3.1.6 (A. Ratiu, D.I. Duca [71]) Let X be a nonempty subset of R”, 2° be an interior
point of X, n: X x X — X and f, g, hs : X = R, (t € T, s € S). Assume that:

(a) the function f is differentiable at 2 and pseudoinvex at x° w.r.t. 7,

(b) n(2°,2°) = 0.

If 20 is an optimal solution for Problem (P ), then 2°

is an optimal solution for Problem
(P).

Following theorem tells us when an optimal solution for Problem (P) is an optimal solution
for approximated Problem (P o).

Theorem 3.1.7 (A. Ratiu, D.I. Duca [71]) Let X be a nonempty subset of R”, 2° be an interior
point of X, n: X x X —» X and f, g, hs : X > R, (t € T, s € S). Assume that:

(a) the function f is differentiable at 2° and quasiincave at 20 w.r.t. 7,

(b) n(z°,2%) = 0.

If 2° is an optimal solution for Problem (P), then 2° is an optimal solution for Problem

3.1.3 Approximate problem (P, ;)

The aim of this section is to establish the connections between the optimal solutions for
Problem (P) and the optimal solutions for approximated problem (P ).

Following theorem shows when an optimal solution for Problem (P ) is an optimal solution
for Problem (P).

Theorem 3.1.8 (A. Ratiu, D.I. Duca [71]) Let X be a nonempty subset of R”, 2° be an interior
point of X, n: X x X —» X and f, ¢, hs: X > R, (t €T, s €.S). Assume that:

(a) for each t € T, the function g; is differentiable at 2 and invex at 2% w.r.t. n,

(b) for each s € S, the function h, is differentiable at #° and avex at 2" w.r.t. n,

(c) 2° € F(P).
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If 20 is an optimal solution for Problem (Po,1), then z¥ is an optimal solution for Problem
(P).

In what follows next theorem shows when an optimal solution for Problem (P) is an optimal
solution for Problem (Fp ;).

Theorem 3.1.9 (A. Ratiu, D.I. Duca [71]) Let X be a nonempty subset of R”, 2° be an interior
point of X, n: X x X — X and f, g, hs : X = R, (t € T, SGS) Assume that:
) for each t € T, the function g; is differentiable at 20 and incave at 2° w.r.t. 7,

c) 2% € F(Pyy).

f 27 is an optimal solution for Problem (P), then x

(a
(b) for each s € S, the function hy is differentiable at 2° and avex at 20 w.r.t. n,
(
1 0

is an optimal solution for Problem
(Fo,1)-

3.1.4 Approximate problem (P ;)

The goal of this section is to establish the connections between the optimal solution of
Problem (P) and the optimal solution of approximated problem (P ).

Following theorem shows when an optimal solution for Problem (P ;) is an optimal solution
for Problem (P).

Theorem 3.1.10 (A. Ratiu, D.I. Duca [71]) Let X be a nonempty subset of R”, 2° be an interior
point of X, n: X x X — X and f, g, hs : X = R, (t € T, s € S). Assume that:

) the function f is differentiable at 20 and pseudomvex at 20 w.r.t. 77,
b

(a

(b) for each t € T, the function g; is differentiable at 2° and invex at 2 w.r.t. n,
(c) for each s € S, the function hy is differentiable at 2° and avex at 20 w.r.t. n,
(

(e

I

d) z° E]:( ),
) n(z°,2%) = 0.

f 20 is an optimal solution for Problem (P; 1), then z° is an optimal solution for Problem
(P).

In what follows next theorem shows when an optimal solution for Problem (P) is an optimal
solution for Problem (P ;).

Theorem 3.1.11 (A. Ratiu, D.I. Duca [71]) Let X be a nonempty subset of R”, z° be an interior

point of X, n: X x X —» X and f, ¢, hs: X > R, (t €T, s € S). Assume that:

a) the function f is differentiable at 2° and quasnncave at 2° w.r.t. n,

b)
)

(

(b) for each t € T, the function g; is differentiable at 2" and incave at 2% w.r.t. n,
(c) for each s € S, the function hy is differentiable at 2° and avex at 20 w.r.t. n,
(

(

I

d)x E./_"(Pll)
) ( %) = 0.

f 20 is an optimal solution for Problem (P), then 2" is an optimal solution for Problem

e

(P11).

The following theorem, gives sufficient conditions under which optimal value for Problem
(P1,1) is less or equal than optimal value for Problem (P).
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Theorem 3.1.12 (A. Ratiu, D.I. Duca [72]) Let X be a nonempty subset of R”, 2° be an interior
pointof X, n: X xX — X and f, g4, hs : X >R, (t€T,s€95). If
(a) the function f is differentiable at ° and invex at 2 w.r.t. n,
(b) for each t € T, the function g; is differentiable at 2° and invex at ° w.r.t. n,
(c) for each s € S, the function hy is differentiable at 2° and avex at 20 w.r.t. n,
then
inf(PLl) § 1nf(P)

The following example illustrate the relation inf(P; ;) < inf(P).

Example 3.1.13 (A. Ratiu, D.I. Duca [72]) Consider the problem

min f(z) = (z1+ 3)% + 23
subject to
r = (v1,72) € R? ~
gi(z) =22 -2 Z0
g(x) =21 +22—2=50
gr() = (11 =2 + (22— 5)° - 17— L <0, ke N,k 2 3,

and the function 7 : R x R? — R2, defined by n(z,y) = = — y, for all (z,y) € R? x R2.
For the point 2% = (—2,4), we have

FO(2) = f(2°) + [V ()] (n(z,2°)) = 221 + 85 — 11,

for all (z1,z2) € R2.
Then, n—approximated optimization problem is

min 2x1 + 8xo — 11
subject to
r = (21,12) € R? e
P
—4551 — X2 § 4 ( 1’1)
x1+ w2 L2
811 — 229 S8+ 4, keEN, k>3,

and hence
Fo C Fi1.

Moreover,
inf(Py 1) = —oo < 17 = inf(P).

The following theorem, gives sufficient conditions under which optimal value for Problem
(P1,1) is great or equal than optimal value for Problem (P).

Theorem 3.1.14 (A. Ratiu, D.I. Duca [70]) Let X be a nonempty subset of R”, 2° be an interior
point of X, n: X x X — X and f, g1, hs : X =R, (t€T,s€5). If

(a) the function f is differentiable at 2" and incave at z° w.r.t. n,

(b) for each t € T, the function g; is differentiable at z° and incave at 2° w.r.t. n,
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(c) for each s € S, the function hy is differentiable at x° and avex at ° w.r.t. n, then
inf(PLl) 2 lIlf(P)

The following two examples show that the relation v(P) = v(P;,1) can be take place.

Example 3.1.15 (A. Ratiu, D.I. Duca [70]) Consider the problem

min f(x) = —(x1 —9)* — (xo — 10)?
subject to
r = (v1,72) € R?
g1(z)=-21 20 (B
g2 (z):=—22 20
g3() i =—(r1—2) " — (2 —1)"+1=50
gs(x) =21+ 22 —5=0
gk (x) == —a1 — @+ 5 S0, ke Nk 2 5.

For the point 2° = (1,0) and the function 7 : R? x R? — R? defined by 7(z,y) = = — v, for
all (x,y) € R? x R%, we have

FO(z) = () + [V ()] (n(z,2°)) = 1621 + 2022 — 180,

for all z € R2.
Then n-approximated optimization problem is

min 1621 + 2029 — 180
subject to
r = (z1,72) € R?
—I1 g 0 —
P P
4y <0 (Pr1)

211 + 219 — 350
x1+x2—5§0

—x1 — 3+ 5 <0, keN, k5.

We have

~

v(P) = v(Pry).
Example 3.1.16 (A. Ratiu, D.I. Duca [72]) Consider the problem

min f(x) = (z1 +6)? + (w2 — 5)?
subject to
x = (z1,72) € R ~
gi(z) =23 — 29 0
g(x) =21 +22—2=50
gr(@) = (21 -2 + (22 -5)° - 17—+ <0, ke N,k = 3,

and the function 7 : R x R? — R? defined by n(z,y) = z — y, for all (x,y) € R? x R2.
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For the point 20 = (—2,4), we have
F(x) = f(@°) + [V()] (n(@,2°)) = 8z1 — 225 + 41,

for all z = (x1,22) € R%
Then n—approximated optimization problem is

min 8xr1 — 2x9 + 41
subject to
= R? —
x = (r1,22) € (Pr)
—4.2131 — T2 é 4 ’
T1+ X2 S <2

—8x1—2x2<8+7 k eN, k= 3.

and hence

~

v(P) =17 = v(PLy).

3.1.5 Connections between optimal solutions for problems (P, ), (Fo1) and (P )

The aim of this section is to establish connections between optimal solutions of first order
n-approximated semi-infinite optimization problems.

Following theorem shows that in some hypothesis, an optimal solution for Problem (Fp ;)
is an optimal solution for Problem (P ;).

Theorem 3.1.17 (A. Ratiu, D.I. Duca [71]) Let X be a nonempty subset of R”, 2° be an interior
point of X, n: X x X — X and f, g, hs : X = R, (t € T, s € S). Assume that:

(a) the function f is differentiable at 2 and quasnncave at 2° w.r.t. n,

(b) for each t € T, the function g; is differentiable at x°

(c) for each s € S, the function hy is differentiable at x°

(d) (=", 2%) = 0.

I

f 20 is an optimal solution for Problem (P 1), then z"

is an optimal solution for Problem
(Pr1)-

In what follows next theorem shows when an optimal solution for Problem (P ;) is an
optimal solution for Problem (Pp ).

Theorem 3.1.18 (A. Ratiu, D.I. Duca [71]) Let X be a nonempty subset of R, x° be an interior
point of X, n: X x X — X and f, g4, hs: X > R, (t €T, s € S). Assume that:
(a) the function f is differentiable at 2 and pseudomvex at 20 w.r.t. n,
(b) for each t € T, the function g; is differentiable at x°
(c) for each s € S, the function hy is differentiable at x°
(d
I

)( z%) = 0.

f 20 is an optimal solution for Problem (P 1), then z°

is an optimal solution for Problem
(Po,1)-

Following theorem shows when an optimal solution for Problem (P ;) is an optimal solution
for Problem (P ).
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Theorem 3.1.19 (A. Ratiu, D.I. Duca [71]) Let X be a nonempty subset of R”, 2° be an interior
point of X, n: X x X — X and f, g4, hs: X > R, (t €T, s € S). Assume that:
) the function f is differentiable at 2°
b) for each t € T', the function g; is dlfferentlable at 20 and invex at 2° w.r.t. n,

d) 20 € ]:(Pl 0)
f 20 is an optimal solution for Problem (P; 1), then z° is an optimal solution for Problem
(P1)-

(a
(
(c) for each s € S, the function hy is differentiable at z° and avex at 20 w.r.t. n,
(
I

Next result shows when an optimal solution for Problem (P ) is an optimal solution for
Problem (P ;).

Theorem 3.1.20 (A. Ratiu, D.I. Duca [71]) Let X be a nonempty subset of R”, 2° be an interior
point of X, n: X x X — X and f, g, hs 'X—)R, (teT, s€S). Assume that:
) the function f is differentiable at z°
b) for each t € T, the function g; is dlfferentlable at ¥ and incave at 20 w.r.t. n,

d) JI GF(Pl 1)

(a

(

(c) for each s € S, the function hy is differentiable at 2° and avex at 20 w.r.t. n.

(

If 20 is an optimal solution for Problem (P ), then 2° is an optimal solution for Problem

(P11)

In what follows next theorem shows when an optimal solution for Problem (P;p) is an
optimal solution for Problem (FPp ).

Theorem 3.1.21 (A. Ratiu, D.I. Duca [71]) Let X be a nonempty subset of R”, 2° be an interior
point of X, n: X x X —» X and f, g, hs : X > R, (t € T, s € S). Assume that:

) the function f is differentiable at 20 and pseudomvex at 20 w.r.t. 7],
b

(a

(b) for each t € T, the function g; is differentiable at z° and incave at z° w.r.t. ,
(c) for each s € S, the function hy is differentiable at 2° and avex at 2° w.r.t. n,
(

(e

I

d)l’ E./—'.(P()l)
) n(z°,2°%) = 0.

f 20 is an optimal solution for Problem (P ), then z°

is an optimal solution for Problem
(Po,1)-

Following theorem shows that in some hypothesis, any optimal solution for Problem (Fp 1)
is an optimal solution for Problem (P ).

Theorem 3.1.22 (A. Ratiu, D.I. Duca [71]) Let X be a nonempty subset of R”, z° be an interior
point of X, n: X x X — X and f, g4, hs : X = R, (t €T, s € S). Assume that:

) the function f is differentiable at 20 and quasnncave at 20 w.r.t. 77,
b

(a

(b) for each t € T, the function g; is differentiable at z° and invex at z° w.r.t. n,
(c) for each s € S, the function h, is differentiable at z° and avex at 2% w.r.t. n,
(

(e

I

d)IE G]:(Plo)
) n(z°,2°%) = 0.

f 29 is an optimal solution for Problem (P 1), then 2° is an optimal solution for Problem
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3.2 Second order n-approximated semi-infinite optimization prob-
lems

In this section, we assume that X is a nonempty subset of R, T and S are index sets,
n:X x X — X a function, 2° be an interior point of X and f: X - R, ¢;: X = R, (t € T) and
hs: X — R, (s € S) are twice differentiable at V.

We consider the optimization problem

min f(z)

subject to
reX (P)
gi(x) =0, (teT)
hs(z) =0, (s € S).

We denote by F{), G’él), H§1>, F), G§2>, Hs<2> : X >R (teT, s€S) the functions defined
by:

H (@) = ho(a®) + [Vhy(a")] (n(z,2%)) +
+5 (n(@,2°), [V2hs(a0)] (n(2,2°))) , (s € 5),

forall z € X, and F©O = f, G\ = g, H") = h,, (te T, s € S).
In what follows, we attach to Problem (P), the problems: (P;x), ((j,k) €

{(2,0),(0,2),(1,2),(2,1),(2,2),(1,0),(0,1), (1, 1)}),

min FO) ()

subject to
r€X (Pjk)
¢ (@) <0, (teT)
H¥ (z) =0, (s € 9),

called (7, k)-n approximated semi-infinite optimization problem.
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We denote by:
For={reX:G¥@)<0, teT), HY(z)=0, (s€S)}.

Let’s remark that if F(P) denote the set of all feasible solutions for Problem (P), then
.7'—0 = ]'-(P) = ]:(PLO) = .F(PZO), ]'-1 = f(PoJ) = ]:(Pl,l) = .F(Pg’l) and .7:2 = .F(PO’Q) =
F(P12) = F(Pa2).

3.2.1 Connections between the sets of feasible solutions of Problem (P) and
second order n-approximated problems

In this section, we establish connections between the set of feasible solutions for Problem
(P) and the set of feasible solutions of second order n-approximated semi-infinite optimization
problems.

Next theorem tells us under what conditions the set of feasible solutions for Problem (P) is
included in the set of feasible solutions for second order n-approximated semi-infinite optimization
problems.

Theorem 3.2.1 (A. Ratiu, D.I. Duca [73]) Let X be a nonempty subset of R”, 2° be an interior
point of X, n: X x X — X and f, g, hs : X = R, (t € T, s € S) are functions. If

(a) for each t € T, the function g; is second order differentiable at 2° and second order
invex at 20 w.r.t. n,

(b) for each s € S, the function hs is second order differentiable at 2° and second order
avex at 20 w.r.t. n,
then

Fo € Fa.

Following theorem shows under what conditions the set of feasible solutions for second order
n-approximated semi-infinite optimization problems is included in the set of feasible solutions for
Problem (P).

Theorem 3.2.2 (A. Ratiu, D.I. Duca [73]) Let X be a nonempty subset of R”, 2° be an interior
point of X, n: X x X — X and f, g, hs : X = R, (t € T, s € S) are functions. If

(a) for each t € T, the function g; is second order differentiable at 2° and second order
incave at 20 w.r.t. n,

(b) for each s € S, the function hs is second order differentiable at 2° and second order
avex at 20 w.r.t. n,
then

F2 C Fo.

3.2.2 Connections between the sets of feasible solutions of first order 7-
approximated problems and second order 7- approximated problems

The goal of this section is to establish connections between the set of feasible solutions of
first order n-approximated semi-infinite optimization problems and the set of feasible solutions of
second order n-approximated semi-infinite optimization problems.
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In what follows next theorem shows when the set of feasible solutions of first order 7-
approximated semi-infinite optimization problems is included in the set of feasible solutions of
second order n-approximated semi-infinite optimization problems .

Theorem 3.2.3 (A. Ratiu, D.I. Duca [73]) Let X be a nonempty subset of R”, 2° be an interior
point of X, n: X x X — X and f, g, hs : X = R, (t € T, s € S) are functions. If
(a) for each t € T, the function g; is second order differentiable at x° and

(n(z,2°), [V2ge(2")] (n(z,2°))) £ 0, for all w € X,
(b) for each s € S, the function hy is second order differentiable at 2° and

(n(z,2°), [V?hs(2")] (n(z,2"))) =0, for all z € X,

then
F1 C Fo.

Next theorem shows when the set of feasible solutions of second order n-approximated
semi-infinite optimization problems is included in the set of feasible solutions of first order 7-
approximated semi-infinite optimization problems .

Theorem 3.2.4 (A. Ratiu, D.I. Duca [73]) Let X be a nonempty subset of R”, 2° be an interior
point of X, n: X X X — X and f, g, hs : X = R, (t € T, s € S) are functions. If
(a) for each t € T, the function g; is second order differentiable at x° and

(n(z,2°), [V?ge(2®)] (n(x,2"))) 2 0, for all z € X,
(b) for each s € S, the function h; is second order differentiable at 2° and

<n(az,az0), [Vth(acO)} (n(x, xo))> =0, for all z € X,

then

3.2.3 Approximate problem (P 5)

The goal of this section is to establish the connections between the optimal solutions for
Problem (P) and the optimal solutions for approximated problem (P 2).

In the following theorem is established when an optimal solution for Problem (Fp2), is an
optimal solution for Problem (P).

Theorem 3.2.5 (A. Ratiu, D.I. Duca [73]) Let X be a nonempty subset of R”, 2° be an interior
point of X, n: X x X — X and f, g, hs : X = R, (t € T, s € S) such that:

(a) for each t € T, the function g; is second order differentiable at x° and second order
invex at 20 w.r.t. n,
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(b) for each s € S, the function hg is second order differentiable at 2° and second order
avex at z° w.r.t. n,

(c) 2° € F(P).

If ¥ is an optimal solution for Problem (Pp2), then z° is an optimal solution for Problem
(P).

Following theorem shows that under some assumptions, any optimal solution for Problem
(P) is an optimal solution for Problem (FPp2).

Theorem 3.2.6 (A. Ratiu, D.I. Duca [73]) Let X be a nonempty subset of R”, 2° be an interior
point of X, n: X x X — X and f, g, hs : X = R, (t € T, s € S) such that:

(a) for each t € T, the function g; is second order differentiable at 2° and second order
incave at 2% w.r.t. 1,

(b) for each s € S, the function hs is second order differentiable at 2° and second order
avex at 20 w.r.t. n,

(C) 20 € ]:(Po’z).

If 20 is an optimal solution for Problem (P), then x
(Po2) -

0'is an optimal solution for Problem

3.2.4 Approximate problem (P,)

The aim of this section is to establish connections between the optimal solutions for Problem
(P) and the optimal solutions for approximated problem (Psy).

Following theorem shows when an optimal solution for Problem (P ) is an optimal solution
for Problem (P).

Theorem 3.2.7 (A. Ratiu, D.I. Duca [73]) Let X be a nonempty subset of R”, 2° be an interior
point of X, n: X x X — X and f, g, hs : X = R, (t € T, s € S) such that:

(a) the function f is second order differentiable at 2° and second order pseudoinvex at z°
w.r.t. n,

(b) n(a®,2°) = o.

If 20 is an optimal solution for Problem (Py), then 20 is an optimal solution for Problem
(P).

In what follows next theorem shows when an optimal solution for Problem (P) is an optimal
solution for Problem (Pa).

Theorem 3.2.8 (A. Ratiu, D.I. Duca [73]) Let X be a nonempty subset of R”, 2° be an interior
point of X, n: X x X — X and f, g, hs : X = R, (t € T, s € S) such that:

(a) the function f is second order differentiable at 2° and second order quasiincave at z°
w.r.t. n,

(b) n(2°,2°%) = 0.

If 2° is an optimal solution for Problem (P), then x° is an optimal solution for Problem
(PQ’O).
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3.2.5 Approximate problem (P, ,)

The aim of this section is to establish the connections between the optimal solutions for
Problem (P) and the optimal solutions for approximated problem (P 2).

In Theorem 3.2.9, we established when an optimal solution for Problem (P 2) is an optimal
solution for Problem (P).

Theorem 3.2.9 (A. Ratiu, D.I. Duca [73]) Let X be a nonempty subset of R”, 2° be an interior
point of X, n: X x X — X and f, g, hs : X = R, (t € T, s € S) such that:

(a) the function f is differentiable at 2 and pseudoinvex at 2° w.r.t. 7,

(b) for each t € T, the function g; is second order differentiable at 2° and second order invex
at 29 w.r.t. n,

(c) for each s € S, the function hs is second order differentiable at 2° and second order
avex at 20 w.r.t. n,

(d) 2° € F(P),

() n(a?,2%) = 0.

If 20 is an optimal solution for Problem (P 3), then z¥ is an optimal solution for Problem
(P).

In what follows next theorem shows when an optimal solution for Problem (P) is an optimal
solution for Problem (P 2).

Theorem 3.2.10 (A. Ratiu, D.I. Duca [73]) Let X be a nonempty subset of R”, 2° be an interior
point of X, n: X x X — X and f, g, hs : X = R, (t € T, s € S) such that:

(a) the function f is differentiable at ° and quasiincave at 20 w.r.t. 7,

(b) for each t € T, the function g; is second order differentiable at x° and second order
incave at z° w.r.t. 7,

(c) for each s € S, the function hy is second order differentiable at 2° and second order
avex at 20 w.r.t. 7,

(d) 20 e .F(Pl’g),

(€) n(2®, 2% =0.

If 2° is an optimal solution for Problem (P), then x
(P12).

¥ is an optimal solution for Problem

3.2.6 Approximate problem (P, ;)

The goal of this section is to establish the connections between the optimal solutions for
Problem (P) and the optimal solutions for approximated problem (P ).

Following theorem shows that in some hypothesis, any optimal solution for Problem (P; 1)
is an optimal solution for Problem (P).

Theorem 3.2.11 (A. Ratiu, D.I. Duca [73]) Let X be a nonempty subset of R”, 2° be an interior
point of X, n: X x X —» X and f, ¢, hs : X = R, (t € T, s € S) such that:

(a) the function f is second order differentiable at 2° and second order pseudoinvex at z°
w.r.t. n,

(b) for each t € T, the function g; is differentiable at 2° and invex at x° w.r.t. n,



24

(c) for each s € S, the function hy is differentiable at 2° and avex at 2° w.r.t. n,

(d) 2° € F(P),

(€) n(2°,2%) =0.

If 20 is an optimal solution for Problem (P%1), then 2¥ is an optimal solution for Problem
(P).

In what follows next theorem shows when an optimal solution for Problem (P) is an optimal
solution for Problem (Ps ;).

Theorem 3.2.12 (A. Ratiu, D.I. Duca [73]) Let X be a nonempty subset of R”, 2° be an interior
point of X, n: X x X — X and f, g1, hs : X = R, (t € T, s € S) such that:
(a) the function f is second order differentiable at 2° and second order quasiincave at z°

(b) for each t € T, the function g; is differentiable at 2 and incave at 2% w.r.t. n,
(c) for each s € S, the function h; is differentiable at z° and avex at 2% w.r.t. n,
(d) 2° € F(P21),
() n(z® 2% = 0.
If 2° is an optimal solution for Problem (P), then 2 is an optimal solution for Problem
(P2,1)-

3.2.7 Approximate problem (P,5)

The aim of this section is to establish connections between the optimal solutions for Problem
(P) and the optimal solutions for approximated problem (P 32).

Relation between the optimal solutions for Problem (P» 2) and optimal solutions for Problem
(P) is established under following assumptions.

Theorem 3.2.13 (A. Ratiu, D.I. Duca [73]) Let X be a nonempty subset of R”, z° be an interior
point of X, n: X x X — X and f, ¢4, hs: X > R, (t € T, s € S) such that:

(a) the function f is second order differentiable at 2° and second order pseudoinvex at x°
w.r.t. n,

(b) for each t € T, the function g; is second order differentiable at 2° and second order invex
at ¥ w.r.t. n,

(c) for each s € S, the function hg is second order differentiable at 2° and second order
avex at ¥ w.r.t. n,

(d) (a0, 2%) = 0,

(e) 2° € F(P).

If 20 is an optimal solution for Problem (Ps,2), then 20 is an optimal solution for Problem

(P).

Next theorem shows when an optimal solution for Problem (P) is an optimal solution for
Problem (P272).

Theorem 3.2.14 (A. Ratiu, D.I. Duca [73]) Let X be a subset of R", 2° be an interior point of
X,n: X xX—Xand f, gt, hs : X = R, (t €T, s €S) such that:
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(a) the function f is second order differentiable at 2° and second order quasiincave at z°
w.r.t. n,

(b) for each t € T, the function g; is second order differentiable at 2 and second order
incave at 2% w.r.t. n,

(c) for each s € S, the function hs is second order differentiable at 2° and second order
avex at 2 w.r.t. n,

(d) n(a?,2°%) =0,

(e) 2 € F(Py2).

If 2° is an optimal solution for Problem (P), then z
(P272) .

Yis an optimal solution for Problem

3.2.8 Connections between optimal solutions for problems (Fys), (Pao), (Pi2),
<P2’1> and (PQQ)

The following results refer to connections between the optimal solutions for second order
n-approximated semi-infinite optimization problems.

Following theorem shows that in some hypothesis, any optimal solution for Problem (P )
is an optimal solution for Problem (P 2).

Theorem 3.2.15 (A. Ratiu, D.I. Duca [73]) Let X be a nonempty subset of R”, z° be an interior
point of X, n: X x X —» X and f, g, hs : X = R, (t € T, s € S) such that:

(a) the function f is second order differentiable at z°, second order pseudoinvex at z° w.r.t.
n and quasiincave at z° w.r.t. n,

(b) for each t € T, the function g; is second order differentiable at 2 and second order
incave at 2% w.r.t. n,

(c) for each s € S, the function hs is second order differentiable at 2° and second order
avex at 20 w.r.t. n,

(d) 20 € .F(Plyg),

(e) n(a®,2%) = 0.

If 20 is an optimal solution for Problem (Psp), then x

(Pr12).

0'is an optimal solution for Problem

In what follows next theorem shows when an optimal solution for Problem (P 2) is an
optimal solution for Problem (P ).

Theorem 3.2.16 (A. Ratiu, D.I. Duca [73]) Let X be a nonempty subset of R, 2° be an interior
point of X, n: X x X = X and f, g, hs : X = R, (t € T, s € S) such that:

(a) the function f is second order differentiable at z°, second order quasiincave at z° w.r.t.
n and pseudoinvex at 20 w.r.t. 7,

(b) for each t € T, the function g; is second order differentiable at z° and second order invex
at ¥ w.r.t. n,

(¢) for each s € S, the function hy is second order differentiable at x° and second order
avex at 20 w.r.t. 7,

(d) 2° € F(P),

() n(a®,a%) = 0.
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If 20 is an optimal solution for Problem (P12), then z¥ is an optimal solution for Problem
(P20)-

Relation between the optimal solutions for Problem (P 2) and optimal solutions for Problem
(Py,1) is established under following assumptions.

Theorem 3.2.17 (A. Ratiu, D.I. Duca [73]) Let X be a nonempty subset of R”, z° be an interior
point of X, n: X x X —» X and f, ¢, hs : X = R, (t € T, s € S) such that:

(a) the function f is second order differentiable at z¥, pseudoinvex at z° w.r.t. n and second
order quasiincave at z° w.r.t. n,

(b) for each t € T, the function g, is second order differentiable at 2, incave at 2% w.r.t. n
and second order invex at 2° w.r.t. n

(c) for each s € S, the function hj is second order differentiable at x°, incave at 2° w.r.t.
and second order avex at z° w.r.t. 1,

(d) 20 € .F(P) N f(PZ]_),

(e) n(a®,2%) = 0.

If 20 is an optimal solution for Problem (P 5), then x

(P1).

0'is an optimal solution for Problem

Next theorem establish when an optimal solution for Problem (P ) is an optimal solution
for Problem (P 2).

Theorem 3.2.18 (A. Ratiu, D.I. Duca [73]) Let X be a nonempty subset of R”, 2° be an interior
point of X, n: X x X — X and f, g, hs : X = R, (t € T, s € S) such that:

(a) the function f is second order differentiable at z°, second order pseudoinvex at x° w.r.t.
n and quasiincave at z° w.r.t. n,

(b) for each t € T, the function g; is second order differentiable at 2, second order incave
at 2% w.r.t.  and invex at 2% w.r.t. ),

(c) for each s € S, the function hy is second order differentiable at x°, second order avex at

20 w.r.t. n and avex at 20 w.r.t. n,

(d) .I'O S f(P) n .F(PLQ),

(e) n(x°,z°) = 0.

If 20 is an optimal solution for Problem (Pg’l), then 2 is an optimal solution for Problem
(P12).

Following theorem shows that under some assumptions, any optimal solution for Problem
(P,,1) is an optimal solution for Problem (Ps ).

Theorem 3.2.19 (A. Ratiu, D.I. Duca [73]) Let X be a nonempty subset of R”, 2° be an interior
point of X, n: X x X = X and f, g, hs : X > R, (t € T, s € S) such that:

a) the function f is second order differentiable at z°,

b) for each t € T, the function g; is differentiable at z° and invex at z° w.r.t. n,

d) .TO S F(PQ’O).

(

(

() for each s € S, the function h, is differentiable at #° and avex at 2" w.r.t. 7,
(

If 20 is an optimal solution for Problem (Ps1), then x

0'is an optimal solution for Problem

(P2y)-
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Following theorem shows when an optimal solution for Problem (P ) is an optimal solution
for Problem (P ).

Theorem 3.2.20 (A. Ratiu, D.I. Duca [73]) Let X be a nonempty subset of R”, z° be an interior
pointof X, n: X x X —» X and f, g1, hs : X = R, (t €T, SES) such that:
) the function f is second order differentiable at z°
b) for each t € T', the function g; is differentiable at 2° and incave at 29 w.r.t. n,

Cl) 20 € ./T"(PQ 1)
f 2% is an optimal solution for Problem (P, ), then z° is an optimal solution for Problem
(P21).

(a
(
() for each s € S, the function h, is differentiable at #° and avex at 2" w.r.t. 7,
(
I

Next theorem shows when an optimal solution for Problem (Fp2) is an optimal solution for
Problem (P 2).

Theorem 3.2.21 (A. Ratiu, D.I. Duca [73]) Let X be a nonempty subset of R”, 2° be an interior
point of X, n: X x X — X and f, g, hs : X = R, (t € T, s € S) such that:
) the function f is differentiable at 2% and quasiincave at 2% w.r.t. n,
b) for each t € T, the function g; is second order differentiable at x°

d) n(a’,2°%) = 0.

(a

(

(c) for each s € S, the function hy is second order differentiable at z°

(

If ¥ is an optimal solution for Problem (Pp2), then z° is an optimal solution for Problem

(Pr12).

Relation between the optimal solutions for Problem (Pj 2) and optimal solutions for Problem
(Po,2) is established under following assumptions.

Theorem 3.2.22 (A. Ratiu, D.I. Duca [73]) Let X be a nonempty subset of R, x° be an interior
point of X, n: X X X — X and f, g, hs : X = R, (t € T, s € S) such that:
) the function f is differentiable at 2° and pseudoinvex at z° w.r.t. 7,
b) for each t € T, the function g; is second order differentiable at x°

(a
(
(c) for each s € S, the function hy is second order differentiable at z°
(d) n(a®,2°%) = 0.

If 2 is an optimal solution for Problem (P 3), then z¥ is an optimal solution for Problem

(Po2) -

In Theorem 3.2.23, we established that an optimal solution for Problem (FPp2) is an optimal
solution for Problem (Pa).

Theorem 3.2.23 (A. Ratiu, D.I. Duca [73]) Let X be a nonempty subset of R”, 2° be an interior
point of X, n: X x X = X and f, g, hs : X > R, (t € T, s € S) such that:

(a) the function f is second order differentiable at 2° and second order quasiincave at z°
w.r.t. n,

(b) for each t € T, the function g; is second order differentiable at 2° and second order invex
at ¥ w.r.t. n,

(¢) for each s € S, the function hy is second order differentiable at 2° and second order
avex at 20 w.r.t. n,
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(d) 2 € F(P),

(e) n(z°,2°) = 0.

If 20 is an optimal solution for Problem (Po,2), then z¥ is an optimal solution for Problem
(Payp) -

Following theorem shows that in some hypothesis, any optimal solution for Problem (P )
is an optimal solution for Problem (Fp2).

Theorem 3.2.24 (A. Ratiu, D.I. Duca [73]) Let X be a nonempty subset of R”, 2° be an interior
point of X, n: X x X —» X and f, ¢4, hs : X = R, (t € T, s € S) such that:

(a) the function f is second order differentiable at 2° and second order pseudoinvex at z°
w.r.t. n,

(b) for each t € T, the function g; is second order differentiable at x° and second order
incave at 20 w.r.t. n,

(c) for each s € S, the function hs is second order differentiable at 2° and second order
avex at 20 w.r.t. n,

(d) 2° € F(Py2),

(e) n(2°,2%) =0.

If 2° is an optimal solution for Problem (Py), then 2¥ is an optimal solution for Problem
(FPo2) -

Next theorem shows when an optimal solution for Problem (Fp2) is an optimal solution for
Problem (P271).

Theorem 3.2.25 (A. Ratiu, D.I. Duca [73]) Let X be a nonempty subset of R”, 2° be an interior
point of X, n: X x X — X and f, g, hs : X = R, (t € T, s € S) such that:

(a) the function f is second order differentiable at 2° and second order quasiincave at z°
w.r.t. n,

(b) for each t € T, the function g; is second order differentiable at z°, second order avex at
20 w.r.t. n,

(c) for each s € S, the function h; is second order differentiable at 2, second order avex at

0

- w.r.t.n,

(d) .fo S JT"(P) n .F(ngl),

(e) n(a°,2%) = 0.

If 20 is an optimal solution for Problem (Po,2), then x
(P1) .

0'is an optimal solution for Problem

Relation between the optimal solutions for Problem (P» ;) and optimal solutions for Problem
(Po,2) is established under following assumptions.

Theorem 3.2.26 (A. Ratiu, D.I. Duca [73]) Let X be a nonempty subset of R”, 2° be an interior
point of X, n: X x X —» X and f, ¢4, hs : X = R, (t € T, s € S) such that:

(a) the function f is second order differentiable at 2° and second order pseudoinvex at x°
w.r.t. n,

(b) for each t € T, the function g, is second order differentiable at 2%, second order avex at

0

T’ w.r.t.n,
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(c) for each s € S, the function hy is second order differentiable at 2°, second order avex at

20 w.r.t. n,

(d) 2° € F(P) N F(Ry2),

(e) n(zY,2°) = 0.

If 20 is an optimal solution for Problem (P»1), then 2¥ is an optimal solution for Problem
(P072) .

Following theorem shows when an optimal solution for Problem (P 2) is an optimal solution
for Problem (P, ).

Theorem 3.2.27 (A. Ratiu, D.I. Duca [73]) Let X be a nonempty subset of R, 2° be an interior
point of X, n: X x X — X and f, g, hs : X = R, (t € T, s € S) such that:
(a) the function f is second order differentiable at 2° and second order incave at 20 w.r.t.

Up

(b) for each t € T, the function g; is second order differentiable at x°

(c) for each s € S, the function h; is second order differentiable at z°

(d) n(2°,2°%) =0.

If 20 is an optimal solution for Problem (Pp2), then z¥ is an optimal solution for Problem
(P22) -

Following theorem shows that in some hypothesis, any optimal solution for Problem (P; 2)
is an optimal solution for Problem (Fp2).

Theorem 3.2.28 (A. Ratiu, D.I. Duca [73]) Let X be a nonempty subset of R”, z° be an interior
pointof X, n: X x X —» X and f, g1, hs : X =R, (t €T, SGS) such that:
) the function f is second order differentiable at z° and second order invex at 20 w.r.t. n,
b) for each t € T, the function g; is second order differentiable at 2"

)n ) =0.

(a

(

(c) for each s € S, the function hg is second order differentiable at x°
(d

If 20 is an optlmal solution for Problem (P 3), then

0 is an optimal solution for Problem

(Po,2) -

Next theorem shows when an optimal solution for Problem (P 2) is an optimal solution for
Problem (Ps2).

Theorem 3.2.29 (A. Ratiu, D.I. Duca [73]) Let X be a nonempty subset of R”, 2° be an interior
point of X, n: X x X —» X and f, g, hs : X = R, (t € T, s € S) such that:
a) the function f is second order differentiable at z°,

c) for each s € S, the function hy is second order differentiable at z°,

(

(b) for each t € T, the function g¢; is second order differentiable at 20,

(c)

(d) (n(x,2%), [V2f()] (n(z,2°))) = (n(®,2°), [V2f(a°)] (n(z°,2"))), for all = €

F(P12).
If 20 is an optimal solution for Problem (P 5), then 2° is an optimal solution for Problem
(P22) -

In what follows next theorem shows when an optimal solution for Problem (P;2) is an
optimal solution for Problem (P} 7).
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Theorem 3.2.30 (A. Ratiu, D.I. Duca [73]) Let X be a nonempty subset of R”, z° be an interior
point of X, n: X x X — X and f, g, hs : X = R, (t € T, s € S) such that:

a) the function f is second order differentiable at z?,

b)
c) for each s € S, the function h; is second order differentiable at .,

d) (n(z,2°), [V2f ()] (n(z,2°)) < (n(° 1), [V?f(a?)] (n(z°,2"))), for all =z €

(
(b) for each t € T, the function g, is second order differentiable at .,
(

(
F(Pr12).

If 20 is an optimal solution for Problem (P»2), then z¥ is an optimal solution for Problem
(Pr2)-

In Theorem 3.2.31, we established that an optimal solution for Problem (P, 2) is an optimal
solution for Problem (Ps ).

Theorem 3.2.31 (A. Ratiu, D.I. Duca [73]) Let X be a nonempty subset of R”, z° be an interior
point of X, n: X x X —» X and f, g, hs : X = R, (t € T, s € S) such that:

(a) the function f is second order differentiable at x°,

(b) for each t € T, the function g, is second order differentiable at 2° and second order invex
at ¥ w.r.t. n,

(¢) for each s € S, the function hy is second order differentiable at 2° and second order
avex at ¥ w.r.t. n,

(d) JIO S .F(PZQ).

If 20 is an optimal solution for Problem (P ), then 2° is an optimal solution for Problem
(Pay) -

Relation between the optimal solutions for Problem (P» o) and optimal solutions for Problem
(Py,2) is established under following assumptions.

Theorem 3.2.32 (A. Ratiu, D.I. Duca [73]) Let X be a nonempty subset of R”, 2° be an interior
point of X, n: X x X — X and f, g, hs : X = R, (t € T, s € S) such that:

(a) the function f is second order differentiable at

(b) for each t € T, the function g; is second order differentiable at 2 and second order
incave at 2% w.r.t. n,

(c) for each s € S, the function hs is second order differentiable at 2° and second order
avex at 2 w.r.t. n,

(d) 2° € F(P22).

If 20 is an optimal solution for Problem (Pyy), then x¥ is an optimal solution for Problem
(PQ,Q) .

Following theorem shows that in some hypothesis, any optimal solution for Problem (P 1)
is an optimal solution for Problem (F»2).

Theorem 3.2.33 (A. Ratiu, D.I. Duca [73]) Let X be a nonempty subset of R”, z° be an interior
point of X, n: X x X —» X and f, ¢, hs : X > R, (t € T, s € S) such that:

(a) the function f is second order differentiable at z°,

(b) for each t € T, the function g; is second order differentiable at 2 and

<77($,330), [v2gt(x0)] (77(1’:350))> 2 0,
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(c) for each s € S, the function hy is second order differentiable at x° and

<’I7(SC, SUO)’ [VQhS(SUO)] (77(90’ x0))> =0,

(d) 2° € F(P2p).
If 20 is an optimal solution for Problem (Ps1), then x
(P22) -

0'is an optimal solution for Problem

Under some assumptions, next theorem establish when optimal solution for Problem (P; 2)
is an optimal solution for Problem (FPs ;).

Theorem 3.2.34 (A. Ratiu, D.I. Duca [73]) Let X be a nonempty subset of R”, 2° be an interior
point of X, n: X x X —» X and f, ¢, hs : X = R, (t € T, s € S) such that:

(a) the function f is second order differentiable at

(b) for each t € T, the function g; is second order differentiable at 2 and

(n(z,2°), [V?q:(2")] (n(x,27))) £ 0,

(c) for each s € S, the function h; is second order differentiable at z° and
(n(z,2°), [V?hs(2")] (n(z,2"))) =0, for all z € X.

(d) 2° € F(P2,).
If 20 is an optimal solution for Problem (P» ), then 2¥ is an optimal solution for Problem
(P21) -

3.2.9 Connections between optimal solutions for problems (Pg), (Fy1), (Pi1)
and (FPo2), (P20), (Pr2), (P21), (P22)

In this section are establish connections between the optimal solutions for first and second
order n-approximated semi-infinite optimization problems.

Following theorem shows that in some hypothesis, any optimal solution for Problem (FPp 1)
is an optimal solution for Problem (Fp2).

Theorem 3.2.35 (A. Ratiu, D.I. Duca) [74]) Let X be a nonempty subset of R”, 2" be an interior
point of X, n: X x X —» X and f, ¢, hs: X > R, (t €T, s €.S). Assume that:

(a) for each t € T, the function g; is invex at z°, second order differentiable at 2° and
second order incave at 2% w.r.t. 7,

(b) for each s € S, the function hg is second order differentiable at 2° and second order
avex at 20 w.r.t. n,

(C) 20 € .F(P) N .F(P[),g).

If 20 is an optimal solution for Problem (P 1), then 2° is an optimal solution for Problem
(PO’Q).

In what follows next theorem shows when an optimal solution for Problem (Pp2) is an
optimal solution for Problem (Fp ).
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Theorem 3.2.36 (A. Ratiu, D.I. Duca) [74]) Let X be a nonempty subset of R™, z¥ be an interior
point of X, n: X x X — X and f, gt, hs: X = R, (t €T, s €S5) such that:

(a) for each t € T, the function g; is incave at 2, second order differentiable at x° and
second order invex at z° w.r.t. 7,

(b) for each s € S, the function hs is second order differentiable at x° and second order
avex at 2 w.r.t. n,

(C) 20 € ./—"(P) N f(PQJ).

If 2° is an optimal solution for Problem (Po,2) , then 20 is an optimal solution for Problem
(Poa)-

Relation between the optimal solutions for Problem (Fp ;) and optimal solutions for Problem
(Py,) is established under following assumptions.

Theorem 3.2.37 (A. Ratiu, D.I. Duca) [74]) Let X be a nonempty subset of R”, 2V be an interior
point of X, n: X x X —» X and f, g, hs : X > R, (t € T, s € S). Assume that:

(a) for each t € T, the function g; is second order differentiable at 2°, second order quasi-
incave at 2° and invex at z0 w.r.t. 7,

(b) for each s € S, the function h, is differentiable at z° and avex at 2% w.r.t. n,

(c) 2V € F(P),

(d) (20, 2%) = 0.

If 2° is an optimal solution for Problem (P 1), then z¥ is an optimal solution for Problem

Following theorem shows when an optimal solution for Problem (P ) is an optimal solution
for Problem (P ).

Theorem 3.2.38 (A. Ratiu, D.I. Duca) [74]) Let X be a nonempty subset of R”, ¥ be an interior
point of X, n: X x X — X and f, g, hs : X > R, (t € T, s € S) such that:

(a) the function f is second order differentiable at 2, incave at 2° and second order pseu-
doinvex at 2% w.r.t. n,

(b) for each s € S, the function h; is differentiable at #° and avex at 2" w.r.t. n,

(c) 2” € F (Po 1);

(d) n = 0.

If 20 is an optlmal solution for Problem (P ), then 2° is an optimal solution for Problem
(Po,1)-

Next theorem shows when an optimal solution for Problem (Fp ;) is an optimal solution for
Problem (P 2).

Theorem 3.2.39 (A. Ratiu, D.I. Duca) [74]) Let X be a nonempty subset of R”, ¥ be an interior
point of X, n: X x X —» X and f, ¢, hs: X > R, (t €T, s € S). Assume that:

(a) the function f is differentiable at 2" and quasiincave at 2° w.r.t. n,

(b) for each t € T, the function g; is second order differentiable at 20 and invex at 2% w.r.t.
s

(c) for each s € S, the function hy is second order differentiable at z°, second order incave
at ¥ and second order avex at 2 w.r.t. n,
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(Cl) 20 € F(P)N f(PLQ),

(e) n(x°, 2% = 0.

If 20 is an optimal solution for Problem (P 1), then 2° is an optimal solution for Problem
(Pr12).

Other theorems that establish connections between optimal solutions for problems (P ),
(P(),l), (P171) and (P072), (PQ’O), (PLQ), (PQJ), (P272) are presented in paper [74]



Chapter 4

Vector optimization problems

Vector optimization (multi-objective programming or Pareto optimization) is an area of
operations research that considers multiple criteria in decision. We find applications in various fields
as: economics, logistics (optimal control) and engineering (optimal design), where optimal decisions
must be taken not only for one criterion, but for more than, often in conflict with each other. In
literature there are many approaches to solve a nonlinear constrained vector optimization problem
(see, [2], [46], [48], [55]). One of them is using saddle points criteria (see, [18], [24], [53]). In [2],
Antczak introduced n-approximated method for vector optimization problems with invex functions.
He replace the original problem by another equivalent vector optimization problem modifying the
objective and constraint functions in the original vector optimization problem at an arbitrary but
fixed feasible point Z. In [80] we can find some scalarization for a vector optimization problem in
infinite dimensional.

This chapter is split in two sections. First section contains a study of a vector optimization
problem. To obtain information about the efficient solutions of this problem, we attach three 7-
approximated vector optimization problems. Some connections between the efficient solutions for
original problem and approximated problem are presented. The last section deals with two methods:
weighting method and constraint method for solving vector optimization problems. For each method
is presented the algorithm and numerical examples. To illustrate a singleton or a subset of minimal
solutions, we gave also the graphical representations. These are interesting from mathematical and
practical points of view.

4.1 Approximations of semi-infinite vector optimization problems

In this section, we assume that X is a nonempty subset of R”, T" and S are index sets,
n: X x X — X is a function, 2" is an interior point of X and f: X - R¥ ¢,: X = R, (t€T)
and hs : X — R, (s € S) are differentiable at 2°.

We consider the vector optimization problem:
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min f(x) = (fi, fo, s fi)(2)

subject to
r = (21,22, ....,2,) € X (PV)
g(x) =0, (teT)
hs(x) =0, (s € S).
We propose to attach to Problem (PV), the problems (PVjz), ((j,k) €
{(1,0),(0,1),(1,1)}),

min FU) ()

subject to:
x = (21,22, ....,oy) € X (PV;k)
¢M (@) <0, (teT)
H (2)=0, (s€ 9),

called (j, k)-n approximated vector optimization problem, where F(1) : X — R, G§1>, HS<1> X >R
(teT, se€S) are defined by

FU (2) := f(2°) + [V /()] (n(z,2°)) ,

G () = gu(a®) + [Vau(a)] (n(z,2%)), (teT),
HY (2) := he(2°) + [Vhs(20)] (n(z,2°), (s€89),

for all x = (z1,z9,...,2,) € X, and F'O = f, G§0> =q, (teT), HS<O> = hs, (s € 9).

Definition We say that 2 € F(PV) is an efficient solution for Problem (PV) if there is no
x € F(PV) such that
f(z) < f(=°).

or equivalently,

f(z°) = f(z) € R\ {0}

4.1.1 Approximate problem (PV)

The aim of this section is to establish the connections between the efficient solutions for
Problem (PV) and the efficient solutions for approximated problem (PVi ).

Following theorem shows that in some hypothesis, an efficient solution for Problem (PV; )
is an efficient solution for Problem (PV').

Theorem 4.1.2 (A. Ratiu, D.I. Duca [75]) Let X be a nonempty subset of R”, 2° be an interior
point of X, n: X xX - Xand f: X - RF g, hy: X =R, (t €T, scS). Assume that:

(a) the function f is differentiable at 2 and invex at 2° w.r.t. n,

(b) n(2°,2°%) = 0.

If 2¥ is an efficient solution for Problem (PVj ), then 2¥ is an efficient solution for Problem
(PV).
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Theorem 4.1.3, shows when an efficient solution for Problem (PV) is an efficient solution
for Problem (PVi).

Theorem 4.1.3 (A. Ratiu, D.I. Duca [75]) Let X be a nonempty subset of R”, 2° be an interior
point of X, n: X xX - Xand f: X - RF g, hy: X = R, (t €T, sc€S). Assume that:

(a) the function f is differentiable at 2V and incave at 2% w.r.t. n,

(0) 77(370:950) = 0.

If 20 is an efficient solution for Problem (PV), then 2° is an efficient solution for Problem
(PVi).

4.1.2 Approximate problem (PV};)

The goal of this section is to establish connections between the efficient solutions for
Problem (PV) and the efficient solutions for approximated problem (PVj ;).

In what follows next theorem shows when an efficient solution for Problem (PVp ;) is an
efficient solution for Problem (PV').

Theorem 4.1.4 (A. Ratiu, D.I. Duca [75]) Let X be a nonempty subset of R”, 2° be an interior
point of X, 7: X x X = X and f: X - R* g, hy: X = R, (t €T, s €S). Assume that:

(a) for each t € T, the function g; is differentiable at #° and invex at 2% w.r.t. n,

(b) for each s € S, the function hy is differentiable at z° and avex at 2 w.r.t. n,

(c) 2° € F(PV).

If 20 is an efficient solution for Problem (PVp 1), then 20 is an efficient solution for Problem
(PV).

Relation between the efficient solution for Problem (PV') and efficient solution for Problem
(PVp,1) is established under following assumptions.

Theorem 4.1.5 (A. Ratiu, D.I. Duca [75]) Let X be a nonempty subset of R”, 2° be an interior
point of X, n: X xX - Xand f: X - R* g, hy: X - R, (t€T, s €S). Assume that:
a) for each t € T, the function g; is differentiable at 2° and incave at 20 w.r.t. ),

c) 20 € F(PVy,a).

(

(b) for each s € S, the function hy is differentiable at 2° and avex at 2° w.r.t. n,

(

If 2%s an efficient solution for Problem (PV), then ¥ is an efficient solution for Problem

(PVoa).

4.1.3 Approximate problem (PV];)

The aim of this section is to establish connections between the efficient solutions for Problem
(PV) and the efficient solutions for approximated problem (PVj 1).

Following theorem shows that in some hypothesis, an efficient solution for Problem (PV; 1)
is an efficient solution for Problem (PV').

Theorem 4.1.6 (A. Ratiu, D.I. Duca [75]) Let X be a nonempty subset of R”, 2° be an interior
point of X, n: X xX =+ Xand f: X - RF g, hy: X = R, (t€ T, scS). Assume that:
(a) the function f is differentiable at ° and invex at 2 w.r.t. i,
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(

(c) for each s € S, the function hy is differentiable at 2° and avex at 2 w.r.t. n,
(d) 2° € F(PV),

(€) n(2°,2%) =0.

If

0:

b) for each t € T, the function g; is differentiable at z° and invex at 2% w.r.t. n,
)

f 20 is an efficient solution for Problem (PVj 1), then 2¥ is an efficient solution for Problem

(PV).

Next theorem shows when an efficient solution for Problem (PV) is an efficient solution for
Problem (PVj 7).

Theorem 4.1.7 (A. Ratiu, D.I. Duca [75]) Let X be a nonempty subset of R”, 2° be an interior
point of X, n: X x X — X and f:R"” — RF, gt,h : X =R, (teT s € S). Assume that:
) the function f is differentiable at 2° and incave at 2° w.r.t. n,
b) for each t € T, the function g; is differentiable at 2" and incave at 2% w.r.t. n,
)

@xefwmg
) (%, 2%) = 0.

(a

(

() for each s € S, the function h, is differentiable at #° and avex at 2% w.r.t. 7,

(

(e

If 20 is an efficient solution for Problem (PV), then z° is an efficient solution for Problem

(PV1,4).

Remark 4.1.8 Second order n-approximated vector optimization problems can be addressed in a
similar manner to the problems presented in the previous chapter.

4.2 Methods for solving vector optimization problems
In this section we give two methods for solving the following vector optimization problem

min f(zx)
subject to (PV)
L= (xlvaa 7xn) € Xa

where X is a nonempty set in R”, f = (f1, fa, ..., fx) : X — R,

4.2.1 Weighting method

In this method, we choose weighting vectors p = (p1, ..., pr) > 0, whose coordinates are not
all zero and solve the corresponding scalar problem

k
min lelfz(x)
subject to (PS))
e X,

which generates a set of minimal solutions and a set of minimal values for Problem (15\1// ).
The black points marked on graphical representation are efficient values for the problem.



38

Example 4.2.4 (A. Ratiu [56]) Consider the problem

min f(x) = (z? + 29 — 2, 522 — 22129 + 23 + 3)
subject to z € X,

where
X ={(z1,22) ER*:0< 21 <1, 0< 9 <2}

For every m > 1, we obtain an efficient solution x = (0,0) with value f(x) = (-2, 3).

N T N B (I R N B T A S O B D S s
30 24 18 12 06 00 06 12 18 24 30

Figure for Example 4.2.4 , for m > 1

4.2.2 Constraint method

In this method, we choose ¢ € {1,...,k},L; € R,j € {1,...,k},j # £, and solve the corre-
sponding scalar problem

min Je(x)
subject to
, , (PSer)
e X,

where ¢! = (0, ...,0,1,0,...,0) € R,
Example 4.2.12 (A. Ratiu [56]) Consider the problem

min f(z) = (=142} + 23, — 300z — 40022 + 23 + 22172 + 223)
subject to x € X,

where
X ={(z1,m2) eR?*:0<2; <1, 0<z9 <2}

The efficient values obtained for r = 4, are represented in the following figure:



9659~ vBEp- z6lz-

868~

000~

Figure for Example 4.2.12, for r =4
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Chapter 5

Solving some optimization problems.
Applications in statistics

In this chapter we solve some optimization problems using the theory of inequalities.
Jensen’s inequality, Radon’s inequality, Holder’s inequality, Liapunov’s inequality are used and
also new inequalities that have emerged in the paper [77] and belong to us. In the last section are
obtained new bounds for dispersion, standard deviation and coefficient of variation.

5.1 Solving some optimization problems using inequalities

We consider the expression

APl (z;y) = En; y;ffl _ (<§1 x>21 (5.1)
= 2. Yi

where x = (21,...,25) 2 0,y = (Y1, -, Yn) > 0, p > 1.

In [69], Radon formulated the following result:

Theorem 5.1.1 For all z = (x1,...,2,) 2 0,y = (y1,...,yn) > 0 and p > 1 the following inequality
APl(z;y) 2 0, (5.2)

holds. If there exist a real number A = 0 such that = Ay, then inequality (5.2) (known as Radon’s
inequality) becomes equality.
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Theorem 5.1.3 (A. Ratiu, N. Minculete [77]) Let p = 1. The optimization problem

i T
min F(z,y)=p AlPl (z;y) — %A[pfl] (z;y) | — AlP) (z;y)
Z Yi
i=1
subject to
x=(x1,...,y) =0
Yy = (yla 7?/n) > 07

has the optimal value 0. An optimal solution is any point (z,y) € R’ x intR’, which has the
property that exists A > 0 such that x = \y.

Theorem 5.1.4 (A. Ratiu, N. Minculete [77]) Let p =2 1 and M, m positive real numbers. The
optimization problem

I

min F(z,y) = 5(M — m)(MP~! — mP~ 1)< yi) — AlPl(z;4)

i=1

subject to
T = (xlv 7xn) 2 0

Y= (Y1, Yn) >0
my; S x; < My;, i € {1,...,n},

has F(z,y) 2 0, for all feasible solutions.

Theorem 5.1.9 (A. Ratiu, N. Minculete [77]) Let p = 1 and M, m positive real numbers. The
optimization problem

P b , P
IIliIl F(J}’ y) = A[p] (w7 y) —_ maX 'Zil + pil . (.'1:7, + :%:])_l
1si<i=n | y; Y (yi + y])p

subject to
x=(T1,..,Tn) 20

y= (Y1, Yn) >0
my; < x; S My;, i€ {1,...,n},

has the optimal value 0. An optimal solution is any point (z,y) € R’ x intR!, which has the
property that exists A > 0 such that =z = A\y.

Theorem 5.1.10 (A. Ratiu, N. Minculete [77]) Let p = 1 and M, m positive real numbers. The
optimization problem

min Flay) = |37 4 - LS ](Zy) APl (z;y)

subject to
= (Z1,.0yp) 20

Y= (Y1,sYn) >0
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has the objective function F'(z,y) = 0, for all feasible solutions.
Theorem 5.1.11 (A. Ratiu, N. Minculete [77]) Let p = 1 and M, m positive real numbers. The

optimization problem

Of+m) Sy z;;lwir (

=1

(5"

- (Z ”“‘) AP (1))

i=1

min{

G (5)-

subject to
x= (21,0, ) =0

Y= (Y1, Yn) >0
my; < x; < My;, i € {1,...,n},

has nonnegative objective function.

Theorem 5.1.13 (A. Ratiu, N. Minculete [77]) Let p > 1 and I%—i— % = 1. The optimization
problem

n

n n % Z 2KV
min {Z 25V + (Z vZ) F L;,T[p](zv; vi),p | —
k=1 k=1

(£1)

-(£39) (B

z2=(21,.0,21) 20
v = (v1,.0yp) >0

subject to

where

e \P=2( i )2
TP (r;y) == (p—1) max (s + @) @iy ijl)
1i<j<n viy; (yi +y;)P~

9
has nonnegative objective function.

Theorem 5.1.14 (A. Ratiu, N. Minculete [77]) Let r —1 = s > ¢ > 0. The optimization problem

min {(i z;)r_t 4 (i Z,;)H [T )

k=1 k=1

() (&)

2= (21,.0y2n) > 0,

subject to
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has nonnegative objective function.

5.2 New bounds to indicators in statistics

In this section we consider the following indicators: dispersion, standard deviation and
coefficient of variation.

Theorem 5.2.1 (N. Minculete, N.B. Pipu, A. Ratiu [60]) The optimization problems

> >
z — = TR
n
min { -
n
o
—2-min{zy, ... xn} | B — Va1 am |}
n
subject to

x = (x1,...,2n) € R,

and

n
> T

min {2 -mazx{zxy,...,z,} - %— Yy -z, | —
o 5o
zy — = ot |2, — =2
n

n
subject to

r = (x1,...,2,) € RY,
have nonnegative objective functions.

Theorem 5.2.2 (N. Minculete, N.B. Pipu, A. Ratiu [60]) For z1, ..., z,, = 0, there is the following
equality:

> Ti > T

i=1 | =

max{zri,...,Tn} — —min{zy,...,z,} | —0% =

(max{z1,...,zn} — ;) (x; — min{x1,...,x,}).

Il
S|=

s
Il
—
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Theorem 5.2.3 (N. Minculete, N.B. Pipu, A. Ratiu [60]) If M’ = max{z;|z; # max{z1,...,xn}}
and m' = min{z;|x; # min{x1, ...,z }}, i € {1,...,n}, then the optimization problem

n n
> Ti > Ti
=1 i=1 .
. —min{zy,...,x,} | —

min {UQY— max{ry,...,Tn} —

n
> T
=1
n

—max{(m’ — min{zy,...,z,}) - | max{wzy,...,xn} —
) (5.2.9)
2. @i

(max{z1, ... zn} — M') - i:; — min{xy, ...,z } | }

subject to
x = (x1,...,2y) € RY,

has nonnegative objective function.

Remark 5.2.4 (N. Minculete, N.B. Pipu, A. Ratiu [60]) Nonnegativity of the objective function
of problem (5.2.9) leads to other bounds for variance, standard deviation and coefficient of variation:

2m (Y — Yg) O'%

A
A

< (M-X)(X—m)-

—max {(m' —m) (M -X), (M -M) (X -m)},

2m (X—Xg)

[IA
[IA

ox

[IA

(M = X) (X = m) — max { (’g\'[_”ﬁ,()]‘é; _)?1) } ,

and

|

IA
=
IA

V(M =) (X = m) —max {(m' —m) (M - X), (M~ M) (X -m)}
X

A

)

where M = max{z1,...,x2}, m = min{zy, ..., x2}.
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In Remark 5.2.4, we have lower and upper bounds for statistical indicators: variance, stan-
dard deviation and coefficient of variation.
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