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Introduction

Consideration on fixed point theory

Among the most dynamic fields of Mathematics in recent years, which has
many applications in diverse areas, such as physics, computer science, biology,
or economics, is the fized point theory. The existence and uniqueness of the
solutions, stability, and properties of the solution set of differential equations
or inclusions are fundamental problems that can be studied using the fixed
point theory. The first proof of the existence of solutions for a problem with
initial conditions was given by Augustin-Louis Cauchy in 1884. In the same
period, Emile Picard proposed the method of successive approximations as a
method for approximating the solutions. These concepts will be further used
to construct an abstract method, proved and published by Stefan Banach in
the year 1922, see [9]. He proved that any contraction mapping f on a com-
plete linear normed space E admits a unique fixed point, and this fixed point
is the limit of the sequence of successive approximations generated by f. This
means that there exists a unique point x* € E, such that f(z*) = z* and, for
every xg € E, the sequence (f"(xg))nen converges to x*. This result was ex-
tended by Renato Caccioppoli in the year 1930. His main contribution was to
generalize Banach’s theorem mentioned above from complete linear normed
spaces to complete metric spaces. This result is named today as The Con-
traction Principle of Banach-Caccioppoli. After Caccioppoli’s extension, the
fixed point theorem can also be applied to spaces without a linear structure.
This theorem also has applications in both numerical analysis and iterative
methods for various equations, fractal generation, and so on. In addition, it
is used for solving various problems connected with integral and differential
equations.

In the following years, the contributions to the study of the fixed point



CONTENTS 2

theory became more significant, new types of contraction conditions for oper-
ators appeared, and the existing working spaces were extended. For example,
the concept of a Meir-Keeler operator on a complete metric space was intro-
duced by Amram Meir and Emmett Keeler in the year 1969, in the paper [39].
The fixed point result given by A. Meir and E. Keeler is an extension of the
results of some authors like M. Edelstein [22] or E. Rakotch [60].

It is worth noting that, in 1972, the Cirié-Reich-Rus fixed point theorem
was independently discovered by three important mathematicians,
Ljubomir B. Cirié, Simeon Reich, and Ioan A. Rus. The results extended
Banach’s contraction principle, introducing the notion of generalized con-
tractions, see [16]. Later, in 1974, in the paper [17], Ciri¢ has results that
show that the condition of quasi-contractions implies all the conclusions of
Banach’s contraction principle. This means that his fixed point existence
and uniqueness theorem is regarded among the most general results in met-
ric fixed point theory.

Discussing the generalizations of the contraction principle of
Banach-Caccioppoli, we should also mention that in the paper from 1996 [13],
Theodore A. Burton formulated the concept of large contraction and proved
several fixed point theorems for such mappings. Moreover, a Krasnoselkii-
type fixed point theorem for the sum of two operators involving a large
contraction is also obtained.

In 1968, M.G. Maia [36] proved a fixed point theorem for a single-valued
operator f : X — X on a set X endowed with two metrics which meet the
conditions of Banach-Caccioppoli’s contraction principle. In the context of
multi-valued operators, the exploration of a fixed point inclusion on a set
endowed with two metrics was introduced later, see [47] and [56]. A similar
approach was followed in this thesis, but in the context of nonlinear graph
(p-contractions.

In parallel, the results mentioned above for the fixed-point equation x =
f(x) were extended to the fixed-point inclusion = € F(x). Here f: X — X
is a single-valued operator on the complete metric space X, while F' is a
multivalued operator, assigning to each € X the set F'(z) C X. In a paper
published in 1969, Sam B. Nadler Jr. demonstrated a fixed point theorem
for what are known as multi-valued contraction mappings, see [46]. Nadler
contraction mapping uses the Hausdorff-Pompeiu distance to measure the
distance between two sets. This theorem has applications in differential in-
clusions, optimization, or game theory.
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An extension of the fixed point theorem of Nadler was given by Covitz
and Nadler in 1970 in the paper [19]. Later, in 2001, it was proved that
any Nadler contraction (see, e.g., [5]) is a multi-valued Meir-Keeler operator.
In the paper [55], A. Petrugel, G. Petrugel, and J.-C. Yao presented a new
generalization of of Nadler’s contraction principle, in the context of multi-
valued graph contraction in complete metric spaces.

There are many situations where fixed points are applied. For example,
Volterra type integral equations can be studied by fixed point methods. The
study of these problems is significant, since the Volterra integral equations
are used in physics, biology, and economics.

Reasons for Selecting the Thesis Theme

The main purpose of this doctoral thesis is to consider the fixed point prob-
lem (in the single-valued setting, as well as in the multi-valued case) and
to give extended versions of some fixed point theorems for various classes of
operators. The extended version means here not only existence, uniqueness,
and approximation for the fixed point, but also localization and different sta-
bility properties (such as Ulam-Hyers stability, well-posedness according to
Reich and Zaslavski, and Ostrovski stability) for the fixed point equation or
the fixed point inclusion. The classes of operators we considered are: single-
valued and multi-valued quasi-contractions in the sense of Cirié, Meir-Keeler
operators, multi-valued nonlinear graph ¢-contractions, and large contrac-
tions in the sense of Burton. Several examples illustrate the developments
obtained here, and some applications to integral equations of Volterra, as
well as an application for surjectivity theorems, are given.

Structure of the thesis and main original con-
tributions
The doctoral thesis is divided into three chapters, followed by the reference

list of publications. Each chapter has sections and subsections presented be-
low.
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Chapter 1: Notions and preliminary results
The primary objective of this chapter is to remind the reader of some basic
notions and results that are used in the following chapters of the thesis. We
are referring to notions specific to Nonlinear Analysis. In this chapter, we
have the following sections:

1. Single-valued operators

In this section, we will give some important concepts referring to the
fixed points of the single-valued operators. Definitions for open ball and
closed ball, Lipschitz operator, nonexpansive operator, the sequence
of Picard iterates, a-contraction, (-contraction, the concept of well-
posedness as defined by Reich and Zaslavski, Ostrowski stability, and
Ulam-Hyers stability are given. Also, the Cauchy-Toeplitz lemma, the
contraction principle of Banach (1922), and Caccioppoli (1930) are
mentioned. This subsection also provides the definition of the Meir-
Keeler operator and the extension of Banach’s Contraction Principle
in the sense of a Meir-Keeler operator. The following references were
used in this section: V. Berinde, M. Pacurar [10], [11], Lj. B. Ciri¢ [17],
Granas-Dugundji [25], T. A. Lazar, A. Petrusel and N. Shazhad [33],
A. Magdag [37] and 1. A. Rus [69], [70], [76].

2. Multi-valued operators

In this section, basic notions from the theory of multi-valued operators
are reviewed. The following notions are recalled: Pompeiu-Hausdorft
distance between two sets, graph a-contraction, multi-valued weakly
Picard operators, quasi-bounded operators, continuity concepts, and
some stability properties. An example of a multi-valued contraction
and another one of a multi-valued graph contraction are given. The
following references are the basis for the presented notions: R. Iannacci
[26], T. C. Lim [34], G. Petrusel [59], .A. Rus, A. Petrusel, G. Petrusel
[72] and I.A. Rus, A. Petrusel, A. Sintamarian, [74], [75].

Chapter 2: Qualitative properties of solution for the fixed point equation
This chapter consists of three sections. This chapter is devoted to the study
of some qualitative properties of the fixed point equation (existence, unique-
ness, data dependence) for Ciri¢ type operators, Meir-Keeler type operators,
and multi-valued nonlinear graph ¢-contractions in complete metric spaces.
Moreover, in the case of a multi-valued nonlinear (¢, 1)-contraction of Feng-
Liu type, an application to an integral inclusion of Volterra type is provided.



CONTENTS 5

Also, some results for Maia type fixed point theorems are presented. The
structure of this chapter includes the following sections:

1. Fized point equation with Ciri¢ type operators

This section is based on the article by the author, M. Moga, On some
qualitative properties of Cirié’s fixed point theorem published in Stu-
dia Universitatis Babeg-Bolyai Mathematica, see [42]. In addition, this
section references collaborative work from the article of M. Moga and
R. Trusca, On some fized point theorems for Cirié operators, published
in Miskolc Mathematical Notes, see [44]. In this chapter, the stability
properties for the fixed point equation and the fixed point inclusion are
studied from another point of view.

The most general extension of the Banach Caccioppoli contraction prin-
ciple was given by Ciri¢’s in 1974. In this section, the equation z = f(z)
and the inclusion x € F(z) with operators satisfying Ciri¢ type condi-
tion are studied from the following perspective: existence, uniqueness,
data dependence, and multiple stability types (well-posedness accord-
ing to Reich and Zaslavski, Ulam-Hyers and Ostrowski stability).

This section includes the following three subsections:

The first subsection is named The notion of Cirié type operator. There
are defined the notions of generalized contraction and Ciri¢ type op-
erator from [17]. A relevant example, in which a Ciri¢ type operator,
which is not a generalized contraction, is outlined.

The second subsection is titled Main results for single-valued Ciri¢ type
operators. Here, the work is focused on the existence and uniqueness
theorem in the single-valued case. The localization result, which gen-
eralizes Ciri¢’s theorem and the homotopy result, was proved by Radu
Trusca. The definition of the retraction-displacement condition is used
to establish the well-posedness property. The primary contribution of
the main Theorem 2.1.2 of the section is the result of my own work.
It demonstrates that the Ciri¢ type operator f has the following prop-
erties: data dependence, well-posedness in the framework proposed by
Reich and Zaslavski, Ulam-Hyers stability, Ostrowski stability, graphic
q

E}—contraction, and that f is quasi-contraction.

The title of the third subsection is Main results for multi-valued Cirié
type operators. In this part, the research is centered on the multi-valued
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case. It starts with an example of a multi-valued Ciri¢ type operator
which is not considered a multi-valued generalized contraction. In the
next step, using the Theorem of A. Amini-Harandi [4], my achievement
was to give a constructive proof with data dependence and stability
results of the fixed point problem = € F(z). Additionally, a theorem
is presented in which the fixed point set coincides with the strict fixed
point set of a multi-valued Ciri¢ type operator. For the subsequent local
fixed point theorem, the primary contribution is attributed to Radu
Trugea. In the paper of Radu Trusca [80], theorems and applications
to open mapping principles and continuation results are given.

The results generalize and complement the theorems given in V.
Berinde, St. Maruster, I.A. Rus [12], Lj. B. Ciri¢ [17], A. Petrusel [51],
[.A. Rus [68], [70], and I.A. Rus, A. Petrusel, G. Petrusel [76].

2. Fized point equation for Meir-Keeler type operator
The reference of this section is the article of the author, M. Moga, Some
properties of the fixed point equation with Meir-Keeler operator pub-
lished in Annales Universitatis Scientiarum Budapestinensis, see [40].
In addition to the regular existence and uniqueness results, different
stability properties of the fixed point equation are given.

The second section of this chapter has the following two subsections:

The first subsection is entitled The notion of Meir-Keeler operator in
the metric space. An important observation, along with an example, is
that any contraction is a Meir-Keeler operator, but the reverse impli-
cation does not generally hold. The definitions of an L-function and
p-contraction are also given. A notable theorem in this subsection is
Lim’s theorem, which makes the connection between Meir-Keller’s con-
dition and the nonlinear contraction condition.

The second subsection refers to Main results for single-valued Meir-
Keeler operators. Using Lim’s characterization, the qualitative prop-
erties of the fixed point are proved. The main Theorem 2.2.4 of the
section refers to a Meir-Keeler operator f and the L-function ¢. The
existence, well-posedness according to Reich and Zaslavski, and Ulam-
Hyers stability of the fixed point are proved.

The most used references in this section are the following: T. C. Lim
[35], A. Meir and E. Keeler [39], and A. Petrusel [49].
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3. Fized point results for multi-valued nonlinear graph @-contractions in
complete metric spaces
The last section of this chapter has as a reference the joint work from
the article, M. Moga, Radu Trusca, Fized point and stability results
for multi-valued nonlinear graph contractions in complete metric spaces
published in The Journal of Analysis, see [45]. A notable generalization
of the multi-valued contraction is the multi-valued graph y-contraction.
This section presents a generalization of the multi-valued graph -
contraction, and its associated existence and stability results.

The section contains three subsections, presented below.

The title of the first subsection is The notion of multi-valued nonlinear
graph p-contraction. This subsection serves as an introduction to the
notions of multi-valued nonlinear graph p-contraction, and @-multi-
valued weakly Picard operator, which are later used.

The second subsection discusses the Fized point result for multi-valued
nonlinear graph p-contraction. We begin this section with a fixed point
theorem for a multi-valued nonlinear graph (-contraction. This theo-
rem also refers to a retraction-displacement condition. Additionally, an
example of a multi-valued function F' that fulfills the condition for a
multi-valued nonlinear graph ¢-contraction, while it does not satisfy the
contraction condition, is given. Other original contributions relate to
the theorem for the data dependence of the fixed point set, Ulam-Hyers
stability of the fixed point inclusion, and the strict fixed point prop-
erty for the multi-valued nonlinear graph y-contractions. The section
continues with the result proved by Radu Trusca, related to the local
fixed point theorem for multi-valued nonlinear graph (-contractions.

The third subsection, created in collaboration with Radu Trusca, is
entitled Maia type fixed point theory for multi-valued nonlinear graph
contractions. This subsection presents the Maia type theorem for non-
linear graph (-contractions, in the case of a nonempty set, endowed
with two metrics. The concept of multi-valued (¢, )-contraction of
Feng-Liu type, as introduced in [54], is presented. A further original
contribution relates to an application presented in this section. The in-
tegral inclusion of the Volterra type is considered. For the hypotheses
outlined in the subsection, Theorem 2.3.14 demonstrates an existence
result. The last part of the subsection refers to Radu Trusca’s main
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results concerning the extension of several stability properties for the
fixed point inclusion, within the framework of multi-valued nonlinear
Feng-Liu type (i, 1)-contraction in a space endowed with two metrics.

This section aims to present a generalization of the multi-valued nonlin-
ear principle of Wegrzyk [82], as well as of the multi-valued graph con-
traction principle given by A. Petrusel, G. Petrusel and J.C. Yao [55].

Chapter 3: Surjectivity theorems for classes of contractive operators
This chapter contains two sections. This chapter aims to present some surjec-
tivity theorems for Meir-Keeler operators and for large contractions. Both of
the cases consist of results proven for single-valued and multi-valued opera-
tors. The main objective is to prove that the operators are norm-contractions
and, under adequate conditions, surjectivity takes place. The chapter is struc-
tured as follows:

1. Surjectivity theorems with Meir-Keeler operators
The content of this section is based on the article M. Moga, Meir-
Keeler operators and applications to surjectivity theorems published in
[41]. This section establishes that every Meir-Keeler operator is a norm
contraction in both the single-valued and multi-valued frameworks

The three subsections are presented as follows:

The first subsection is named Surjectivity theorems for single-valued
Meir-Keeler operators. The result obtained in this section was a new
surjectivity theorem for a single-valued Meir-Keeler operator. It refers
to the field generated by the Meir-Keeler operator, which is a surjective
operator. For the proof of the theorem, the method relies on the norm-
contraction operator theory and a theorem of A.Granas [24]. The cases
when z is part of the closed ball and when it is outside the closed ball
are considered.

The second subsection of this section is titled Surjectivity theorems for
multi-valued Meir-Keeler operators. The definition of the multi-valued
Meir-Keeler operator given by H.K. Xu [83] is presented. Theorem 3.1.3
is an original contribution that proves the multi-valued form of the
theorem given by T. Suzuki in 2007, [78]. This result and R. Iannacci’s
theorem from 1978, [26], lead to the main theorem of this subsection.
This result relates to the surjectivity of the multi-valued field, 1y — F,
generated by the Meir-Keeler operator.
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The last subsection of this section is about An application to a nonlinear
integral equation. More precisely, some existence results for nonlinear
integral equations are given. The steps of the proof indicate that the
operator F' is quasi-bounded, which implies that F' is also a norm-
contraction. Hence, applying the theorem of A. Granas [24] for norm
contractions, we conclude that the integral equation admits at least
one solution. The approach is continued by demonstrating that the
operator F'is a Meir-Keeler operator. Proving all the steps above, the
results lead to the Theorem 3.1.12, which underlines that the integral
equation admits at least one solution.

Some of the most relevant references are F. Aldea [1], A. Granas, J.
Dugundji [25], Meir and E. Keeler [39], A. Petrusel [49], G. Petrusel [59]
and I. A. Rus [69].

2. Surjectivity theorems for large contractions

The last section of this chapter has in the spotlight the joint work
with Adrian Petrusel Large Contractions and Surjectivity in Banach
Spaces in the Springer Proceedings in Mathematics and Statistics, Op-
timization and Soft Computing, see [43]. The purpose of this section is
to show that any large contraction is a norm-contraction in the sense
of A. Granas. Then, the surjectivity results are proved to extend and
complement several surjectivity results.

The first subsection of this section is titled The notion of large contrac-
tion. The notion of a large contraction introduced by T.A. Burton in
1996, [13], is presented. Also, it is recalled the remark of J. Jachymski
from [28] about the contractive condition from the definition of large
contraction. Regarding this, the definition for a generalized contraction,
introduced by M.A. Krasnoselskii, is specified.

The title of the second subsection is A surjectivity theorem for single-
valued large contractions. The theorem 3.2.1 of T.A. Burton is the start-
ing point of this part. Using this characterization theorem, an example
of a large contraction that is not a contraction in the sense of Banach
is given. One more example is about the consideration that any Meir-
Keeler operator on a nonempty and convex subset is a large contraction.
The main theorem of the subsection refers to the field 1x — f generated
by f that is a surjective operator.

The last subsection is named A surjectivity theorem for multi-valued
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large contractions. The approach is similar to subsection two. The own
contribution relates to the definition of multi-valued large contraction
and the proof of a surjectivity theorem for the field 1x — F' generated
by the multi-valued operator large contraction F. A fixed point result
for a multi-valued large contraction in a complete metric space is given.

The useful literature is referenced A. T. Burton [13], A. T. Burton, L.
K. Purnaras [14], A. Granas [24], R. Tannacci [26], I. A. Rus [69], I. A.
Rus, A. Petrusgel, G. Petrusel [72].

Original Results of the Thesis and Publications
List

The author’s contributions to the doctoral thesis involve studying different
bibliographic sources about this subject. Significant contributions are made
to extend variants of Banach’s Contraction Principle to more general classes
of operators.

The results obtained in collaboration with Radu Trusca are not included
in the summary and appear only in the thesis.

Those contributions are referenced in the bibliography and have been
published in the following scientific journals:

1. Moga, M.: Some properties of the fized point equation with Meir—Keeler
operator, Annales Univ. Sci. Budapest., Sec. Math. vol. 64 (2021), 109-
115. (Indexed in MathSciNet, ZbMath).

2. Moga, M.: Meir-Keeler operators and applications to surjectivity theo-
rems, J. Nonlinear and Convex Anal., vol. 23, no. 3 (2022), 625-634.
(Indexed in MathSciNet, Web Of Science with Impact factor: 0.7, Zb-
Math).

3. Moga, M.: On some qualitative properties of Cirié’s fixed point the-
orem, Stud. Univ. Babes-Bolyai Math., vol. 67, no. 1 (2022), 47-54.
(Indexed in MathSciNet, Scopus, Web Of Science with Impact factor:
0.3, ZbMath).

4. Moga, M., Petrusel, A.: Large Contractions and Surjectivity in Banach
Spaces. In: Som, T., Ghosh, D., Castillo, O., Petrusel, A., Sahu, D. (eds)
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Applied Analysis, Optimization and Soft Computing. ICNAAO 2021.
Springer Proceedings in Mathematics & Statistics, vol. 419, Springer,
Singapore (2023), 3-12. (Indexed in MathSciNet, Scopus, ZbMath),
10.1007/978-981-99-0597-3_1.

5. Moga, M., Trusca, R.: On some fixed point theorems for Ciri¢ operators.
Miskolec Mathematical Notes, vol. 25, no. 2 (2024), 871-885. (Indexed in
MathSciNet, Scopus, Web Of Science with Impact factor: 0.9, ZbMath).

6. Moga, M., Trusca, R.: Fized point and stability results for multi-valued
nonlinear graph contractions in complete metric spaces. J. Anal., vol.
33, (2025), 717-742. (Indexed in MathSciNet, Scopus, Web Of Science
with Impact factor: 0.7, ZbMath), 10.1007/s41478-024-00858-6.

Communication and Dissemination of Results

The conferences where the original results from the doctoral thesis were pre-
sented, and which brought a lot of knowledge, are worth mentioning here.

1. Within the context of the conference 22" International Symposium on
Symbolic and Numeric Algorithms for Scientific Computing (SYNASC),
held in Timisoara, Romania, between 15 and 4™ September 2020, I
presented the work with the title: An extended version of Meir-Keeler
theorem.

2. During the 13" Joint Conference on Mathematics and Computer Sci-
ence (MACS), organized in Budapest, Hungary, between 1°¢ and 3™
October 2020, I presented the talk with the title: Some properties of
the fized point equation with Meir-Keeler operator. The article that
serves as the basis of this presentation was published in the conference
proceedings.

3. On the occasion of 19" International Conference on Functional Equa-
tions and Inequalities (ICFEI), hosted in Bedlewo, Poland, between
12" and 18™ September, 2021, I presented the work with the title: On
some properties of Meir-Keeler operators.

4. At the 23 International Symposium on Symbolic and Numeric Algo-
rithms for Scientific Computing (SYNASC), organized in Timigoara,
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Chapter 1

Notions and preliminary results

This chapter is devoted to establishing the foundational notions and results
that will serve as prerequisites for the chapters that follow in this Ph.D. thesis.
This chapter has two sections: the single-valued operators and the multi-
valued operators. Important notions for the Fixed Point theory as metric,
metric space, Cauchy sequence, open and closed ball, are recalled. Also, we
review specific notions from the Nonlinear Analysis as generalized metric
space, Banach space, a-contraction, etc. In order to write the Notions and
preliminary results, the following works were studied: V. Berinde, M. Pacurar
[11], Granas-Dugundji [25], T. A. Lazar, A. Petrusel and N. Shazhad [33],
G. Petrusel [59], I.A. Rus [70], [76], I.A. Rus, A. Petrugel, G. Petrusel [72]
and [73].

1.1 Single-valued operators

In the first part, we recall some useful notions, as the sequence of Picard
iterates, a-contraction, @-contraction, quasi-bounded operator, Reich and
Zaslavski notion of well-posedness, Ostrowski stability, Ulam-Hyers stability,
etc., which will be used in the proofs of the main theorems.

From the book, see, e.g., of I.A. Rus, A. Petrusel, G. Petrusel, Fized Point
Theory, [73], the following notions are written.

Let X be a nonempty set and let d : X x X — R be a metric. We say that
d with infinite-values is called a generalized metric d : X x X — R, U{+o0}

14



CHAPTER 1. NOTIONS AND PRELIMINARY RESULTS 15

if the axioms of the metric are met.

Let zo be a given point in X and r > 0. The set B(xzg;r) is the open ball
of center zy and radius r, where

B(zo;r) :={z € X: d(zg,x) <71},

while B(zo;7) is the closed ball of center zy and radius r, where

B(zg;r) :={z € X: d(zg,z) <71}.
A subset Y of X is bounded if there exist x € X and r > 0 such that Y
it is contained in the ball B(z¢;7), meaning Y C B(xo; 7).

Definition 1.1.1 (R. Wegrzyk [82]). The metric space (X,d) is metrically
convez if for every distinct x1,x9 € X there exist x € X such that

d(z1,xe) = d(x1, ) + d(z,x2) and x1 # x # xo.
Let (X, ||-]|) be a Banach space. Then, by P(X), we will denote the family
of all nonempty subsets of X.
PX):={Y|Y C X}, PX)={Y CPX)|Y #0},
1x — the identity operator.

We will also use the following families of sets:
Py(X) :={Y € P(X)|Y is bounded},
P.,(X) ={Y € P(X)|Y is compact},
Py(X):={Y € P(X)|Y is closed}, P.,(X):={Y € P(X)|Y is convex} .

Lemma 1.1.1 (Cauchy-Toeplitz Lemma). Let (an)nen, (bn)nen be two se-

quences of positive numbers such that E a, < oo and lim b, = 0. Then
n—oo
n>0

nlgr;() (Z an_kbk> = 0.

k=0
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Definition 1.1.2 (Granas-Dugundji [25]). Let X,Y be two normed spaces.
Then:

(i) a map f: X =Y is called compact if f(X) is contained in a compact
subset of Y (or equivalently, f(X) is relatively compact);

(i) a map f: X — Y is called completely continuous if it is continuous,
and for each S € P,(X), we have that f(S) is relatively compact.

The following notions are used during the thesis, see, e.g., the book of
[.A. Rus, A. Petrusel, G. Petrusel, Fized Point Theory, [73].

Definition 1.1.3. Let (X, d) and (Y, d) be metric spaces, and let f : X — Y.

Continuity and compactness properties.
We define f to be:

(i) continuous if for every sequence (xy)nen C X, with x, — x asn — oo,
we have f(z,) — f(x) as n — oo;

(11) with closed graph if, for every sequence (z)neny C X with x, — = and
f(z,) = y as n — oo it follows that y = f(x). Equivalently, the graph
G(f) C X xY is a closed subset;

(iii) bounded if S € Py(X) implies f(S) € Py(Y);
(i) compact if S € By(X) implies f(S) € P(Y);
(v) completely continuous if it is both compact and continuous.

Lipschitz-type properties.
We define f to be:

(vi) Lipschitz if there exists a constant | € Ry for which
d(f(x), f(y)) < ld(z,y), for everyz,y € X;

(vii) contraction if there exists | € [0, 1] such that f is l-Lipschitz (i.e. Lip-
schitz with the constant 1);
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(viii) contractive if
d(f(z), f(y)) <d(z,y), for all z,y € X,z #y;

(ix) nonexpansive if it is 1-Lipschitz;

(x) expansive if
d(f(z), f(y)) > d(z,y), forallz,y e X,z #y.

Consider X be a nonempty set and f : X — X be an operator. We recall
that,

Fir(f) = {o € X|a = f()}
is the fixed point set of f.

Let us use the notation (f™(z)),en for the sequence of Picard iterates
(also referred to as the sequence of successive approximations) of f starting
at g € X, where f* = fo fo---o f for n-times. Notice that the sequence of
Picard iterates of f from xy € X can be recursively defined by the formula
Tpt1 = f(z,), for n € N, where z,, := f™(zo),n € N.

An operator f is called a weakly Picard operator (WPO) if, for every
x € X, the sequence (f"(z)), € N converges and its limit, denoted by f*°(x),
is a fixed point of f. In this case, we define f* by

X = X, f*x) = lim f"(z).

n—o0

Consider f be given as a WPO and a constant ¢ > 0. The operator f is
known as ¢ — W PO when

d(z, f*(x)) < cd(zx, f(x)), for every z € X.

Let (X, d) be a metric space and f : X — X be an operator. For A C X,
let 6(A) := sup{d(a,b) : a,b € A} the diameter of the set A. For each z € X,
we denote:

O(z,n) ={z, f(z), ... f" ()} ,n=1,2, ..,
O(z,00) = {x, f(x),..., [M(x),..}.
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Definition 1.1.4 (Lj. B. Ciri¢ [17]). Let (X,d) be a metric space and f :
X — X be an operator. Then X 1is said to be f-orbitally complete if every

Cauchy sequence which is contained in O(x,00), for some x € X, converges
mn X.

The following classes of operators in a metric space (X, d) are important
for our approach.

Definition 1.1.5. Let (X,d) be a metric space and f : X — X be an
operator. Then f is said to be an a-contraction if there exists a € [0,1) such
that

d(f(x), f(y)) < ad(x,y), forall x,y € X. (1.1.1)

Definition 1.1.6 (I.A. Rus [70]). Consider a metric space (X,d) and f :
X — X an operator. The operator f s called a graphic a-contraction if
there exists a € [0, 1) satisfying

d(f*(z), f(r)) < ad(z, f(z)), for all x € X. (1.1.2)

Through this paper we denote N := {0,1,2,---} the set of all natural
numbers and by N* = N\ {0}.

Definition 1.1.7 (I.A. Rus [76]). A function ¢ : Ry — Ry s called a
comparison function if it satisfies:

(i) ¢ is strictly increasing;
(ii) (" (t))nen converges to 0 asn — oo, for allt € R,.

If the condition (ii) is replaced by the condition:

o

(131) Z ©"(t) < oo, for anyt >0, (1.1.3)
k=0

then ¢ s called a strong comparison function.

Lemma 1.1.2. If ¢ : R, — R, is a comparison function, then ¢(t) <t, for
any t >0, ©(0) =0 and ¢ is continuous at 0.
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Lemma 1.1.3. If ¢ : R, — R, s a strong comparison function, then the
following hold:

(i) ¢ is a comparison function;

(ii) the function ¢ : Ry — R, defined by

oo

C(t) =Y _#"(t),

k=0
15 increasing and continuous at 0.

Lemma 1.1.4 (V. Berinde, M. Pacurar [11]). Let ¢ : R — Ry be a strong
comparison function and a, € Ry, n € N such that a,, — 0 as n — oco. Then

ng"’k(ak) — 0 asn — 0.
k=0

Definition 1.1.8 (T. A. Lazar, A. Petrugel and N. Shazhad [33]). Let (X, d)
be a complete metric space and f: X — X be an operator. We say that f is
a @-contraction if

d(f(z), f(y)) < pld(x,y)), for each z,y € X,

where ¢ : Ry — Ry is a comparison function, i.e., @ is increasing and
satisfies lim @"(f) =0, for any f > 0.
n—oo

In particular, if o(f) = kf, f € Ry (for some k € (0,1)), then f is called
a k-contraction.

Definition 1.1.9 (Meir-Keeler [39]). Let (X,d) be a metric space. An oper-
ator f: X — X is said to be a Meir-Keeler operator if for each € > 0 there
exists 6 > 0 such that the following implication holds:

r,y € X,e <d(z,y) <e+0=d(f(x), fly) <e.

A result established by Meir and Keeler in 1969 is presented here. Ac-
tually, in [39], the notion of the Meir-Keeler operator is introduced on a
complete metric space, and then the subsequent fixed point theorem is es-

tablished.
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Theorem 1.1.5 (Meir-Keeler [39]). Consider a complete metric space (X, d)
and a Meir-Keeler operator f : X — X, then f is a Picard operator, i.e.,

(i) Fiz(f) ={z"};
(i1) the sequence (f™(x))nen converges to x*, for any z € X.

Definition 1.1.10 (A. Granas, see, e.g., I. A. Rus [69]). Let (X, ]| -||) be a
normed space. An operator f : X — X 1is called quasi-bounded if there exist
two numbers a,b €]0, 0o such that

| f(2)|| < allz|| +b, forallxe X. (1.1.4)

In the literature, the notion of quasi-bounded is also referred to as linear
growth.

In this setting, if f is quasi-bounded, then the quasi-norm of f is expressed
by

| f] = inf {a > 0| there exists b > 0 such that the relation (1.1.4) holds} .

Definition 1.1.11 (A. Granas, see, e.g., I. A. Rus [69]). Let (X, | -||) be a
normed space and f : X — X be a quasi-bounded operator. If the quasi-norm
of f is strictly less than one, then f is called a norm-contraction.

Below we present a number of definitions that will be used to describe
various stability properties.

Definition 1.1.12 (S. Reich and A. J. Zaslavski [64]). Let (X, d) be a metric
space and f: X — X be an operator. Then, the fized point equation is well-
posed according to Reich and Zaslavski if Fix(f) = {x*} and if (yn)neny € X
1s a sequence such that

A(Yn, f(yn)) = 0 as n — oo,

then we have that
Yp —> x* asn — oo.

Definition 1.1.13 (V. Berinde, M. Pacurar [10]). Let (X, d) be a metric
space and an operator f: X — X be such that Fiz(f) = {x*}. We consider
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that f has the Ostrowski stability property if the following implication holds:
for any sequence (yn)nen C X having the property

d(Yn+1, [(Yn)) = 0 as n — o0,

we have that

lim vy, = z*.

n—oo
Definition 1.1.14 (P. T. Petru, A. Petrusel, J.-C. Yao [48]). Let (X,d) be a
metric space and f : X — X. We say that the fived point equation f(x) =z
1s generalized Ulam-Hyers stable if for any € > 0 and for any e-solution y* of
the fized point equation (i.e., d(y*, f(y*)) < e) there exists a unique solution
x* of the fized point equation such that

d(z",y") < ¢(e),

where ¥ : Ry — Ry s a function which is increasing, continuous at 0, and

$(0) = 0.

Remark 1.1.6. In particular, the fixed point equation is said to be Ulam-
Hyers stable if there exists ¢ > 0 such that ¥(f) = cf, f € R,.

The main fixed point principle on a metric space is the one given by
Banach (1922) and Caccioppoli (1930).

Theorem 1.1.7 (Banach (1922) - Caccioppoli (1930) Contraction
Principle). Let (X,d) be a complete metric space. Let f : X — X be an
a-contraction. The following holds:

(1) Fiz(f) = {z"};

(ii) for every x € X the following sequence of successive approrimations
(i.e. xg = x,x, := f"(x) for n > 1) of f starting from x converges to

*

T,

a?’L

(111) d(z,,z*) < .

ad(xo, f(z0)), for every n € N.
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1.2 Multi-valued operators

This chapter aims to present the fundamental notions of the theory of multi-
valued operators on metric spaces. Notions such as the Pompeiu-Hausdorff
distance, quasi-bounded operator, and continuity are presented.

The notation below will be used throughout the paper. (see, e.g., [59],
[72]).

Let (X, d) be a metric space. Then, it follows that:

(i) the gap between the two sets S; and Sy is the functional
D(51,85:) : P(X) x P(X) — Ry U{+o0}, defined by
D(S1,Ss) = inf {d(z1,x2)|x1 € S1, 29 € Sa}.
(ii) the excess of a set Sy over a set Sy is the functional
p(S1,52) : P(X) x P(X) = Ry U{+oc}, defined by
p(S1,S2) = sup{D(xy,S2)|z1 € S1}.

(iii) the Pompeiu-Hausdorff distance between two sets S; and Sy is the
functional

H(S1,52) : P(X) x P(X) = Ry U{+00}, defined by
H (51, 52) = max {p(S1, 52), p(S2, 51) }-
(iv) the diameter between two sets Sy and Sy is the functional
A(S1,52) : P(X) x P(X) = Ry U {400},
A(Sy,52) = sup{d(xy,x9)|x1 € S1,22 € Sa} .
For a multi-valued operator F' : X — P(X), its fixed point set is denoted

by
Fiz(F):={z € X|zr € F(x)},

while the graph of F'is the set
Graph(F) = {(z,y) e X x X 1y € F(x)}.
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Definition 1.2.1 (see, e.g., A. Petrugel, G. Petrusel, J.-C. Yao [55]). Let
(X,d) be a generalized metric space and F : X — P(X). Then, the multi-
valued operator I is called:

(a) a-Lipschitz if o > 0 and H(F(z1), F(22)) < ad(z1,x2), for all
(z1,22) € X x X;
(b) a-contraction if it is a-Lipschitz with o < 1;

(¢) graph a-Lipschitz if « > 0 and H(F(x1), F(x2)) < ad(z1,x2), for all
(21, 22) € Graph(F);

(d) graph a-contraction if it is graph a-Lipschitz with oo < 1.

It is obvious that (a) implies (¢) and (b) implies (d), but not vice versa.

Definition 1.2.2 (I. A. Rus, [74], [75]). Let (X,d) be a metric space. Then
F: X — P(X) is called a multi-valued weakly Picard (MWP) operator if for
each © € X and each y € F(x) there exists a sequence {T,}nen in X such
that

(Z) To=2T, Th =Y,
(i1) xpi1 € F(xy,), for alln € N;
(i1i) the sequence {x,}nen is convergent and its limit is a fized point of F.
Any sequence fulfilling conditions (i) and (ii) is termed a Picard-type

sequence of F' starting from (z,y) € Graph(F).

Assume that F' : X — P(X) is an MWP operator. Accordingly, the
multivalued operator is introduced as

F* : Graph(F) — P(Fixz(F)) by

F*(z,y) = {z € Fiz(F)|there exists a sequence of successive

approximations of F starting from (x,y) that converges to z},

for any (x,y) € Graph(T).
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Remark 1.2.1. Notice that if F': X — Py(X) is an a-contraction, then F

1
is a o-MWP operator with p(t) = 1—t.
-«
Definition 1.2.3 (R. Iannacci [26]). Let (X,]|| - ||) be a Banach space and
F: X — Py(X). Then F is called quasi-bounded if there exists m, M €]0, oo[
such that
lyl| < m|lz||+ M, for each (x,y) € Graph(F). (1.2.1)

The quasi-norm of F' is defined by
|F'| = inf {m > 0] there exists M > 0 such that the relation (1.2.1) holds} .

If the quasi-norm of F' is less than one (i.e., |F| < 1), then F' is said to be a
multi-valued norm-contraction. In the above setting, we will denote

|F(z)|| == H(F(z),{0}), for any x € X.

Definition 1.2.4 (see, e.g., M. Kisielewicz [31]). A multi-valued operator
F : X — P(X) is said to be compact if F(X) is relatively compact. A
multi-valued operator F' : X — P(X) is said to be completely continuous if
it is upper semi-continuous and for each A € Py(X) we have that F(A) is
relatively compact.

The following notions and results are well known.

Definition 1.2.5 (see, e.g., T. C. Lim [34]). Let (X, ||-]|) be a normed space.
Then F : X — P(X) is said to be nonexpansive if

H(T(x), T(y)) < lz = yll, for each z,y € X.

We now recall the notion of Ulam-Hyers stability, well-posedness accord-
ing to Reich and Zaslavski, and Ostrowski stability for a fixed point inclusion
in the multi-valued case.

Definition 1.2.6 (P. T. Petru, A. Petrusel, J.-C. Yao [48]). Let (X,d) be a
metric space and F : X — P(X) be a multi-valued operator. Then, the fized
point problem

r € F(r),x € X, (1.2.2)
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15 said to be generalized Ulam-Hyers stable if there exists an increasing map-
ping v : [0,00[— [0, 00[ with v(0) = 0 and ~y is continuous at 0, such that
for any € > 0 and any e-solution z of the fized point inclusion (1.2.2) (i.e.,
D(z,F(z)) <€) there exists x* € Fix(F) such that

d(z,z") < ~(e).

As defined in [72], for a nonempty set X and a subset Y C X, a set
retraction of X onto Y is a mapping r : X — Y, for which the restriction of
r to Y equals the identity operator.

The following notion of well-posedness, according to Reich and Zaslavski,
in the context of a multi-valued operator was introduced in [64] as follows:

Definition 1.2.7 (S. Reich and A. J. Zaslavski [64]). Let (X,d) be a met-
ric space and let F : X — P(X) be a multi-valued operator. Suppose that
Fix(F) # 0 and there exists a set retractionr : X — Fix(F). Then, the fized
point inclusion x € F(x) is said to be well-posed in the Reich and Zaslavski
sense if for every x* € Fix(F) and given any sequence {uy,}nen C 771 (z%)
such that

D(up, F(u,)) — 0 as n — oo,

we have that
Uy, — &5 asn — oo.

Definition 1.2.8 (S. Reich and A. J. Zaslavski [64]). Let (X,d) be a met-
ric space and let F' : X — P(X) be a multi-valued operator. Suppose that
Fixz(F) # 0 and there exists a set retraction r : X — Fix(F). Then, the
fized point inclusion x € F(x) satisfies the Ostrowski stability property if for
any sequence {v, }nen C r~(x*) such that

D(vyi1, F(v,)) = 0 as n — oo,

we have that
v, — TF as n — 0o.

For more details about multi-valued Picard operators, weakly Picard op-

erators, generalized contractions, fixed point theorems, and stability proper-
ties, see, e.g., [30], [48], [50], [53], [57], and [58].



Chapter 2

Qualitative properties of
solution for the fixed point
equation

This chapter is devoted to the stability properties of the fixed point for differ-
ent operator classes. The approach taken in the first section is on expanding
the properties for the Ciri¢ type operator. The stability and fixed point re-
sults are demonstrated on both single-valued and multi-valued cases. In the
second section, the Meir-Keeler operator is considered. The main result in
this section addresses the single-valued operators. The last section is about
multi-valued nonlinear graph -contraction in complete metric spaces. The
discussion focuses on fixed point results and Maia-type theorems.

2.1 Fixed point equation with Cirié type
operators

It is well known that of all the extensions of the Banach-Caccioppoli Con-
traction Principle, the most general result was established by Ciri¢ in 1974.
In this chapter, we will present some results related to Ciri¢ type operator in
complete metric spaces. Existence and uniqueness are recalled, and several
stability properties (data dependence and Ostrowski stability property) are

26
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proved. Using the retraction-displacement condition, we will establish the
Ulam-Hyers stability property of the fixed point equation z = f(z) and the
well-posedness in the Reich and Zaslavski sense.

2.1.1 The notion of Cirié type operator

We review several definitions and well-known results that will be needed
throughout the thesis.

Definition 2.1.1 (Lj. B. Ciri¢ [17]). An operator f : X — X is said to be
a generalized contraction if and only if for every x,y € X there exist non-
negative numbers q, r, s, and t, which may depend on both x and vy, such that
sup{g+r+s+2t:z,y€ X} <1 and

d(f(x), f(y) < q-d(x,y) +r-d(z, f(z))+
+s-d(y, f(y)) +t-[dz, f(y) +d(y, f(x))].

Definition 2.1.2 (Lj. B. Ciri¢ [17]). Let (X,d) be a metric space and f
X — X be an operator. Then f is said to be a Cirié type operator (named
a quasi-contraction in the original paper [17]) if there exists a number q €
(0,1), such that

d(f(z), f(y)) < q-mazx{d(z,y),d(z, f(x)),d(y, f(y)),d(z, f(y)),d(y, f((;)l)}m

forall xz,y € X.

It is well known from the paper of B. E. Rhoades, see [67], that of all the
extensions according to the Banach-Caccioppoli Contraction Principle, the
most general result was established by Ciri¢ in 1974 for the above class of
operators.

In the following example, we present a Ciri¢ type operator, which is not
a generalized contraction.

Example 2.1.1. Let

X, = {T im=0,1,2,4,6,..;n = 1,3,7,...,2k:+1,...},
n
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X, = {@;m: 1,2,4,6,8,...;n:2,5,8,...,3k+2,...},

n

where k € N and let X = X1 U Xs. Let us define f: X — X by

2

Pad) EX:

3ZL' xZ 1
flz) = X

—z, 1€ X

51’ Xz 2

Ve 2
The mapping f is a Ciri¢ type operator with q = 3 If both = and y are

m X1 or in Xs, then

Wl N

d(f(x), f(y)) < 7d(z,y).

Thus, we have that f satisfies the following condition:
d(f(z), f(y)) < gmaw {d(z,y),d(z, f(y)),d(y, f(x))}

and, hence, it is Ciri¢ type operator.
. . , 17 32
Having the following comparison, we get that d(f(x), f(y)) = 30 > 50"

Hence, f is not a generalized contraction.

Our results generalize and complement some theorems given in [2] [12],
[17], [51], [68], [71], [73], [70].

2.1.2 Main results for single-valued Ciri¢ type
operators

In this section, we will consider a metric space (X,d) and f : X — X a
Ciri¢ type operator. Besides the usual properties, which are proved by Ciri¢
in [17], we will prove some other stability properties. More precisely, we
will establish the continuous data dependence property of the fixed point
and the Ostrowski stability property for the operator f. Moreover, using the
retraction-displacement condition, we also prove that the fixed point equation
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x = f(x) is well-posed according to Reich and Zaslavski and Ulam-Hyers
stable.

The following notion is essential in our approach.

Definition 2.1.3 (I. A. Rus [73]). Let (X,d) be a metric space and f :
X — X be an operator such that Fix(f) # 0. The retraction-displacement
condition s satisfied by f if one can find ¢ > 0 and a set retraction p : X —

Fiz(f) for which
d(z, p(x)) < cd(z, f(x)), for all xz € X. (2.1.2)
If Fix(f) = {x*} then we have

d(z,z") < cd(z, f(x)), forallz € X.

For instance, if f : X — X is an a-contraction on a a complete metric
space (X, d), then f fulfills the retraction-displacement property:

1
d(xz,z*) < 4 d(z, f(x)), for everyzr € X.
—

On the same lines, if f: X — X is a graphic a-contraction then it meets
the retraction-displacement property:

d(z,p(x)) < ﬁd(x, f(z)), forall z € X,

where p: X — Fiz(f) is specified by

p(z) = lim f*(z).
Theorem 2.1.1 (Lj. B. Ciri¢ [17]). Let (X, d) be a metric space and f : X —
X be a Ciri¢ type operator. Suppose that X is f-orbitally complete. Then:

1. f has a unique fized point x* in X and lim f"(z) = z*, i.e., f is a

. n—oo
Picard operator;

n

2. d(f"(z),z*) < 1q_ qd(x,f(:v)), for every x € X and every n € N*.
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An essential part of the proof is based on the following two relations:

(i) if n € N*, then for every z € X it follows that

d(f'(z), f(x)) < q0(O(z,n)), for every i,j € N*;

1
(ii) for every x € X we have that §(O(z,00)) < 1—d(:v, f(x)).
—dq
A second result in [17] shows that if there exists p € N with p > 2 such
that f? is a Ciri¢ type operator, then f is a Picard operator.

The next theorem, proving the stability properties of the fixed point,
stands as the central contribution of this part.

Theorem 2.1.2. Let (X,d) be a metric space, f: X — X be a Cirié type
operator and suppose that X is f-orbitally complete. Let x* € X denote the
unique fized point of f. Then the subsequent conclusions are obtained:

1. the fized point x = f(x) equation is said to have the data dependence
property, i.e., for any operator g : X — X such that Fix(g) # 0 and

d(f(x), g(x)) <n,

for every x € X and a constant n > 0, we have

1+gq
d * * <—
(x 7u)—1_q777

for every u* € Fix(g).

2. the fixed point equation has the well-posedness property, i.e., for every
sequence (Up)neny C X for which

d(tp, f(u,)) — 0,
as n — 00, it holds that u, — x*, as n — o0o;

3. the fized point equation is Ulam-Hyers stable, i.e., there exists ¢ > 0
such that for any € > 0 and any u* € X an e-solution of the fixed point
equation (in the sense that d(u*, f(u*)) < ¢), thus

diu*,z*) < c-e.
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1
4. ifq < 5 then the fixed point equation has the Ostrowski stability prop-

erty, i.e., for any sequence (up),cy C X with d(uny1, f(un)) — 0 as
n — 00, it holds that u,, — x*;

1
S afq < o then f is a graphic -contraction;

q
l—gq
. 1 : : . .
6. if ¢ < 3 then the operator f is a quasi-contraction, in the sense that

1 _qu < 1 for which

there exists =

d(f(x),z*) < pd(x,z*), for every x € X.

2.1.3 Main results for multi-valued Cirié type
operators

We first consider some notions related to our main results. After that, we
will underline the main theorem of this section, which extends, with some
stability results, the well-known theorem of Ciri¢. The approach will be for
multi-valued Ciri¢ operators, which were considered by A. Amini-Harandi in
the paper [4], from 2011.

Definition 2.1.4. An operator F': X — P,(X) is said to be a multi-valued
generalized contraction if for every x,y € X there exist non-negative numbers
P, q,r, which may depend on both x and y, such that
sup{p+2q+2r|x,ye X} <1 and

H(F(z), F(y)) <p-d(z,y) +q- [D(x, F(z) + D(y, F(y)] +
+r-[D(z, F(y)) + D(y, F(x))].

Definition 2.1.5 (A. Amini-Harandi [4]). Let (X, d) be a metric space. The
set-valued map F:Y C X — P, 4(X) is called a multi-valued Ciric¢ type
operator with constant k (named a k-set-valued quasi-contraction in [4]) if

H(F(z), F(y)) < kmax{d(z,y), D(x, F(r)), D(y, F(y)),
D(z, F(y)), D(y, F(2))},

for any x,y € X, where 0 < k < 1.
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If (X, d) is a metric space and F': X — P(X) is a multi-valued operator,
then the sequence (z,,),,cy from X is called a sequence of Picard type starting
from (z,y) € Graph(F) if xg = x,2; = y and x,, € F(z,_1),n € N*.

Theorem 2.1.3. (A. Amini-Harandi Theorem 2.2 [4]) Let (X, d) be a com-
plete metric space. Let F: X — Py 4(X) be a multi-valued Cirié type operator
with constant k < % Then, F' has a fized point.

In what follows, we will present some data dependence and stability re-
sults for the fixed point problem z € F(z).

Theorem 2.1.4. Let (X, d) be a complete metric space. Let F': X — P, (X)
be a multi-valued Cirié type operator with constant k < % Then:

(i) Fix(F) # 0 and for every (x,y) € Graph(F) there exists a sequence
(2n) ,en Of Picard type starting from xo = x, x1 = y which converge to
a fixed point x* of F;

(1) the fized point equation x € F(z) satisfies the data dependence property,
i.e., for any z* € Fix(F) and any G: X — P(X) such that Fiz(G) # ()
and the inequality H(F(z),G(z)) <n holds for all x € X and some
n > 0, there is u* € Fix(G) such that

(1+k)q

d * *<
(SE?u)— 1_k n’

h 1<g< !
wnere -
q 2]{;)

(11i) the fized point equation is well-posed in the Reich and Zaslavski sense,
i.e., for every sequence (up)nen C X such that

D(uy, F(u,)) — 0,
as n — 0o, we have that u, — x*, as n — oo.

1
() if ¢ < 5 then the fixed point equation has the Ostrowski stability prop-

erty, i.e., for any sequence (Un), oy C X with D(upyr, Fu,)) — 0 as
n — oo, we have that u,, — x*.
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We will now give a theorem that shows that, under an additional condi-
tion, the fixed point set and the strict fixed point set of a multi-valued Cirié¢
type operator coincide.

Theorem 2.1.5. Let (X,d) be a complete metric space. Let F': X — Py(X)
be a multi-valued Ciri¢ type operator with constant k < 1. Suppose that
SFix(F) # 0. Then Fiz(F) = SFix(F) = {«*}.

2.2 Fixed point equation for Meir-Keeler type
operator

The principal objective of this study is to establish results connected to the
Meir-Keeler theorem. Besides the existence and uniqueness results (which are
well-known), we give several stability properties (data dependence, Ulam-
Hyers stability, well-posedness in the Reich and Zaslavski sense, and Os-
trowski stability property) of the fixed point equation. The starting points
of this study are the papers of Meir and Keeler [39] and Lim [35], as well as
the seminal paper of Rus [70]. For related results see [49] and [73].

2.2.1 The notion of Meir-Keeler operator in the metric
space

The definition of the Meir-Keeler operator 1.1.9 and the Meir-Keeler theorem
1.1.5 can be found in the first chapter, single-valued section, since they are
also used in Chapter 3.

Theorem 1.1.5 is an extension of the famous Banach’s Contraction Prin-
ciple since any contraction mapping is a Meir-Keeler operator. Moreover, any
Meir-Keeler operator is contractive in the sense that

d(f (@), f(y)) < d(z,y),
for every z,y € X with = # y.

Remark 2.2.1. Notice that any contraction is a Meir-Keeler operator, but,
in general, the converse implication fails.
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In what follows, we introduce the first result of T. C. Lim [35], a key
ingredient in this chapter. We start by recalling the notion of an L-function.

Definition 2.2.1 (T. C. Lim [35]). A function ¢ : [0,00) — [0,00) is an
L-function if ¢(0) = 0, ¢(s) > 0, for each s > 0 and for any u > 0, there
exists u > s such that ¢(t) < s whenever t € [s,u.

Every L-function satisfies ¢(s) < s, for each s > 0.
We recall now Lim’s theorem from [35].

Theorem 2.2.2. (T. C. Lim [35]) Let (X,d) be a metric space and let f :
X — X. The following assertions are equivalent:

(i) f satisfies Meir-Keeler’s condition,

(1) there exists an L-function ¢ : [0,00) — [0,00) such that

d(f(x), f(y)) < old(z,y)),

for any x,y € X with x # y.

In (ii), one can choose ¢ to be also nondecreasing and right continuous.

Our approach is based on the equivalence between (i) and (iz).

2.2.2 Main results for single-valued Meir-Keeler
operators

In this section, we will consider the fixed point equation x = f(z), x € X,
where (X, d) is a complete metric space and f is a Meir-Keeler operator. In
addition to the existence, uniqueness, and approximation for the fixed point
of f, we will study (using Lim’s characterization) some qualitative proper-
ties of the fixed point equation, like data dependence property, Ulam-Hyers
stability, well-posedness in the Reich and Zaslavski sense, and Ostrowski sta-
bility property.

Lemma 2.2.3 (I. A. Rus [68]). Let ¢ : Ry — R, be an increasing function
such that
lim (¢t — ¢(t)) = oc.

t—o00
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Then, the function 5 : R, — R,

pn) == sup{t € Ryt — ¢(t) <n}

1s well-defined and has the following properties:

(i) B is increasing;
(1) B(0) = 0;

(11i) B is continuous in 0.

The principal theorem of this section, stated below, establishes several
qualitative properties of the fixed point equation.

Theorem 2.2.4. Let (X,d) be a complete metric space. Let the mapping f :

X — X be a Meir-Keeler operator. Assume that the L-function ¢ : R, — R,

guaranteed by Theorem 2.2.2 fulfills the condition tlim (t — ¢(t)) = oo. Then
—00

we obtain the following conclusions:

(i) whenever g : X — X is a given operator and there exists n > 0 for
which d(f(x),g(x)) <n, for any x € X, satisfying

d(x*,u*) < B(n), for every u* € Fix(g),

where f(n) :=sup{t € Ry |t — ¢(t) < n};

(ii) the fized point equation is well-posed in the sense of Reich and Zaslavski,
i.e., for every sequence (up)neny C X for which d(uy, f(u,)) — 0 as
n — oo we obtain that u, — x*, as n — oo;

(iii) the fixed point equation is generalized Ulam-Hyers stable, i.e., there
exists an increasing function [ : Ry — Ry with 5(0) = 0 and B is
continuous in 0, such that for any € > 0 and any u* € X an e-solution
of the fized point equation (in the sense that d(u*, f(u*)) < €), there
exists a fized point * € X for which

du*,x*) < B(e).
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In order to prove another stability result for Meir-Keeler operators, we
need the definition of a strong comparison function 1.1.7 and the lemma 1.1.4
regarding this notion.

Theorem 2.2.5. Let (X,d) be a complete metric space. Let the mapping
f: X — X be a Meir-Keeler operator. Suppose that the L-function ¢ : R, —
R, guaranteed by Theorem 2.2.2 is a subadditive, strong comparison function
and it fulfills the condition

lim (t — ¢(t)) = oo.

t—o00

Then the fixed point equation satisfies the Ostrowski stability condition.

2.3 Fixed point results for multi-valued non-
linear graph ¢-contractions in complete
metric spaces

In 1969, Nadler proved the most important metric fixed point theorem for
multi-valued operators. In the following year, Covitz and Nadler published
a refinement of Nadler’s fixed point principle for multi-valued contractions.
Various authors have considered further extensions of this principle to differ-
ent classes of generalized metric spaces and multi-valued generalized contrac-
tions; see, e.g., (3], [23], [27], [55], [61], [62], [63], [81], [82]. Additionally, some
fixed point set properties (closeness, compactness, absolute retract property,
etc.) were obtained, see, e.g., [20], [65], [66], [76], [77].

2.3.1 The notion of multi-valued nonlinear graph
¢ -contraction

The following notions are essential for our approach in order to establish
the main result. Let us give the definition for multi-valued nonlinear graph
p-contraction, the sequence of Picard iterates of F', and the p-multi-valued
weakly Picard operator.
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Definition 2.3.1. Let (X, d) be a generalized metric space. Then, an operator
F: X — P(X) is said to be a multi-valued nonlinear graph @-contraction if
there exists a strong comparison function ¢: [0,00) — [0,00) such that

H(F(z), F(y)) < @(d(z,y)), for every (z,y) € Graph(F). (2.3.1)

Definition 2.3.2 (A. Petrusel [50]). Let (X,d) be a metric space and con-
sider a multi-valued weakly Picard operator F: X — P(X). Then, we in-
troduce the multi-valued operator F>: Graph(F) — P(Fix(F)) given by
F>*(z,y) = {z € Fix(F) | there exists a sequence of Picard iterates of F
starting from (x,y) that converges to z}.

Definition 2.3.3 (A. Petrusel [50]). Let (X,d) be a metric space and con-
sider a multi-valued weakly Picard operator F': X — P(X). Then, F is a
p-multi-valued weakly Picard operator if ¢: [0,00) — [0,00) is increasing,
continuous in 0 with p(0) = 0 and there a selection [ of F> exists such
that

d(z, f=(2,y)) < (d(z,y)), for all (z,y) € Graph(F).
Remark 2.3.1. Notice that if F': X — Py(X) is an a-contraction, then F

1
is a p-MWP operator with ¢(f) = 1—f.
—«

2.3.2 Fixed point result for multi-valued nonlinear graph
p-contraction

The first main theorem in the current section is a fixed point result for
a multi-valued nonlinear graph ¢-contraction. We first recall an auxiliary
result.

Lemma 2.3.2 (S. B. Nadler Jr. [46]). Let (X,d) be a generalized metric
space, a multi-valued operator F: X — P(X), and q > 1. Then, for every
zo,x1 € X and z, € F(xo) there exists zo € F(xy) such that

d(z1,22) < qH(F(z0), F(x1)).

The results below are extensions of a classical theorem of R. Wegrzyk,
see Theorem 2.1 and Theorem 2.2 in [82].

In the context of a classical metric space, the result below is obtained.
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Theorem 2.3.3. Let (X, d) be a complete metric space and consider F': X —
P(X) to be a multi-valued nonlinear graph p-contraction with Graph(F)
closed. Hence, we obtain the following consequences:

(a) there ezists a point x* € X with the property that x* € Fixz(F™), for
every n € N*;

(b) for each (x,y) € Graph(F'), there exists a sequence of Picard iterates
(Tn)nen for F with (x,y) as the starting point that converges to a fized
point of F';

(c) F is called a -multi-valued weakly Picard operator, i.e., it requires the
existence of a selection f>°: Graph(F) — Fix(F) of F*> for which

d(z, [*(x,y)) < Y(d(x,y)), for every (x,y) € Graph(F),

where

Y(t) =t + Z ©"(st), with s > 1 chosen arbitrarily. (2.3.2)
k=0
Remark 2.3.4. Taken together, (a) and (b) imply that F' represents a multi-
valued weakly Picard operator. The property stated in conclusion (c) is named
the retraction—displacement condition. From (a)—(c) together with Definition
2.3.3, it follows that F' is a v-multi-valued weakly Picard operator.

Theorem 2.3.5 (C. K. Jung [29]). Let (X, d) be a generalized metric space.
Then the relation d defined as

zdy < d(z,y) < co forz,y € X, (2.3.3)

1s an equivalence relation and if X : s € S are the equivalence classes under
p then d(x,y) = oo whenever x € X, y € Xy, s # t. Also, if we let dg =
d|p xz., then (X, ds) is a metric space (for each s € S).

Theorem 2.3.6 (R. Wegrzyk [38]). Let (Y,d) be a metrically convexr com-
plete metric space and let (X, ci) be an arbitrary metric space. Moreover, let
f:Y — X be an arbitrary function. Then there is a function ¢ : [0, 00) —
[0,00), p(t) <t, fort>0 and

d(f(x), f(y) < (d(z,y)), withz,y €Y (2.3.4)

which is strictly increasing, concave, and continuously differentiable (i.e., its
derivative exists and is itself a continuous function) in [0, 00).
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Let us denote by C™[I] the class of functions f, which have continuous
derivatives up to order n in I.

By S we write the class of functions f which belongs to C™[I] (I arbitrary
interval) and fulfill the conditions:

(f(x)—x)(—x)>0forz e l,x #E,

(flx) =& —x)<0forzel,x#E.

Theorem 2.3.7 (M. Kuczma [32]). If f € S¥, then for every xo € I the
sequence (f"(xo)nen) 15 increasing (and strictly increasing whenever xo # 0)
and

lim f"(x¢) = 0.

n—oo

Corollary 2.3.8. Suppose (X,d) is a metrically convexr complete metric
space and let F' : X — P(X) be a multi-valued operator with closed graph
fulfilling the condition (2.3.1) with a function ¢ such that p(t) <t fort >0,
then:

(a) for every xo € X and for every fized point x € X of F there exists
a sequence of iterations of F' starting from xo which converges to x,

(b) moreover, if there exists a sy > 0 such that the function ¢ is strictly
o0

increasing in the interval [0, so| and for which the series Z ©"(s0) converges,

k=0
then the set of fized points of F is nonempty.

As a consequence of Theorem 2.3.3, we obtain the following qualitative
results regarding the fixed point set.

Theorem 2.3.9. (Data dependence of the fixed point set) Let (X, d)
be a complete metric space and let F': X — P(X) be a multi-valued nonlinear
graph @-contraction whose graph is closed. Hence, the results below hold:

(a) Fiz(F) # 0;

(b) if G : X — P,(X) represents a multi-valued nonlinear graph (-
contraction with closed graph, and if n > 0 satisfies

H(F(x),G(z)) <n, for each z € X,
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it follows that
H(Fix(F), Fiz(G)) < maz {(n), 3(n) }

where, for any s > 1, we denote
Bty =+ > (s )
k=1

and

() =t+> Bs-t).

Regarding the Ulam—Hyers stability of the fixed point inclusion, we obtain
the following result.

Theorem 2.3.10. Let (X,d) be a complete metric space and F': X — P(X)
be a multi-valued nonlinear graph @-contraction. Then, the fized point prob-
lem (1.2.2) is Ulam-Hyers stable.

Remark 2.3.11. [t is an open question to establish well-posedness according
to Reich and Zaslavski, and Ostrowski stability property of the fixed point
inclusion x € F(x) with a multi-valued nonlinear graph -contraction F.

The strict fixed point property constitutes a special case in the study
of multi-valued operators within fixed point theory. Accordingly, the fol-
lowing strict fixed point theorem holds for multi-valued nonlinear graph -
contractions.

Theorem 2.3.12. Let (X, d) be a complete metric space and F : X — P(X)
be a multi-valued nonlinear graph @-contraction with closed graph. Suppose:

(i) F(F(z)) C F(x), for each x € X;
(i1) if A € Py(X) with F(A) = A, then A is a singleton.
Then, Fiz(F) = SFiz(F) # 0.
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2.3.3 DMaia type fixed point theory for multi-valued
nonlinear graph ¢-contractions

The following Maia-type theorem holds for a nonlinear graph ¢-contractions
on a nonempty set endowed with two metrics. The Maia type result was
proved by R. Trugeca, in the paper [45]. An application for the mentioned re-
sult is given by the author in the case of the Volterra-type integral inclusion.

We will now extend the notion of multi-valued nonlinear (¢, 1) - contrac-
tion of Feng-Liu type, introduced in the paper by A. Petrusel, G. Petrusel
and J.-C. Yao [54].

Definition 2.3.4 (A. Petrusel, G. Petrusel, J.-C. Yao [54]). Let (X,d) be
a metric space, F': X — P(X) be a multi-valued operator and 1): [0, 00)
[0,00) be an increasing mapping such that ¥ (t) >t for any t > 0 and 1(0)
0. For each x € X, we consider the set

Li(d) == A{y € F(x): d(x,y) < ¢(Da(x, F(x)))} . (2.3.5)

The operator F' is called a multi-valued nonlinear (v, 1)-contraction of Feng-
Liu type with respect to the metric d if there exists an increasing mapping
@: [0,00) = [0,00) with p(t) < t for each t € (0,00) and ¢(0) = 0, such
that:

(a) ¥ oy is a strong comparison function,

(b) for each x € X there exists y € I}(d) such that

Da(y, F(y)) < ¢(d(z,y)). (2.3.6)

An extension of Theorem 2.5 in [54] is established for spaces equipped
with two metrics. The following two theorems are Radu Trusca’s results, and
the proof can be found in the article [45].

Theorem 2.3.13. Let X be a nonempty set endowed with two metrics, d
and p. Let F: X — Py(X) and: [0,00) — [0,00) be an increasing mapping
such that ¥ (t) >t for any t > 0 and ¥ (0) = 0. We assume that:

(i) (X,d) is a complete metric space;
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(ii) there exists R > 0 such that d(z,y) < Rp(z,y) for all v,y € X;
(111) Graph(F) is closed with respect to the metric p;

(iv) there exists an increasing mapping ¢: [0,00) — [0,00) with ¢(t) < t
for eacht € (0,00) and ¢(0) = 0, such that o is a strong comparison
mapping and the following relation holds

Dy, F'(y)) < @(p(w,y)), for every (z,y) € Graph(F).

Then, we have that Fixz(F) # (0 and for each xy € X there exists an iterative
sequence of Picard type (x,,)nen convergent to a point x* € Fix(F'). Moreover,
the operator satisfies the following retraction-displacement condition:

[e.9]

d(zo, 2" (10)) < > (10 9)"(to), (2.3.7)

k=0
where to = d(z9, 21), 71 € 1" (p).

As author’s contribution in this subsection is an application of the above
result. We can consider the following integral inclusion of the Volterra type.

Let us introduce the notation for the interval I := [a, b].

x(t) € /tL(s,x(s))ds +1U(t), tel, (2.3.8)

where L : I x R" — P, .,(R") and [ : I — R" satisfy the presented below
hypotheses:

(Ay) for every u € C(I,R") the multi-valued operator L, : I — P .,(R"),
defined by L, (s) := L(s,u(s)), is measurable and integrable
bounded, i.e., an integrable mapping exists m : I — R, for which
L(s,u(s)) C B(0,m(s)) a.e. s € I;

(Ag) there exist two increasing mappings v, p: [0,00) — [0, 00) with ¥ (t) >
t for any ¢ > 0, ¥(0) = 0, p(t) < t for each ¢t € (0,00) and ¢(0) = 0,
such that 1 o ¢ is a strong comparison function;

(As) [ is continuous;
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(A4) there exist k : I — R, measurable in s and an increasing function
¢ : [0, 00[— [0, 00), for which ¢ is a strong comparison function and

D(U7 L<S7U)) < “(S)W(W - /UDv
for all (s,u) € I x R™ and v € S(s,u).
By a solution of (2.3.8) we mean a continuous mapping u € C(I,R")

that fulfills the above inclusion for each ¢ € I. We will denote by || - ||z the
following Bielecki type norm in C'(I,R"), i.e.,

|zl := sup [|z(t)[e O],
tel

where K(t) := [ k(s)ds and 7 > 1.

The following theorem gives an existence result for the integral inclusion
(2.3.8).

Theorem 2.3.14. Consider the integral inclusion (2.3.8) and suppose that
the hypotheses (A1) — (Ay) hold. It follows that there is at least one solution

of (2.3.8).

Remark 2.3.15. Theorem 2.3.13 extends a result given by A. Petrusel, in
[52] (see Theorem 2.8.11), where a stronger contraction type condition on the
kernel L is imposed.



Chapter 3

Surjectivity theorems for
classes of contractive operators

This chapter is divided into two sections, one is about the surjectivity theo-
rems for Meir-Keeler operators, and the other is about surjectivity theorems
for large contractions. The first step in proving the surjectivity theorems in
the following subsections is to prove that the operator is a norm-contraction.
Using this result, we will prove the surjectivity property. Important theo-
rems used later in the following subsections are the one given by A. Granas
in 1957, see [24], and the one shown by T. Suzuki in 2007, see [78].

Theorem 3.0.1 (A. Granas [24]). Let (X, || - ||) be a Banach space, and
let f: X — X be a complete continuous operator. If, additionally, f is a
norm-contraction, then Fix(f) # 0.

Theorem 3.0.2 (T. Suzuki [78]). Let (X, ||-||) be a Banach space and C' be a
nonempty and convex subset of X. Assume that f : C — C is a Meir-Keeler
operator. Then, for every e > 0, there exists r. € (0,1) for which

[z —yll = & implies || f(x) = fF()] < rellz —yll,

for all x,y € C.

44
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3.1 Surjectivity theorems for Meir-Keeler
operators

This section first aims to establish that a Meir—Keeler operator f on a Banach
space X, single-valued and multi-valued, is a norm contraction. Then, using
this result, we will give sufficient conditions assuring that the field 1x — f,
generated by f, is surjective. The next two sections contain surjectivity theo-
rems for single-valued and, respectively, multi-valued Meir-Keeler operators.
The last subsection is devoted to an application of the previous results in the
single-valued setting. Our results generalize some well-known theorems of this
type for Banach/Nadler type contractions, see [5] and [25], as well as other
results of this type for generalized contractions, see [1], [6], [59], [69], [79].

3.1.1 Surjectivity theorems for single-valued
Meir-Keeler operators

The definition of the Meir-Keeler operator 1.1.9 and the Meir-Keeler theorem
1.1.5 are provided in the Notions and preliminary results chapter, single-
valued section, since they are also used in Chapter 2.

In this section, we will present a new surjectivity theorem for a single-
valued Meir-Keeler operator. The approach is based on the norm-contraction
operator theory and on a well-known theorem of A. Granas [24], Theorem
3.0.1. Also, the result proved by T. Suzuki in 2007 is used in our approach,
Theorem 3.0.2, mentioned above in the introduction of the chapter.

The following theorem provides our first main result concerning the sur-
jectivity of Meir—Keeler operators in Banach spaces. For the proof of this
theorem, we will use Definition 1.1.11, and consider two cases: first, when x
is inside the closed ball B(xo; R), and second, when z is outside the closed
ball B(xo; R).

Theorem 3.1.1. Let (X, || - ||) be a Banach space and Y be a nonempty,
closed, and convex subset of X. Let us consider the operator f 1Y —'Y that
satisfies the following conditions:

(i) f restricted to any bounded set in'Y is compact;
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(ii) [ represents a Meir-Keeler operator.

Then 1y — f is a surjective operator.

3.1.2 Surjectivity theorems for multi-valued
Meir-Keeler operators

This section begins by recalling some preliminary notions and results that will
let us prove a new surjectivity theorem for the multi-valued field generated
by a multi-valued Meir-Keeler operator. In 2000, H. K. Xu, [83] provided the
definition of a multi-valued Meir-Keeler operator. No corresponding multi-
valued theorem was given, similar to the one given by Suzuki for the single-
valued case. This gap motivated the proposal of a multi-valued version, which
is presented as Theorem 3.1.3.

Definition 3.1.1 (see, e.g., H. K. Xu [83]). Let (X, ||-||) be a Banach space.
Then, F : X — P(X) is referred to as a multi-valued Meir-Keeler operator
if for all € > 0 there exists 6 > 0 for which

e <l|lz—vy|| <e+ 3 implies H(F(z),F(y)) < e.

Lemma 3.1.2. Let (X, ||-||) be a normed space. If Y, Z € P.,(X), then given
any y € Y one can find z € Z with

ly — 2| < H(Y, Z).

To establish the principal theorem, we will first establish a new result re-
garding the following multi-valued version of Suzuki’s single-valued Theorem
3.0.2.

Theorem 3.1.3. Let a Banach space (X, ||-||) andY C X be a convex subset
of X. Let F : Y — P.,(Y) be a multi-valued Meir-Keeler operator. Then, for
every € > 0 there exists r. € (0,1) satisfying

r,y € X, ||lx —y|| > e implies H(F(x), F(y)) < rc||z —y|.
To prove our main surjectivity theorem for multi-valued Meir-Keeler op-

erators, we require the following known result, established by R. lannacci [26]
in 1978.
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Theorem 3.1.4 (R. lannacci [26]). Let (X,|| - ||) be a Banach space and
F : X — P.(X). Suppose that F is a completely continuous multi-valued
norm-contraction. Then, the field 1x — F generated by F' is surjective.

To establish our main surjectivity theorem for multi-valued Meir-Keeler
operators, we require the following known result, established by R. Iannacci
[26] in 1978.

Theorem 3.1.5. Let (X, || - ||) be a Banach space and Y be a nonempty,
closed, and convexr subset of X. Let us consider the multi-valued operator
F:Y — P.,.(Y) fulfilling the conditions below:

(i) for each A € Py(X) the set F(A) is relatively compact;

(ii) F represents a Meir-Keeler operator.

Then, the field 1y — F generated by F is surjective.

Remark 3.1.6. [t is easy to see that any Nadler contraction (see, e.g., [5])
15 a multi-valued Meir-Keeler operator, and any multi-valued Meir-Keeler
operator is contractive (i.e., H(F(x),F(y)) < ||z — yl||, for every distinct
x,y € X ). It remains an open question whether a similar surjectivity theorem
holds for multi-valued contractive operators.

3.1.3 An application to a nonlinear integral equation

To apply the theory developed above, we establish several existence results
for the nonlinear integral equation presented below.

We shall denote the interval [0,77] by .

T
z(t) = g(x(t)) —|—/ K(t,s,z(s))ds, t €I, (3.1.1)
0
where K € C(I x I x R",R") and g € C(R",R").
If we define the operator F': C(I,R") — C(I,R"),

Fx(t) := g(z(t)) +/0 K(t,s,z(s))ds, t € I, (3.1.2)
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then the equation (3.1.1) takes the form of a fixed point equation

x=Fz, x € C(I,R"). (3.1.3)

First, we show that under some appropriate conditions, the operator F
is a norm-contraction.

Lemma 3.1.7. Let us suppose that:

1. Ke C(IxIxR"R") and g € C(R",R");
2. there exists a > 0 such that ||g(u)||ge < allu||gn, for any u € R";
3. one can find p,q,«, B, €]0,00[ fulfilling

Kt s, u)l[en < at” + BT+ nljullen, forallt,s € I,ue R
4. a+nT <1.

Then the operator I defined in (3.1.2) is a norm-contraction on C(I1,R").

Remark 3.1.8. Lemma 3.1.7 also holds if 3. is replaced by the following
condition

3. there exist n,G €]0, 00] such that

|K(t,s,u)||ge < G+ nl||ul|gn, for any u € R™;

By Lemma 3.1.7 and Theorem 3.0.1, we get the following result.

Theorem 3.1.9. We consider the integral equation (3.1.1). We suppose that:

1. Ke C(I xIxR"R") and g € C(R",R");
2. there exists a > 0 for which ||g(u)||gn < allu||gn, for any u € R™;

3. there exists p,q,c, B,m € (0,00) fulfilling

1K (t,s,u)||re < at? + Bs? + n||u||gn, for everyt,s € I,u e R";
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4. a+nT <1.

Therefore, the integral equation (3.1.1) admits at least one solution.
Corollary 3.1.10. The conclusion of Theorem 3.1.9 also holds for the hy-
potheses 1,2,3" and 4, mentioned in the Remark 3.1.8.

In our second approach, we will show that the operator F' is a norm-
contraction by imposing appropriate conditions such that F'is a Meir-Keeler

operator.
Lemma 3.1.11. We suppose that:
1. K e C(I x I xR" R") is Lipschitz in the third variable, and g : R" —
R™ a continuous function,
2. there exists a > 0 satisfying
lg(u) = g(v)l[rr < allu — vl|rn,
for any u,v € R™;
3. there exists Ly > 0 such that, for every e > 0 there exists 6 > 0 with

1—&—LKT
§< 4T ERED
at LT

for which the following implication holds:
|lu—v||re <e+0 = ||K(t s,u) — K(t,s,0)||gn <&,

for any u,v € R";

l1—a

Then, F defined by (3.1.2) is a Meir-Keeler operator on C(I,R").

Theorem 3.1.12. We consider the integral equation (3.1.1). We suppose
that:
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1. KeC(I xIxR"R") and g : R — R™ is bounded;
2. there exists a > 0 for which
lg(u) = g(v)l[er < allu = vl|n,
for any u,v € R"
3. there exists Lx > 0 such that, given any € > 0 there exists 6 > 0 with

1—G—LKT
§< 4T EKL
at LT

for which the following implication holds:
|lu —v||gn <e+0=||K(t s,u)— K(t,s,0)|r <e,

for any u,v € R";

1—a

4. Lig < T

Hence, the integral equation (3.1.1) admits at least one solution.

3.2 Surjectivity theorems for large
contractions

The concept of a large contraction was introduced for the single-valued case
by T.A. Burton in 1996. In this section, we show that each single-valued
large contraction f : X — X is a norm-contraction. Using this result, we
can prove some surjectivity theorems for the field 1x — f generated by f. In
the second subsection, we will establish the definition of multi-valued large
contraction and, using a similar approach, we prove the surjectivity of the
field 1x — F' generated by a multi-valued operator F' from X to X. The
results of this section generalize and strengthen several theorems from the
previous studies; see Lemma in [13] and the surjectivity theorems in [41], [59]
and [72].
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3.2.1 The notion of a large contraction

The following concept was introduced by T.A. Burton in the framework of a
metric space.

Definition 3.2.1 (T. A. Burton [13]). Let (X, || - ||) be a normed space. An

operator f : X — X 1is defined as a large contraction if

1. f satisfies the contractive condition, that is,

1 () = FWII < [lw = yll for all distinct z,y € X,

2. for all e > 0, there exists 6 < 1 with

vy e X |z -yl ze=|f(x) = Fl < dllz—yl.

J. Jachymski in [28] noted that the contractive condition in the above
definition could be avoided and, as a consequence, an operator f : X — X
is a large contraction if, for every € > 0, one can find §(¢) €]0, 1] for which

ry € X, |z —yll Zze=[If(z) - fWll <)z —yll.
For related equivalences involving classes of generalized contractions, see [28].

The following concept, introduced by M.A. Krasnoselskii, is related to
the above definition.

Definition 3.2.2 (M.A. Krasnoselskii, see, e.g., Y.-Z. Chen [18]). Let (X, || -
II) be a Banach space. An operator f : X — X is called a generalized con-
traction if for any 0 < a < b < 0o, there exists §(a,b) € (0,1) such that

1 (z) = fW)Il < 6(a, b)]lz —yll,
for all z,y € X satisfying a < ||x — y|| < b.

3.2.2 A surjectivity theorem for single-valued large
contractions

In this subsection, we will prove the property that the field 1x — f is surjec-
tive, where f is a single-valued large contraction. The proof is based on T.A.
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Burton’s large contraction principle [13] and the theorem of A. Granas [24],
Theorem 3.0.1. On the one hand, a large contraction is a generalized con-
traction, see [18]. On the other hand, there exist large contractions which are
not (Banach) contractions.

T. A. Burton gave the principal fixed point theorem for large contractions.

Theorem 3.2.1 (T. A. Burton [13]). Let (X,d) be a complete metric space
and f : X — X be a large contraction. Suppose there exist x € X and L > 0,
such that

d(z, f"(x)) < L,

for alln > 1. Then, f has a unique fized point in X.

The following result is an immediate consequence of the preceding theo-
rem.

Corollary 3.2.2. Let a complete metric space (X,d) and let f : X — X
an operator for which one can find ng € N, ng > 2 such that f™ is a large
contraction. Suppose there is an x € X and L > 0 for which d(x, f"(x)) < L
for allm > 1. Then, f has a unique fized point.

The theorem below provides the principal result established in this part
of the work.

Theorem 3.2.3. Let (X, ||-||) be a Banach space and the operator f : X — X
satisfying the following assumptions:

(i) f is a large contraction;

(11) f(A) is relatively compact, for each A € Py(X).
Then, the field 1x — f : X — X generated by f is a surjective operator.
3.2.3 A surjectivity theorem for multi-valued large con-
tractions

We begin by recalling some preliminary notions and results that are useful
in proving the main theorem of this section. The subsequent theorem was
established in 1978 by R. Iannacci.
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From the Notions and preliminary results chapter, multi-valued section,
the definition of multi-valued norm-contraction is known.

Theorem 3.2.4 (R. Iannacci [26]). Let (X, || - ||) be a Banach space, and a
multi-valued completely continuous operator F' : X — P.,(X). Suppose that
Fis a multi-valued norm-contraction. Then, the field 1x — F' generated by F
18 surjective.

Definition 3.2.3. Let (X, || -||) be a Banach space. Then F : X — P(X) is
said to be a multi-valued large contraction if for all e > 0, exists 6(g) €]0, 1]
such that

v,y € X, lv —yll =2 e = H(F(z), Fy)) < d(e)]|z —yll

It follows easily that a multi-valued large contraction is contractive. There-
fore, the subsequent theorem represents the principal surjectivity result for
the multi-valued large contraction operator discussed in this section.

Theorem 3.2.5. Let (X, || - ||) be a Banach space, and let a multi-valued
operator F' : X — P, .,(X) that satisfies the assumptions listed below:

1. F represents a multi-valued large contraction;

2. F(U) is relatively compact, for each U € Py(X).

Then, the field 1x — F generated by F' is surjective.



Conclusions

The primary objective of the thesis is to give extended variants for the fixed
point theorems related to Ciri¢ type operators, Meir-Keeler type operators
and multi-valued nonlinear graph ¢-contractions. Additionally, we gave sur-
jectivity theorems for Meir-Keeler operators and large contractions in the
sense of Burton. An application to a nonlinear integral equation is given re-
lated to the Meir-Keeler type operators. More precisely, several qualitative
properties of the fixed point problem for single-valued and multi-valued Ciri¢
type operators were obtained. Also, for the multi-valued case, some strict
fixed point theorems are proved. The stability properties were also proved
for the Meir-Keeler operators and for the multi-valued nonlinear graph -
contraction. Moreover, the study also focuses on sets that admit two metrics,
following the idea introduced in the Maia type theorems. The results can also
be developed for spaces carrying two metrics, following the approach used in
the Maia-type theorems.

Possible directions for future development would be to extend the frame-
work of the problems to different generalized metric spaces, to prove some
qualitative properties of the solutions for the fixed point problems. Also, the
studies can be enhanced for the case of a set endowed with two metrics, as
in the case of the Maia type theorems.

Future work may involve applying the abstract fixed point result to some
problems generated by the models from the natural science area and eco-
nomics.

New studies may refer to the problem with initial values:

{.izz’(t) € K(t,z(t))
z(0) = 2°

o4
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that models the dynamic evolution of some complex systems of material
points/ data/ populations, and so forth. The following references provide
valuable background for this study, see, e.g., [8], [7], [15], [21] and [31].

Another study can focus on the existence and stability results for the
following integral inclusion with delay:

x(t) € /t_TK(s,x(s))ds, te€0,T]
z(t) = (1), t € [—,0]

which is modeling the evolution (growth) of the large (undetermined)
systems in a periodic environment, see A. Petrugel [52].

In conclusion, the study offers numerous potential applications and opens
up broad directions for future research by introducing new concepts and the-
orems. The presented work contributes to a deeper theoretical understanding
of nonlinear fixed point concepts while also supporting the application per-
spective.
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